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HE paternal care and with which your 

Gracs regards this Univerſity, makes it as well the 

duty as inclination of every member of it to teſtify, on all 

occaſions, the grateful fenife they have of fo high an obli- 

gation : and it would leaſt become thoſe to be filent, whoſe 

good fortune has allied them to that College which claims 
the merit of your Graczx's Education. 

They cannot but think themſelves honoured, by even ſo 
remote a connection with a Nobleman of your Grace's 
diſtinguiſhed Character; and they may juſtly boaſt, that 
they are by no means the leaſt forward to join with the: 
public voice, in admiring as well thoſe many amiable Vir- 

tues that have adorned your Gxacs in private life, as thoſe 
4 nerous 
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generous ſentiments of Patriciifin, and that zeal for the 
preſent happy eſtabliſhment of our Conſtitution, the only 
ſecure foundation of our Religion and Liberties, which have 


always been the leading motives of your Grace's public 


Conduct. And as the conſtant attention your Grace, is 


= 12 
{2 


pleaſed to give. to the encouragement of Learning, and 
peculiar rewards by which you have promoted it amongſt the 


younger ſtudents of this place, leave no room to doubt that 
every attempt to improve any uſeful branch of Knowledge 


will meet with your Gracz's approbation, I have preſumed 
to intreat your Protection of the following pages, and am 
happy in this opportunity of declaring, in a * manner, 
that I am, with the greateſt reſpect, 


Your GRACE's 


moſt obliged, i 
moſt obedient, and 
moſt humble ſervant, 
nth rn Francis MASERES. 
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E defign of the following Diſſertation. is to remove from ſame 
of the leſs abſtruſe parts of Algebra, the difficulties that have ariſen. 
therein from the too extenſive uſe of the Negative Sign, and to explain LIN 
them, without conſidering the Negative Sign in any other light than as 7 338 
the mark of the ſubtraction of a leſſer quantity from a greater.  _ 
The work is divided into Two Parts; the ficſt of which contains the 
demonſtrations of the ſeveral operations of Addition, Subtraction, Multi- 
plication, and Diviſion, applied to compound algebraic quantities, or to- 
the differences of ſimple quantities, and conſiſts of fiſteen pages; and the 
ſecond part contains the doctrine of Quadratic and Cubic Equations, and 
takes up the remainder of the book: but it muſt be obſerved, in anſwer 
to the objection of prolixity that may poſſibly be made to this ſecond part, 
that this great length of it ariſes merely from the great multiplicity of the 
caſes of cubic equations, and the rule that has been conſtantly obſeryed: 
of treating each of thoſe caſes ſeparately and independently of all the reſt,. 
and of ſetting down almoſt every ſtep of the reaſoning, as EucLip has done 
in his Elements, for the ſake of making it as clear and as eaſy as poſlible: 
to beginners, for whoſe uſe it is principally intended, and not, as I flatter 
- myſelf, from that other and leſs excuſeable ſource of prolixity, an injudi- 
cious practice of overwhelming each ſeparate ſtep, or idea, in an. uſeleſs 
multitude of words. | firs heck . 
Another thing that may poſſibly be objected to, is the great number of 
examples of the reſolution of cubic equations in the laſt chapter of the 
book. Now, theſe are there inſerted, and the reſolutions of. them per- 
formed at great length, for the ſake of giving the induſtrious Reader an 
opportunity of acquiring a habit of performing theſe reſolutions with readi- 
neſs ; for which purpoſe, they will hardly be thought to be too many, if 
we conſider that Dr. SAUNDERSoN, and other judicious Writers, have 
given as many examples of the reſolution of quadratic and ſimple equa- 
tions, which are ſo much fewer in number, _ eaſter to be reſolved, 
- than 
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than cubic equations. But thoſe who think the examples more than are 
neceſſary, may eaſily ſele& thoſe they like beſt, and paſs over all the 


others. 


In the next place, it muſt be obſerved, that no previous knowledge of 
any past of the Mathematics is abſolutely neceſſt ag towards underſtinding 
the E lowing Diſſertation, excepting only that of the common operations 


of Arithmetic, and the reaſons and principles on which thoſe operations 
are founded. There are, indeed, a few geometrical conſtructions and 
problems interſperſed here and there in the book: but of theſe there is 
only one problem, to wit, that of the triſection of a circular arc, in 
Chap. XV. that is eſſential to the underſtanding the reſt of the book; the 
reſt are all independent of what goes before, or comes after them, and 
therefore may very well be paſſed over. But, nevertheleſs, it muſt be 
confeſſed that thoſe readers will meet with moſt improvement and ſatiſ- 
faction from this book, who have already made themſelves maſters, not 
only of common Arithmetic, but of the firſt ſix, and the eleventh and 
twelfth, books of Evucrind's Elements, and the three firſt books of the 
learned Mr. SiMsON of Glaſgow's excellent treatiſe on the Conic Sections, 
a little of the elements of Plane Trigonometry, and the doctrine of ſimple 
equations in Algebra. | 

Laſtly, I muſt again repeat what has been ſaid above, that this work 
is intended for the uſe of beginners, and not for that of learned men, of 
whoſe peruſal it is, indeed, by no means worthy ; for it contains little or 
no new matter, and differs from other books written on the ſame ſubject 
merely in the manner of treating it. The merit of it conſiſts intirely in its 
being an attempt to treat the Science of Algebra with the ſame perſpicuity 
and accuracy of reaſoning that has uſually been thought neceſſary in books 
of Geometry, but which, through cauſes not very eaſy to be fixed upon 
with certainty, has been almoſt univerſally neglected in books of Algebra. 
One of theſe cauſes I conjeQture to be, that the antients have left us ſeveral 
excellent books of Geometry, written with the utmoſt elegance and ac- 
curacy, but nothing concerning Algebra; by which means, the modern 
writers, having theſe excellent models before them, have been careful to 
treat the former ſcience with perſpicuity and elegance, but have been looſe 
and inaccurate in their manner of treating the latter : and another cauſe of 
this difference may, perhaps, be the greater facility with which a writer 
may impoſe upon himſelf as well as his readers, and fancy he has a mean- 


ing where, in reality, he has none, in treating of an abſtract ſcience, ſuch 
as 


1 


( 


as Algebra, that addreſſes itſelf only to the underſtanding, than in treating 


of ſuch a ſcience as Geometry, that adureſſes it(elf to the ſenſes as well as 
to the underſtanding ;: for the impoſſibility,” or difficulty, of repreſenting 


a falſe, or obſcure, conception in lines to the eye, would immediately 
ſtrike either the writer or the reader,. and make them perceive its falſhood 
or ambiguity ; whereas when things are expreſſed only in words, or in 
any abſtract notation, wherein the ſenſes are not concerned, men are 
much more eaſily deceived : and for the ſame reaſons, a defect of proof, 
or a haſty extenſion of a concluſion juſtly drawn in one caſe to ſeveral 


other caſes that bear ſome reſemblance, but not a complete one, to it, 


may be much more eaſily perceived in Geometry than in Algebra. 
But whatever be the cauſe of it, the fact vvill hardly be diſputed, that 
Algebra has, by the generality of modern writers, been treated in a to- 
tally different manner from Geometry, and with infinitely leſs preciſion 
and perſpicuity; this, I ſay, can hardly be diſputed, but is, on the con- 
trary, too ſtrongly confirmed by the almoſt univerſal complaints of the 
obſcurity and perplexity of Algebra made by the ſtudents of that ſcience: 
tis hoped therefore; that an attempt to raiſe it to a level with Geometry, 
in reſpect both of perſpicuity of conception, and accuracy of reaſoning, 
will not prove an unacceptable preſent to ſuch lovers of the Mathematical 


Sciences as are as yet but in the beginning of their ſtudies. . 


Thus much may be ſufficient for a general account of the na 0 re of the 
following work, and the reafon for which it was undertaken. What is 
now going to be added relates ſolely to the method of dividing. it. 


The firſt part, therefore, of the following, Difſertation, which. treats 
of the operations of Algebra, is ſubdivided into two chapters; and the 
ſecond part, which treats of Quadratic and Cubic Equations, is ſubdivided. 
into ſixteen chapters; and to ſome. of theſe chapters, but not the greater 
part of them, are prefixed. titles, expreſſing their contents. But theſe 
ſubdiviſions are, as I have ſince thought, too few in number; and it 
would alſo have been better that all of them ſhould have had titles of 
their contents prefixed to them, as well as thoſe few that already have 


them ;. that the reader might with the more readineſs find any particular 


part of the book he might have occaſion to conſult, and alſo; by ſeeing - 
more of the plan and method in which it is written, be; a better judge 
where to make the neceſſary pauſes in; the reading it: I ſhall therefore 
now ſet down the manner in which, n to my preſent judgment, 
: 2 -- 
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(iv) 
je ought to be divided, and the titles that ought to have been prefixed to 
the ſeveral diviſions, that the reader may, if he pleaſes, ſupply the defect 
here ſpoken of, and inſert theſe ſeveral diviſions _—_ titles in their proper 
places, in his own _ 

In the firſt place, therefore, it would be proper to ons the firſt fix 
chapters as they are; that is, without dividing them into any other number 
of chapters, or beginning the chapters in any other. places than thoſe 
already thoſen : but ſome of theſe chapters ſhould be ſubdivided into 
gedient and titular contents prefixed to the 1 diviſions, in the fol- 
lowing manner. 

Chap. I. ſhould be intituled, The Definition of a Negative Quantity, in 
the Senſe in which it is uſed throughout this Diſſertation ; together with the 
Plan or Deſign of this Work. This chapter ſhould not be divided into 
ſections. 

Chap. II. ſhould be divided into chree ſections, of which che Goda 
ſhould begin with Art. 6. and the third with Art. 14. The chapter ſhould 
be intituled, Of the ſeveral Operations of Algebra; and immediately under 
this title ſhould be printed theſe Words, SeF. I. Of the Addition and 
Subtraction of Differences. Sect. II. ſhould be intituled, Containing De- 
monſtrations of tuo very important Principles of Arithmetic. And Sect. III. 
ſhould be intituled, Of the Multiplication and Diviſion of Differences. 
And further, Art. 1 3. ſhould be pho pn A Scholium. 

Chap. III. oy be intituled, Of the Method o f finding a Maximum, 
or Minimum, or the greateſt, or hea 7 Aga. of the Difference 
of two Quantities . both * att 2 time. This chapter ſhould 
not be divided into ſections. 

Chap. IV. ſhould be divided into two ſections, the latter of which 
ſhould begin with Art. 37. The general title of this chapter ſhould be, 
as it now is, Concerning Quadratic Equations; and the particular title of 
the firſt ſection ſhould be, Of the Number and Limits of the Roots of Qua- 
dratic Equations ; - and the title of the ſecond ſection ſhould be, The Re- 


ſolution of Quadratic Equations. And further, Art. 42. ought to be in- 


tituled, A Schohrum. 
Chap. V. ſhould be mtituled, Of the Negative Roots 0 e Eges- 
tions; 1445 ſhould not be divided into — for 

Chap. VI. ſhould be divided into four ſections, of which the ſecond 
ſhould begin with Art. 59. the third with Art. 66. and the fourth with 
Art. 74. The general title of the chapter ſhould be, — 


45 1 1 
dratic Equations by means the Conie Seftions ; and of the Nature of 
Þ 7 —— and the particular title of the firſt 


Geometricul 
ſection ſhould be, Containing the moſt ſimple Methods of conſirutting Qua- 
dratic Equations by means of the Come Sections. The -_ — Sect. II. ſhould 


be, Otber Conftruttions of Quadratic Equations ans of the Conc 


Sefrons; that of Sect. III. ſhould be, F a on | 
Nructions; and that of Sect. IV. ſhould be, Of the Dt Kinds ions that laue 
been made between Geometrical and Mechanical for pan And further, 
as there is more variety in the contents of this chapter than in any of the 
foregoing, it would have been convenient to have inſerted other titles of 
the contents, beſides thoſe prefixed to the ſeveral ſeftions, which might 
have been printed in the margins of the paragraphs they relate to, and in 
a ſmaller letter. Now, theſe ſhould be as follows. 
In the margin to Art. 65. write, Obſervations on the foregoing C. 


Siruftions. _T 
In the margin to Art. 66. write, The firſt Uſe of Geometrical Gon- 


Struftions. 
In the margin to Art. 67. write, The ſecond Ub of Geametrical G. 


In the margin to the ſecond paragraph of Art. 67. beginning with the 
words, Let c be the number, write, Mr. dE LAGNEY's Method of extratting 


the Cube Root of any given Number by Approximation. 
In the margin to the r that begins in the middle of page 45- 


with the words, that 2+ F is an approximation, ans 51 


thetic Demonſtration of the foregoing Approximatian. 
And in the margin to the next paragraph, beginning with the words, 
As an example, write, An Example of the foregoing Approximation. 
In the margin of the paragraph that begins about the middle of page 46. 


with the words, fs another example to this enethod, write, Another Example 


of the fame. 

In the margin of the ſecond raph in 7. that begins with 
the words, The exat? number of places, write, 2 of t 
— — at keft, the Figures found by each Step of the 

. F ? 
— . En ER ale emo 

order is ale write, reparations 
— — *parations for ating 

" 


In the margin of the third para in page 49. that begins with the 
words, The true value of ⁊, write, A — ration 80 the foregoing De- 
termination. 

In the margin of the laſt paragraph of page 51. beginning with the 

words, Having thus inveſtigated, write, Inſtances of the Uſefulneſs of a 
Geometrical Conſtruction in finding the firſt Step of the foregoing Approxt- 
mation. 

In the margin of Art. 68. write, The third Uſe of confirufting os 
tions. 

In the margin of Art. 69. write, Obſervations on the foregoing Uſes of 
Geometrical Conſtrudtions. 

In the mar « of the ſecond paragraph of Sect. IV. or Art. 74. which 
begins with the words, The antient Geometers, write, The Diſtinctions 
made by the antient Mathematicians between Geometrical and Mechanical 
Conſtructions. 

In the margin of Art. 75. write, Conjectures concerning the Reaſons of 
the foregoing Diſtinctions. 

In the margin of Art. 76. write, The Diftin&ions made by Des Carts 
between Geometrical and Mechanical Curves. 

10 the margin of Art. 77. write, 7. hoſe made by LEtBNITZ on the fame 
Subject. 

In the margin of Art. 78. write, Dzs CarTxs's Diviſion of Algebraic 
Curves into yt Orders. And in the margin of the fame paragraph, 
but ſomewhat lower down the page, and oppoſite to the tenth line from 
the bottom, write, A Rule given by Ds CAaRTEs concerning Geometrical 
Conſtructions of Equations; and oppoſite to the fourth line from the bot- 
tom of the ſame page, write, diſapproved of by Sir Isaac NEwToON and 
ether eminent Mathematicians. 

And in the margin of Art. 79. write, Sir Is aA NewToON's Divifon 
of Algebraic Curves into different Orders. 

3 are the additions that I think it would be proper to make to 
Cha | 75 

ke the next place, I would conſider Os 8h, gth, 10th, 1 ith, and 
12th chapters not as ſeparate chapters, as they are now called, but as the 
ſecond, third, fourth, fifth, and fixth ſections of Chap. VII. of which 
what is now called Chap. VII. ſhould be only the firſt ſection. And the 
general title- of the whole chapter ſhould be (inſtead. of Concerning Cubic 
Equations, as it now =) , Of the Number and Limits L4 the Roots of all 

Kinds 


Kinds 9 Cubic Equations 5 on the particular title of the fiſt ſection 
ſhould a An Enumeration of all fuch Cubic Equattons as have" all their 
Terms. complete, and a port Determination of ibe Number and Limits of 
the Roots of 'the Equation x3 + prx* + 9 * r. The ſecond ſection, 
Which is now called Chap. VIII. Should be initituled, Q the Equations 
7 * x + po - — r and. x3 — p — 2 1. The third ſection, 
which is now Chap. IX. ſhould be intituled, Of the Eguations q x == þ x 
tr and x3 + px? =q x. Sr. The fourth ſection, or what is 
now called Chap. X. ſhould be intituled, 2 the Equations . — px 
+ gx =r and px — 35 — . r., The fifth ſection; or What is 
now called Chap. XI. ſhould be intituled,-Of Cubic Equations of the'fecond - 
Kind, or that want their third Terms; or, of- the Equations x +px*=r, 
* — px? D r, and px? — x = 7, And the fixth ſection, or what is 
now called Chap. XII. ſhould be intituled, Of Cubic Equations: f the 
third Kind, or that want their ſecond Terms; or, of thi/Equations, y* c 
=d, „ c= d, and cy—y*= d. Alſo, in the margin af Au. 106. 
ſhould be wrote, Examples to the foregoing Deter minations. mer 
The 13th, and all the following Fog ſhould be the A8 as they 
now are; only they ſhould be called the Sth, ↄth, zoth, I Ith, 12th, 
and 14th chapters, inſtead of the 1 3th, 14th, th, 16th, 17th, and 
18th chapters. And . ſhould foins of them 4 AS, into lesions, 
as follows. ; ! 07 b 
Chap. VIII. or what is now called Chap. XIII. ſhould bo divided into 
ſeven ſections; of which the ſecond ſection ſhould begin with Art. 118; 
the third ſection ſhould begin with Art. 119; the fourth ſection ſhould 
begin with Art. 1213 the fifth ſection wi Art. 123; the fixth ſection 
with Art. 159; and the ſeventh ſection with Art. 160. And the general 
title of the whole chapter ſhould be, Preparations for reducing all Cubic 
Equations of the firſi and ſecond Kinds to thoſe of the third Kind by the Ex- 
termination of their ſecond Terms; and the particular title of the firſt ſection 
ſhould be, An Account of the Defign of this Chapter; the title of Sect. II. 
ſhould be, Of the Equation x3 + px* + qx =; that of Sec, III. ſhould 
be, Of the e gx +px* — x3 r and 3 — p - g r, 
that of Sect. IV. ſhould be, Of the Equations q — px* — x3 = r and 
*  pxt —qgx=r; that of Sect. V. ſhould be, Of the Equations 
* — p bs and px* -* —qx=r; that of Sect. VI. ſhould 
be, Of the Equation & * px*=r; and that of Sect. VII. ſhould be, 
the Equations æ& pr and px = 7. | 
5 Chap. 


* 

? 
4101 
5 


L vii ] 

h Chap: IX or what is now called Chap. XIV. ſhould be divided into 

fix ſections; of which the ſecond ſhould begin with Art. x65; the third 
with Art. 171; the fourth with Art. 176; the fifth with Art. 199; and 
the fixth with Art. 202. And the generat title of the whole chapter 
. ſhould be, Of the Rxtermination of the ſetond Terms of all Cubic Equations 
of the firſt and ſecond Kinds ; and the particular title of the firſt ſection 
ſhould be, Of tbe jon x þ px? ga =7; that of the ſecond 
ſection ſhould be, . "the Equations * . h — =r and x*—px* 
— gr r; that of the third ſeQtion ſhould be, Of the Equations gx — px* 
— x3 =r and x* + -er r; that of the fourth ſection ſhould be, 
Of the Equations * — n + qx=r and px* — * -g r; that 
2 «nh Eaton thould be, Of the Equation x5 + px* = ; and that 
of the ſixth ſection ſhould Ns of the Equations — =r and. 

* . 
of Laſtly, Chap. X. or, as it is now called, Chap. XV. ſhould. be in- 
tituled, Of the Reſolution of all Cubic Equations of the third Kind, or that 
want their of 90 Terms. This chapter need not be divided into ſections ;. 
and as to the following chapters, they need not either to be divided or 
intituled any otherwiſe than as they are: only Art, 268, ought to be in- 


tituled, A bol i 
After this particular account of the diviſions, and titles, that ought to 


have been made to the following work, a table of contents could, as I 
conceive, be of but little uſe ; and I have therefore omitted to make one. 


A DISS EN 


2 j F 
N 7 
* ” f 2 © os 4 * 9 * * 8 * 4 
* * ; * 3 > 2 4 » 7's "a — 5 71 * e 2 Boas 33 "3 3 % #\ y +5 „ 1 8 * 34 ＋ 
44 age [251 £27387} 800 IST OO aaa ieee ASHES: 
1 13 K N 3 1 — — 
bu _- 0 + 2 * 8 OY b 4 8 wy. 
pf : + * —_ 2 —_— * N , i 
— — Coy IEICE" Annen «3 +. 1 
-- . , 98 7 * 3 * ” 4 4 : 9 
. 5 4 4 I 3 22 4 SET 
g 4s « i232 1 ; x22 LEY £4 „ DS . 1 
by 2 * 1 N — I _— * . : : ; x. Wc I = * 4 4 2 
4 3 1 _ _ - 4 1 a 4 — 1 p< 5-- of 5 1 ad 
ks : Ch a R nn Fra. © a £4 £32 #1 "© 7 , fo . +4 17 n J wigs 7% PSS 5-7. 1"; 
Err n 7 e 9 4 £7 . „ $ N 4 4 1 4 FAS w# + Þ SS £22 
33 £3.49 fo Lad of A 49 FEE i= iA. 2 1 1 * 1 wy. 8. ” 2 
” 5 $ * - * ve 1 on 
Y * _ 3 : * ny | „ & L474 x # £4 £&'Y 4 *4. £7 9 10 * e 1 1 r 6 * ” 24 'S; * # 
* I = ö 2 ＋ * * 1 47 g 0 >, Ft 0 2 $154 . +1 5 IJ - 3 8 4 FS * 4 ASS FP #3 +. 
© . 144 FN ne 4 * Ry $4 „ 4 — 24 {+ n * ˖ 4 be * 4 | 


" FA 

2 3 3 
Be * I — 144 * 
wy 


51.5 in en die 


* * * 9 #4 * 2 * 7 
- 8 — by - ” * 17 - 1 4 6 þ # £ 
= 
» © 
— —* * 
— abr = * = 
* - 
* q 2 . 
* * 2 F 4 * 
N 4 
N 2 4 5 
v » 


A Demonſtration of the Rol xs uſually given concerning it, 
and ſhewing how Quadratic and Cubic Equations may be 
explained, without the Conſideration of NzGaTive Roots. 
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15 tg S e HAP TUE KKB Wat: N 
HE cleareſt idea that can, as I approvetnl, be formed 
of a negative quantity is that of a quantity that is 
ſubtracted from another greater than Irlelf; To denote 
14 e mzhis ſubtraction, the ſubtracted quantity has the mark 
or ſign —, which is called minus, prefixed to it, as the ſign +, which is called 
plus, is prefixed to a quantity that is to be added to another. Thus if 3 is 
to be added to 4à (in which caſe a may be either greater or leſs than 5), their 
ſum will be wrote thus, a ; if + is to be ſubtracted from 4 (in which caſe 
4 be greater than 5), the remainder, or difference, will be wrote thus, 
2. 1s bo 8 ere FEI 2s 4k | 
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B 2. Hance 


[2] 


2. Hencz it is evident that a ſingle 2 can never be marked with either 


of theſe ſigns, or conſidered as either 
gning ſome other quantity, as a, to which it is to be added, or from which it 
is to be ſubtracted, the mark will have no meaning or ſignification; thus, if it 
be ſaid that the ſquare of — 5, or the product of — 5 into — 5, is equal to 
+ 25, ſuch an aſſertion muſt either fonts no more than that 5 times 5 is equal 
to 25 without any regard to the ſigns, or it muſt be mere nonſenſe and unintel- 
il Jargon: 1 pea acooieing to the foregoing definition by whicly the 
4 or. negativeneſs 0 we. ther 


ies à relation te. an 


rmati anx quantity i 


PO of the ſame kind to which it is added, or from which it is ſubtracted ;, 


or it may perhaps be very clear and intelligible to. thoſe who have formed to 
themſelves ſome other idea of affirmative and negative quantities different from. 


that above-defined. EE. - - 


3. Now what F here propoſe is firſt, to apply the operations of arithmetic 
to compound quantities conſiſting partly of affirmative and partly of negative 
quantities, or to the differences of ſimple quantities, and to demonſtrate the 
rule uſually given for multiplication, to wit, that — x + gives —, + x — 
gives —, + x + gives +, and —x — . ＋, or that as often as the ſigns 
of the multiplier and multiplicand are alike, the product is to be marked , 
and as often as they are unlike, the product is to be marked -; and ſecondly, 
to ſhew how the roots of quadratic and cubic equations may be aſſigned by the 


common rules given for that purpoſe, without having recourſe to any other 


idea of a negative quantity than the very ſimple one above-defined. 


CH A P. H. | 


4. HE addition of the differences of quantities is 1 thus. If 
the difference of two quantities a and , whereof à is the greater, is 
to be added to a third quantity c, the greater quantity à muſt- be added to c, 
and the leſſer ſubtracted from the ſum of c and a, and the remainder c + 4 _ 
will be the ſum of c and a4 — required; or in other words the compound 
quantity a — * is added to c by connecting it, or writing it near to or in the 
ſame line, with c, without altering the ſigns. of its members à and 6. T, 
This, if it be thought to want a proof, may be ſhewn from the following 
principle, to wit, that “if from two unequal quantities two equal quantities 
be ſubtracted, the difference of the quantities. will not thereby be altered, but 
will be the ſame after the ſubtraction as before it; for from hence tis evident, 
that if from each of the quantities c + @ and à the quantity þ&, which is leſs 
than either of them, be ſubtracted, the remainder of the former of theſe quan- 
tities will exceed the remainder. of the latter by c, that is, the exceſs of c +.4 
above h excceds the quantity a.— & by c; therefore the exceſs of ic + a above 5, 
or the quantity c 4 & is equal to the ſum of c and a — 5. 2; E. D. 
| FiGURE 
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Thus if c is tepreſented by the line D C, 2 by C A, 4 by BA, and (onſe- 

uently) 4 — 5 by CB, Aae that if SS e De and B A be 
A btratted from the ſurn D A, the femiainder DB will be equal to the line D C 
increaſed by C B, the difference of the lines CA, BA. RET 

The ſame will be &vident, if inſtead of a — 4 we ſhould add a compound 

quantity confiſting of any number of terms whatſoever, as 2—3 + d—e+f, 
or a+d + f— +=&, toc; to wit, that theſe quantities muſt be connette. 
with c without altering their ſigns; or that the ſum! of c and the compound 
quantity 4 — 6 + 4 — 7 Fi equal to c  a—d+d—e+Ff. For let 
a+d44+f=m, and ö en, and we ſhall have (by what has been already 
ſhewn) the ſum of c and - equal to c +m—2#; therefore the ſum of c 
and a +4 +f—b—e is equal to c + 1e or the ſum of c 
and a—=b+d—e+f is equal to cf a—b+d—enf. 


3. Tux ſubtraction of the differences of quantities is performed thus. If 
the difference of two quantities à and 5, whereof à is the greater, is to be ſub- 
tracted from a third quantity c that is greater than that difference, the leſſer 
quantity + muſt be added to c, and the greater quantity à muſt be ſubtracted 
from the ſum of c and b; and the remainder f - à will be equal to the 
exceſs of c above the compound quantity 4-5 required. Or, in other words, 
the compound quantity 2 — 5 is ſubtracted from c by connecting it, or writing 
it near to or in the ſame line, with c, and changing the ſigns of its members 
a and 6. | | BE 


. 
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The proof of this may be derived from the following principle, to wit, that 
<« if to two unequal quantities two equal quantities be added, their difference 
will not thereby be altered, but will remain the ſame after this addition as it 
was before it. For from hence it is evident, that if to each of the two un- 
equal quantities c and 2 - the —_ be added, the exceſs of ' cb 
—_ 3 quantity c + 5 = , will be equal to the exceſs of c above 
1 . E. D. F | EOS. + WE. 
Thus if c is repreſented by the line D C, # by the line C A, þ by BA, and 
(conſequently) 2— þ by C B, tis evident that if a line C F equal to BA be 
added to D C, and from the ſum DF the'line BF (which is equal to C A) be 
ſubtra&ed, the remainder” HB will be equal to the exceſs of the line PC 
above C B the difference of the two lines C A, BA. 10 

The ſame will be evident if inſtead of 4— & we ſhould ſubtract a compound 
quantity, conſiſting of any number of terms whatſoever, as a+ d + f—b—e 
or - A- e, from c, ſuppoſing c to be greater than that quantity, 
to wit, that theſe terms muſt be connected e with their ſigns changed; or 
| 2 that 


* 


- 
o 


[2 
z 
1 
| 
|| 
i 
| 
| 
| 

1 
| 
ö 

1 

1 
N 

$ 


— 2 — —ę— 


[4] ” 
that the exceſs of c above the compound quantity a — b + d — 8 + fas equal 
to c—a+b—d+e—f, or c+b+e—a—d—f. For let a+ d + f=m, 
and þ -e n, and (by, what has been already ſhewn) we ſhall have the 
exceſs of c above n — equal to n= therefore the exceſs of c above 
a+d+f—b—eisequaltocrtd +eme=dmf, 0... 


6. In order to demonſtrate the rule for the multiplication of differences, or 
of compound quantities conſiſting partly of affirmative and partly of negative 
members, it will be neceſſary to premiſe the two following principle. 

iſt, If there be two quantities of any kind @ and m, the Cad as ads 
by multiplying @ by m is equal to the product that ariſes by multiplying m by 4; 
or the product ma is equal to the product am. Thus, 3 times.7 is equal to 
7 times 3. | | | . 

2dly. If any number of quantities a, 5, c, are ſeparately multiplied into an 
quantity , the ſum of the products 4, mb, mc, will be equal to the product 
that ariſes by firſt adding thofe quantities together, and then multiplying their 
ſum into m; or, to expreſs the ſame thing in algebraic ſymbols, a+ Fenn 
= magnum. | | eh FEA 


7. Ir may not perhaps be amiſs, before we proceed any further, to make 
an obſervation or two concerning the. meaning of the word multiplication, 
which is here ſuppoſed to extend to all kinds of quantities incommenſurable as 
well as commenſurable. The primary ſignification of this word is evidently 
repetition, or the taking a quantity over and over again a certain number of 
times, to wit, ſo many times as is expreſſed by the multiplicator, or as there 
are units in the multiplicator, or it is the finding a multiple of any propoſed 
quantity; this is multiplying by a whole number: it afterwards came to be 
applied to fractions, and it became as common to ſpeak of multiplying a quan- 
tity by a fraction as of multiplying it by a whole number; but this is in reality 
a double operation, conſiſting of a diviſion and a multiplication ; for it is mul- 
tiplying an aliquot part of the multiplicand, or firſt dividing it into a certain 
number of equal parts, and then finding a multiple of one of thoſe parts: thus 
multiplying a quantity by + is firſt dividing it into 5 equal parts, and then find- 
ing a quantity that ſhall be equal to four of thoſe. parts. Now in both. theſe 
ſenſes it will be found to be true, that if we ſuppoſe the multiplicand and mul- 
tiplicator to be both quantities of the ſame kind, for inſtance lines, their pro- 
duct will be a quantity of the ſame kind alſo, and will be a fourth proportional 
to the quantity or line called unit (or che quantity to which the multiplicator 
and multiplicand are referred, or whereof they are conſidered as either multiples 
or parts) the multiplicator and the multiplicand. As therefore this property 
belongs to both theſe kinds of multiplication, but is itſelf mare extenſive than 
either of them, and is capable of being applied to incommenſurable as well as 
commenſurable quantities (proportionality being common to both thoſe kinds 
of quantities), algebraiſts, when they found occaſion to extend the enn, 

| | | an 


[5] 1 
and name of the operation of multiplication, to incommenſurable as well as com- 
menſurable quantities, or numbers, determined it hy the fore · mentioned pro- 
perty, underſtanding always by the multiplication. of two quantities the finding 
a fourth proportional to the quantity called unit, tha 1 and the mul- 
tiplicand; for all theſe quantities, and in general all the quantities that enter 
into the ſame calculation, are ſuppoſed to be quantities of the ſame kind. 
i 4 ee e ee 20 vem 1 , nf 0 3 foa57 
8. Born the foregoing principles mentioned in Art. 6. belong to .commore 
arithmetic; and the Iatter in particular is that upom which the common rules 
for multiplication are founded: thus, if any number, as 373, greater than thoſe 
which are denoted by a ſingle figure, is to be multiplied by 4, tis difficult to 
ſee at once what number 4 times 375 is equal to; therefore tis uſual to divide 
it into three parts, to wit, 3, 70, and 200,. and to multiply each of theſe parts 
by 4, and then add the products together, as follous: 4 times gj is 20 3 
4 times 70 is 280, to which if we add 20 the ſum will be 300; and 4 times 
300 is 1200, to which if we add 300 (the ſum of the two former products) 
we ſhall have 1500 for the ſum of the three products 20, 280, and 1200: and 
this ſum is equal to the product of 375 into 4 by the latter of the foregoing 
principles. Now, though both theſe principles belong to common arithmetic 
(at leaſt as far as they relate only to commenſurable quantities, or numbers), 
and therefore might here be taken for granted, or be ſuppoſed. to be already 
known, yet, as moſt writers on common arithmetic aſſume them without a de- 
monſtration, it may not be amiſs to digreſs a little from the ſubject we are now 
upon, to give the following proofs EC ds os bole ale Anke . 


9. Tur firſt of theſe principles may be proved thus. The product ms is a 
fourth proportional to 1, , and 4; That is, 1: : 4: na therefore per- 
mutando I: a:: : ma. But the prodùct 2m is a fourth proportional to 1, a, 
and m; that is, 1: 4: : : an; therefore m:ma::m:am; conſequently 
ma is un. NF. ... 31 $73 | 
From this principle may be deduced the following corollaries, which are of 
the greateſt uſe'in —— and arithmetical computations. | * 430 


f 


| Conorr. 1. If there be three quantities a, 5, c, their product will be the 
ſame in whatever order they are multiplied. For ſince ab is a, it follows 
that a bc is =ba wc, or cab=cba; in like manner, becauſe 4c is cb, 
bc xa will be S cx a, or abc ac; and becauſe ac is c a, acxb will 
be cab, or bac=bca. But becauſe 1: 5: c: J and h: 46 (:: 1: a) 
bc: abc, it follows (by El. 5, 22.) that 1: 25: : c: abc. Again, be- 
cauſe (1: c:: 4: ca, and permutando), 1: 4: : c: ca, and 4: 64 (2: 1:0 
: ca: h ca, it follows (by El. 5, 22.) that 1: H:: c: bca, and conſe- 
quently, becauſe 54 is =ab, I: 4b :: c: b. But it was juſt now ſhewn 
that 1:ab::c: abc; therefore c: abc::c: ha, and conſequently abc is 
=6ca, therefore ach abe = bca= bac, or the four products ach, abc, ny 
Ws 4 c, 


| 


5, = 08 
bat, are equal to each other; and in the ſame manner it may be ſhewn that 
they are likewiſe equal to the two remaining products c and c. There · 
fore all the ſix products that ariſe by multiplying together the quantities 
a, b, and c, according to all poſſible combinations, are equal to each other. 
2. E. D. a | * 5 #LIS BIS "£41241 —4 I 1950 Dane 


Conort. 2. In the ſame manner it may be ſhewn, that if there be any 
four, or more, quantities, a, I, c, d, &c. the products that ariſe hy multiplying 
them all together will be the ſame, in whatever order they are multiplied. 


- CoroLL. 3. Hence it follows, that if n be the index of the powers of any 
two quantities à and 5, a x b” will be 4“, or the product of the nch 
powers of the two quantities will be equal to the mth power of the product of 
the quantities themſelves. For, by Coroll. 2. axaxaxax4x &c. conti- 
nued to m terms multiplied into 5x 5x bx & x b x &c. continued to the fame 
number of terms, will be equal to ab x ab x ab xabx aH x &c. continued 
likewiſe to m terms; that is, a" xþ* =aZ". 2 ä | 

This laſt corollary may be demonftrated in the following manner, from the 
well-known bod of, com — or adding, ratios together, by multi- 
plying antecedent into antecedent, and uent into conſequent ; concerning 
which, ſee Dr. SanDEr3oON's excellent diſcourſe upon the compoſition and re- 
ſolution of ratios, in the ſecond volume of his Algebra. The ratio of 4a” x * 
to 1 is equal to the ſum of the ratios of 2” to 1 and of 5* to 1, and therefore 


1 - 


J 


to the ſum of n times the ratio of 2 to 1 added to the ſum of times the ratio 


of ; to 1, and therefore to n times the ſum of the ratios of à to x and of 5 to 1, 
and conſequently to m times the ratio of a5 to 1, and therefore to the ratio of 


ab” to 1; conſequently a” x 43“. Q. E. D. 


CoRoLL. 4. Hence it follows that V"axy/"b=y/"A). For put y" a=4, 


y/"b=e, andy/"ab =. Then will 4“ a, e , and f® = ab; there- 
fore 4" e (ah Vs; and, by the laſt corollary, de=f, that is, V 
23. N. E. D. Ls | OT 


CoRoLL. 5. If a is = 15 a" will be = _ For ſince => we ſhall 


have 46 , and a” * = (by Coroll. 3.) a3" =c" , conſequently ga” =, 
2 E. D. b 


Cool L. 6. If ais =—, Vea will be Ng pe © & = 


De, and Ve =; and we ſhall have du a, en b, and c, 
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and conſequently d* (=a= 70 . { Therefore, by the converſe of 


Coroll 5. d will be = +, er Ve vill be =L= Z. P. 
| ; | ? | bh | 
CoroLL. 7. Tis evident that theſe corollaries are true of any number of 
quantities whatſoever, as well as of two quantities. Thus, 43“ L c* d. e. &c. 


is =@bcde c., and / UV. M. d Ve &c. ede Te. 


10, Tux ſecond of theſe principles may be demonſtrated in the caſe of whole 
numbers, from the analogy between arithmetical' products and geometrical 
angles. For if it can be ſhewn that whatever is demonſtrated concerning 
the latter kind of quantity is applicable likewiſe to the former, the demonſtra- 
tion of the firſt 1 tlie fecond book of Euer 's Elements will be a 
demonſtration'of this fecont principle of arithmetic. Now this analogy is ex- 
plained by Sir Isaac Nxwrox, in the beginning of his fb metica Univerſalis, 
in the following manner. If there be any two whole numbers @ and 5,' and two 
_ lines to be taken in the proportion of theſe whole numbers, the number 
units in the arithmetical product of à and h will be equal to the number of 
ometrical ſquares of unity, or ſquares whoſe ſides are equal to the line repre- : 
2 an unit, contained in the rectangle under the two lines. Thus if à be 3, 
and þ be 4, and CB, BA, Fig: 3. be two lines in 3 to four, 
ſo that C B ſhall repreſent the number 3, B A tie number 4, and conſequently 
B D, which is the third part of C B, or the fourth part of B A, ſhall repreſent 2 
an unit, the number of units contained in the numerical product of 3 and 4 : 4 
will be equal to the number of little ſquares, each of whoſe ſides is equal to the 
line BD, contained in the rectangle A C; for in hoth the number is twelve: 
the reaſon of which is this; the rectangle may be conſidered as produced by 
adding together three rectangles, each equal to AD, whoſe baſe is the line AB, 
which repreſents the multiplicand 4, and its height B D, or unity, and which 
conſequently contains 4 little ſquares of unity; and the numerical product of 
4 into 3 is produced, by taking the number of 4 three times, or (to uſe the | 1 
ſame expreſſion as before) by adding together three numbers, each of which | #4 
contains 4 units. And this reaſoning, and conſequently the analogy between : 
products and rectangles derived from it, evidently holds of any other numbers 
whatſoever, Conſequently, whatever is demonſtrated concerning the propor- 
tions of geometrical rectangles (thoſe proportions being the ſame with the pro- 
portions: of the numbers of the ſquares of the line that repreſents an unit con- 
tained in them), is true likewiſe of the proportions of the products of numbers 
proportional to the ſides of thoſe rectangles. Thus, for inſtance, all the ſe- 
cond book of EvucLip's Elements is true of products as well as rectangles. 
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or that Wi | ic, 0 b from 
quantity in general, without having recourſe to the 1 7 5 ies of any particular 
kind of quantity, as lines or ſurfaces, is that which Evciid Rs ee it, 
in the firſt propoſition of the fifth book of, his Elements, he having there de- 


monſtrated, that, if there be two ſets of quantities a, , c, and ma, mb, uc, 


whereof each quantity in the latter ſet contains Each quantity in the former 
ſet m times, the whole latter ſet will contain the whole former ſet n 
times; that is, when expreſſed in algebraic characters, ma + mb + mc is 


12. Tux general proof of this principle, or that which extends to all forts 
of quantities, both commenſurable and incommenſurable, is as follows. Since: 


1 is to m as a to ma, and 1: :: 5: mb, and 1: :: c: mc, and conſe- 


quently a: ma::b:mb::c: c, it follows (by El. 5, 12.) that as a to ma, 
or as 1 to m, ſo is a b+c to ma +mb+mc; that is, map mb + mc 
is STOT n. . E. D. a F137 | 41 


13. We juſt now called the demonſtration of the firſt propoſition of the 
fifth book of Evuct1iv's Elements an algebraic one, becauſe the reaſoning in it 
is of the ſame kind as is uſed in algebra: and for: the ſame reaſon the whole 


fifth book may be called algebraic; and contains perhaps the beſt demonſtra- 


tions of the principles of algebra that are any- where to be found, the modern 
writers of algebra having almoſt univerſally taken them. or granted, without 
ſo much as endeavouring to demonſtrate them. Now, that the fifth book of 
the Elements may be juſtly: ſaid to contain the principles of algebra will be evi- 
dent, by conſidering that it is wholly taken up in demonſtrating the proper-: 
ties of proportionality; and that as algebra is the art of computation, dr of 
finding and demonſtrating the properties of all quantities, whatſoever that are 
capable of proportion, as far as thoſe properties depend upon their magni- 


tudes and proportions, every book that treats of the general properties of pro- 


portionality, and the ſeveral relations of quantities that ariſe merely from thence, 
without any regard to the peculiar properties of any particular kind of . 
muſt neceſſarily contain the principles of algebra: and all that it can poſſibly 


Want 


ith, is purely algebraic, or derived immediately from the nature of 
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| itt wichen 4 giv ih open eee of + mens g chun, 
And hence we may aber the all tk demons 0 neneal pro 
And Moe F. we ma e, nſtrations of geom ro- 
poſitions that proceed . by reatbhipg den the nituce a propor 
tions of the quantities u, without thy re WY 
tions or other peculiar properties, are of an algebraic kind, or differ from al- 
gebraic demonſtrations only in their notation; and indeed the difference be- 
cween algebra and geometry is muck leſs an it is d 1 to 
be, and coalifts in moſt cafes merely in the notation, it very (eldem, 
and in che moſt ſi de propofitions what we can, 2 mere draw- 
ing of a few lines, find or demonſtrate the thing 1 in re d 
tract reaſoning upon proportion. 

Hence, I think, we may form * kind of judgment concerning a 22 
that has been much debated amongſt mathematicians, to wit, whether alge 
braic or geometrical demonſtrations and inveſtigating ot * 1 prope: 
ſitions are to be preferred? for when a geometrical propetition can be demon- 
ſtrated. in a ne 2 b . £5: few lines of an eaſy-gonftruction, and 
a very 5 can be derived as it were from the e very 
eſſence of the 3 ſo 2 you: keep n and fundamental proper- 
ties in view throughout the W pn. oof, e queſtion then . 
to this, whether this proof, or one ced from t Fan operties of pto- 

rtionality e ers, is che beſt? and here fe be- 

ieve it will be that the ET) is. to be preferred: but when 
the propoſition admits — no proofs uch as are deduced from the abſtra& 
properties of proportionality, by a Fi of componendos, dividendos, in- 
vertendos, ex æquos, taking continual or intermediate pro ttionals, Et. the 
queſtion then is, whether this reaſoning had beſt be expreſſed In algebra or in 
common language, and the conteſt, in in this caſe; is Barnes two Uifferent 
methods of reaſoning, but between two different methods of epreſſing ont and 
the ſame reaſoning. Now, here it ſeems: reaſonable to: conclude, that if the 
ſteps in the demonſtration are but few, tis hardly worth while to depart from 
the common language to expreſs them but if * are many, I am perſuaded 
it will be found infinitely ſhorter, and more convenient, to expreſs t em in al- 
gebraic characters than in words, as they will all lie cloſe together in a narrow 
compals, uninterrupted by the tedious phraſes and circumlocutions which can- 
not be avoided when we make uſe of 4 mays there are ſome things which 
would be almoſt, if not wholly, | unintelligible, i expreſſed in words, merely 
from the immenls ele probaity they would occaſion; . one will be eafily _ 
vinced, who ſhall endeavour to tranſlate Sir Isa Ac NewrTon's binomial, 
Mr. DzMoivxz's multinomial theorem, or any others of that Kind, ent 
algebra into common language. However, as algebra is ſo extremely general 
a language, that it is frequently incapable of expreſſing all the conditions and 
limitations of a problem, care ought always to be taken to ſupply thoſe defi- 
ciencies by making uſe of words; otherwiſe 13 concluſions will neceſſarily be 
too 
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too general, and the anſwers or ſolutions of 
they ought to be. 
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14. Tus two foregoing principles mentioned in Art. 6, being now, eſtabliſhed, 
the following theorem may eaſily be demonſtr: 2 *41 Þ % 
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The product chat ariſes by multiplyin the diff rence of any two « van ti 925 
and 5, whereof à is the greater, [ha al K* 


: =— & a a+ 22 
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of the product of 4 into m above the product of -5; into m; or 4a -n is 
S m a — mb. CCC BHS £45 v1 11 Th * 1165 en r Tok 

For let c=a—6b; then will c＋ IVa, and conſequently c +þx m= ma. 
But c+ 4 is = mc + mb by the ſecond of the fotegoing principles; there- 
fore mc + mb is = ma; whence mc is = ma — mb, or 4 — 5 n is 
—ma—mb, Q. E. D. . FFF 


CoroLL. 1. The ſame is true if the multiplicand conſiſts of any number 


of terms whatſoever, as a - 5 + d—e+f, to wit, that the product that ariſes 
by multiplying the whole compound 3 a—b+d—e+f into any 
number m is equal to the quantity that ariſes, by firft multiplying each of the 
terms a, 6, d, e, /, into n, then connecting the products together by 
the ſigns ＋ and —, or by addition and ſubtraction, in the fame manner as 
thoſe terms themſelves were connected together before multiplication: or, to 


expreſs the ſame in algebraic ſymbols, 4 —- 4 e f, n is n -b 


For let a e =g, and þ+e=+, then will a +4 +f— b—e' be 
=g—b, and conſequently 4 ＋ d+f—b—e NI. b * m. But by 


this theorem we have g —bx m=mg—mb=a+d+fxm—[b+oxm.- 
= (by the ſecond of the foregoing principles) ma + md + mf—ſmb + me 
= n + md + mf— mb— me; therefore a + d+f —b—exmis = 
ma + md+mf—mb—me, or =- fn is na - mb 
„„ ED on te s 


CoroLL. 2. If any quantity, as m, is multiplied into a compound multi- 
plicator, as a —- 5 4 — ef, conſiſting of any number of terms, whereof 
ſome are affirmative and ſome negative, the product thence ariſing willl be the 
ſame as would ariſe by firſt multiplying each of the terms a, 5, d, e, f, of the 
multiplicator into m, and then connecting the products together by the ſigns 
＋ and , in the ſame manner as thoſe terms themſelves were connected before 


multiplication : or, to expreſs the ſame in algebraic ſymbols, mx a—b+d—e+f 
is =ma — mb + md — me + mf. , | * 
or 
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dipticd into 4 — 5. 4 ./ i equat to the product of a==b44=e+-f 


multiplied into m, that is, by Coro . I. to ma — 15 + 24 — mf. 


Cokol L. 3. Since multiplyin m into each of the terms a, b, d, e, f, pro- 
duces (by the firſt of the premiſed principles) the ſame products as are pro- 


duced by multiplying each of thoſe terms into m, it fellows, that if any quan- 


tity, as n, is multiplied into a compound multiplicator, as a — 6 + d— e + f, 
the product thence ariſing. will be the ſame as would ariſe by firſt multiplying 
m into each of the terms a, 6, d, e, f, of the multiplicator, and bed 'conodtin 
the products together, by the ſigns 4 and —, in the ſame manner as tho 
terms themſelves were connected before multiplication: or, to expreſs the ſame 
in algebraic ſymbols, * a—b + I- is an- n din -en In. 


s Conor L. 4. If any compound quantity, as p—q+r 274 1 e onſiſtin 


of any number of terms, be multiplied into any compound multiplicator; as 
a—b4+4d—e+f, the product thence ariſing will be equal to the quantity 
which ariſes by multiplying all the terms of the multiplicand into each term of 
the multiplicator, and connecting the products together, by the ſigns + and 
—, according to this rule, that the terms of every ſer of products that ariſes 
by multiplying p —q +7 —5 +7 into a term of the multiplicator, marked 
with the ſign +, as are the terms a, d, and f, ſhall have the ſame ſigns pre- 
fixed to them as were prefixed to the terms of the multiplicand p—qg+r—5+ ; 


and the terms of every ſet of products that ariſes by multiplying p—q+7—5-+t 
into a term of the multiplicator, marked with the ſign hp as ITN 2 


3 and e, ſhall be marked with ſigns contrary to thoſe of the terms of the mul- 
r d d CRETE 9 LOL» 

For let p 9 r- = m. By Coroll. 3, 1 * a = = IF is 
=am—bm+dm—emS+ fm; therefore (ſubſtituting p—qg+r— $5 +7 
inſtead of n) p—q+r—$s+i:Xa—b+d—e+f is equal to the ſum of 
the three products of ꝓ— 4 + 7 —5 ＋ into 9, 4 PL ary into 4, 
and of p—g+r—5+# into f, diminiſhed by the ſim of the two products 
of p—q+7—5+ 7 into 5, and of p—qg+r—$s+t into e. Theſe pro- 


ducts are (by Coroll. 1.) iſt, ap —ag+ar—as+at 
Fas corlinu 2 2dly, dp —dg +dr —ds +de . * 
e DR 
, TIT bs a 
r . er, in all che 
terms of which, the hgns ate the ſame as le terms of the multiplicand 
p—q+r—5 +7. The three firſt of theſe products are to be added together, 
which (by Art, 4.) is performed by connecting their terms together, without 
altering their ſigns; which proves the former part of this corollary: and the 
two latter products are to be ſubtracted from the former, and therefore (by 
Art. 5.) muſt be connected with them, with 8 ſigns of their terms every- 
| 2 where 
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15. Tis evident the preceding rule coingides with the « common one men- 
tioned above, in Art. 33 to wit, that — x ＋ gives —, NN 
+ x + gives +, and — x — gives +; or, that as often as th of the 
factors are alike, the product muſt be marked with the ſign - d as often 
as they are unlike, the product muſt be marked with che ſign —. For in 
multiplying p — 4 +r — 5 +2. by a, 4, and f, which are — with the 
ſign +, the terms of the product have reſpectively the ſame terms of the mul- 
upllcand p—q+r—s S t; therefore as often as the terms of the multipli- 
cand are 4124 with the ſign +, or the ſigns of the factors are alike, * 
products are marked with the ſign ; and as often as the terms of the mul- 
tiplicand are marked with the fign —, or the ſigns of the factors are unlike, 
the products are marked with the ſign —. And in multiplying 3 
by & and e, which are marked with the ſign —, the terms 
marked with ſigns reſpectively contrary to thoſe of the terms 73 ite male 
cand p—g +7 —5+#; therefore, as often as the terms of the multiplicand 
are marked with the ſign 5 or the ſigns of the factors are unlike, the pro- 
duds are marked with the ſign — ; and as often as the terms of the = 1 
cand are marked with the ſign —, or the ſigns of the factors are alike, the 


products are marked with the fign +. A 


16. Some of theſe caſes of multiplication are expreſly Klint in the fifth 
book of the Elements, as will be evident to any one that ſhall examine it; 
which that the reader may do with the more eaſe, I Thall here fet down moſt 
of the propoſitions contained in it, in algebraic Characters, as follows. Let 
2 and þ repreſent any two quantities whatſoever of the ſame Kind, whether 
commenſurable or incommenſurable, wheteof à is rhe greater; p 4 whole 
number, or multiple of the quantity called unit; » a whole number, in the 
29, 3d, 4th, and 6th propoſitions, and in-the 22d, 23d, and 24th, any quan- 
tity whatſoever, whether commenſurable or incommenſurable, to an unit; a 
whole number, in the iſt, 2d, 3d, 4th, geh, 6th, and x th rapoſitions, and 
in the reſt, any quantity whatſoever, whether commenki le or incommen- 
ſurable, to an unit; 


And the firſt propoſition will (as has been already ae! in Art. 1 1.) 
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The 6th this, #4 ta :: mb —- 1:33 n 
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The 15th this, 4: 44:44:40; — 
The 1 6th this, 14: br: 42:3; | OS pt 
The 17th this, ma — 4: 4: 5:3; 
The 18th this, ma A4. $b:b; * 
The 19th this, ma:a:: ma —mh:ta_sb; . 
The —— to the »gth this; Wa": 14 2 rn: mb em þ ; | | ; 
The 22d this, ma: n@ :: mb: . rocks "TI 
The 23d this, ma : 2 — a 
And the 24th this, e 23. 
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From theſe operations it appears," 9 et 6. in Raton d 

1ſt. That the ſquare of the ſum of my — 5 is ual to the ſum of 
the ſquares of thoſe quantities increaſed by twice their product; which anſwers 
to the 4th propoſition of the ad book of the Elements. 

2dly. That the cube of their ſum is equal to the ſum of their cubes ien, 
by the quantity that ariſes by multiplying their ſum into u times their peo- 
duct. For 3 b + 3 4h is 2 3x36. | 

'. zdly. That the tb of their difference is equal to the * of their ſquares - 
diminiſhed by twice their product. This concluſion correſponds to the property 
of geometrical ſquares and rectangles, demonſtrated in the 7th — rr ne of 
the 2d book of Euclip: for it is there roved, that if any line denoted by the 
letter a be divided into two parts 5 and @— b, the ſquare of the whole line a, 
together with the ſquare of the part 4, is equal to twice the rectangle contained 
under the whole line 2 and the part 5, together with the ſquare of the other part 
a—b; that is, aa+ bb 1 2243 T6 — 37, 2 2 — is = 
a4 — 243 ＋ 25. 

Therefore, 4thly, the ſum i the ſquares of: any two quantities is greater than 
twice their product. 

5thly. The cube of the difference of any two quantities is _ to the dif- a 

* 


ference of their cubes diminiſhed by the quantity which ariſe multiplying 


their difference into three times their product. For à - (= 43 — 3425 


34 b 33 4 — 33-34 — 3435) = Redd ad. 
Therefore, 6thly, the ee of their cubes muſt always be greater than 
that quantity, or a? — 43 muſt always be greater than 3 ax a — 5. 
7thly. The product of the ſum, and difference of any two quantities, is 
equal to the difference of their ſquares. This anſwers to tlie 5th propoſition of 
the 2d book of Evuciip; for it is there proved, that if any line, as AB, is 


divided into two unequal parts AD, DB, and alſo i into two e cope C, EB, 
: Fi6. - 
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8thly. The produkt that ariſes b 1. ultiplying together the ſum of two quan- 
tities and the Yew of their ſquares ini | by their product, is equal to the 


ſum of their cy 
Hl = product that ariſes by mülsäplping together the difference of 


two quantities and the ſum of their | ſquares increaſed by their product, is equal 
to the difference of their cubes. 
Theſe, and other the like obſervations, are vety frequently of uſe e 


computations. 3 
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19. In diviſion the rule for determining the ſigns of the terms of the votient 
is as follows. Whenever the dividend is marked with the ſign +, the quo- 
tient muſt be marked with the fame ſign as the diviſor; and whenever the di- 
vidend is marked with the ſign , the quotient muſt be marked with the ſign 
that is contrary to that of the diviſor.” For the e e into 
Aae 22 e the Elb A | | 


Wb | 0 H A P. II. | | 
20. FPHE principle upon which moſt of the remaining part of this diſſerta- 

tion is founded, may be thus explained. Let there be two quantities 
x and y, whereof x is the greater; and let both of them be ſuppoſed to increaſe 
at the ſame time, ſo that when.x becomes greater than it was bore: y ſhall like- 
wiſe be greater than it was before: this principle ſuppoſes, that if the incre: 
ment which x receives in any given portion of time be equal to the increment 
that y receives in the ſame time, the difference x — will be the ſame at the 


end of this time as at the beginning of it, or will have neither increaſed nor 
decreaſed ;; 


[26 ] 


decreaſd — greater than the Triefament of y, the Aiffer - 
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but 1 0 5 of che q e halt eden er 
was at naing of it), t neat $ Ereate 
contempor 155 e of Faroe fall ſoever whole in ene 
che ratio of t e ancrements of x and y be alwi a fatlo of 5 ae 
ence x — will increaſe continually”; ; And if the incremenr 
thay the contemporary increment of 3 how. ſmall ſoever thoſe" in 
ket, H or the ratio of the increments of x and y be always u ratio of minority, 
the difference x — y will continually decreaſe : and, vize verſe, if che difference 
* ——y continually increaſes, we may conclude that the ratio of. the increments 
of x and y is always, during the whole time of that increafe, aratio'of majority, 
however ſmall thoſe increments be taken; and if the difference * — y decreaſes 
continually, that the ratio of the increments of x and y is always, during the | 
whole time of that decreaſe, a ratio of minority, how ſmall ſoever thoſe incre- 


ments be taken, 


22. 1 it . 

iſt. That if the limit of che ratio of the increments of. x and 7 (or t the ratio 
to which the ratio of thoſe increments may, by diminiſhing them, be made to 
approach ſo near, as to differ from it by a leſs ratio than any that can be aſſigned) 
be always, during a certain portion of time, a ratio of majority, or if it be at 
ſome inſtants in that time, but not during any finite part of it, a ratio of equa- 
lity, and at all other inſtants in it a ratio of majority, the quantity x — y will 
continually increaſe, For it is evident, that 7 the limit of the ratio of thoſe 
increments be always a ratio of majority, except at ſome certain inſtants of time, 
and at thoſe inſtants, but not for any finite time, it is a ratio of equality, the 

ratio of thoſe increments themſelves will, whether they are taken great or fmall, 
be a ratio of majority; and conſequently, by the laft article, the quantity 

„*g will, during that time, continually in ; 
2dly. And e converſo, if the quantity x — continually increaſes during any 
portion of time, we may conclude, that the Jimit of the ratio of the increments 
of x and y is, at every inſtant during that time, either a ratio of majority or a 

ratio of equality. For, by the laſt article, the ratio of the increments them- 
ſelves, 
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felves, however ſmall they are taken, will be a ratio of majority; conſequently 
the limit of that ratio muſt be either a ratio of majority or a ratio of equality. 

- gdly. If the limit of the ratio of the increments of x and y be always, during 
a certain portion of time, a ratio of minority, or if it be at ſome inſtants of that 
time, but not during any finite part of it, a ratio of equality, and at all other 
inſtants in it a ratio of minority, the quantity # — y will continually de- 
rcreaſe. For it is evident, that if the limit of the ratio of thoſe increments be 
always a ratio of minority, except at ſome certain inſtants of time, and at thoſe 
inſtants, but not for any finite time, it is a ratio of equality, the ratio of thoſe 
increments themſelves will, whether they are taken great or ſmall, be a ratio of 
minority; and conſequently, by the laſt article, the quantity x — will, during 
that time, continually decreaſe. e Fo ct ant 31669 * 

4thly. And e conver/o, if the quantity x — y' continually decreaſes, during 
any portion of time, we may conclude, that the limit of the ratio of the incre- 
ments of x and y is, at every inſtant during that time, either a ratio of minority 
or a ratio of equality. For, by the laſt article, the ratio of the increments them- 
ſelves, however ſmall they are taken, will be a ratio of minority; conſequently 
the limit of that ratio muſt be either a ratio of minority or a ratio of equality. 

From theſe inferences it is evident. 315 | ö ERS - - 

5thly. That if the limit of the ratio of the increments of x and y be for a 
certain time a ratio of majority, but during that time decreaſes continually, ſo 
as to become at every inſtant of time a leſs and leſs ratio of majority, and at 

the end of that time becomes a ratio of equality, and afterwards: becomes a 

ratio of minority, and continues ſo for a certain finite time, the quantity x — y 
will increaſe continually, till this limit becomes a ratio of equality, and at that 

inſtant it will ceaſe to increaſe, and begin to decreaſe, and will continue to de- 

creaſe, as long as this limit is a ratio of minority. And, on the other hand, 
if the ſimit of the ratio of the increments of * and y is firſt a ratio of minority, 
and then paſſes through a ratio of equality, and becomes a ratio of majority, 
the quantity x — will decreaſe continually, till this limit becomes a ratio of 

n and at that inſtant it will ceaſe to decreaſe, and begin to increaſe, and 
will continue to increaſe, as long as this limit is a ratio of majorit. 

Sthly. E converſo, if the quantity ' x — y firſt increaſes continually, till it 
comes to a certain magnitude, and then continually decreaſes, we may con- 
clude, that the limit of the ratio of the increments of * and y is a ratio of ma- 
jority, till the quantity - is come to its greateſt magnitude; that at that 

inſtant it is a ratio of equality, and that afterwards it becomes a ratio of mino- 

rity. And if the quantity x — y firſt decreaſes continually, till it comes to a 
certain magnitude, and then continually inereaſes, we may conclude, that the 

limit of the ratio of the increments of x and y is a ratio of minority, till the 
quantity x — is come to its leaſt magnitude, at that inſtant it is à ratio of 

equality, and afterwards it becomes a ratio of majority. | | 
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23. Ir the increments of x and y could be conceived to be infinitely ſmall, 
their ratio, in that caſe, would be the ſame as the limit of their ratio, when 
they are ſuppoſed to be finite; and the ſubſtance of the laſt article might be ex- 
preſſed as Flom. If the infinitely ſmall increment of & is for ſometime greater 
than, then equal to, and afterwards leſs than the contemporary increment of y, the 
quantity x—y will firſt increaſe continually, to wit, till thoſe increments become 


equal, at that inſtant it will ceaſe to increaſe, and begin to decreaſe, and will 
go on decreaſing continually, as long as the increment of x is leſs than that of y. 


And if the infinitely ſmall increment of is firſt leſs than, then equal to, and 
afterwards greater than the contemporary increment: of y, the quantity x y 
will firſt decreaſe continually, to wit, till thoſe increments become equal, at 
that inſtant it will ceaſe to decreaſe, and begin to increaſe, and will go on in- 
creaſing continually, as long as the increment of x is greater than that of y, | 

And e converſo, if the quantity x — y firſt increaſes continually, till it comes. 
to a certain magnitude, and then continually decreaſes, we may conclude, that 
the infinitely {mall increment of x is at firſt greater than the contemporary 
increment of y, to wit, as long as the quantity x - increaſes, that at the in- 
ſtant that quantity attains its greateſt magnitude, thoſe increments are equal to 
each other, and that afterwards, when the quantity x — y decreaſes, the incre- 
ment of x is leſs than the increment of y. And if the quantity x — y firſt de- 
creaſes continually, till it comes to a certain magnitude, and then continually 
increaſes, we may conclude, that the infinitely ſmall increment of is leſs than 
the contemporary increment of y, to wit, as long as the quantity x — de- 


creaſes, that at the inſtant that quantity comes to its leaſt magnitude, thoſe 


increments are equal, and that afterwards, when the quantity x — y increaſes, 
the increment of x is greater than the increment of y. | 

This would be the ſubſtance of the laft article in the language of infinite- 
ſimals, which (as it is more conciſe than the accurate language of the limits of 
the ratios of quantities, that are continually varying, and as we have already 
expreſſed and proved theſe concluſions, in that more accurate manner, in the 
feregoing article), we ſhall, in the following part of this diflertation, frequently 
make uſe of, always underſtanding by the ratios of the infinitely ſmall incre- 
ments of any two quantities the limit to which the ratio of the finite increments 

continually approaches, as thoſe increments are-diminiſhed ad infinitum. 
Note. It often happens, that the leſſer quantity ꝙ increaſes. fo much. faſter 
than the greater quantity x, as firſt to become equal to it, and then to ex- 

ceed it; but this caſe need not here be conſidered, becauſe when y be- 
comes greater than x, the ſame things as have been proved concerning 

x — will now be true of y— x. £4 1953 


24. FRou the operations in multiplication, performed in Art. 18. it fol- 
lows, that if any variable quantity, as x, receives an increment, denoted. by. x 
(or the letter x with a point placed over it), ſo that its new value ſhall be 


x + & the new value of its ſquare will be x x + 2 * 55+ *#%, and the new _ 


129 1 27 
of its cube will be #3 + * x + 3 8x* + ; therefore the exceſs of the new 
value of its ſquare above its former value is 2x x + , and the exceſs of the 
new value of its cube above its former value is 3 * x + 3x * ; that is, 
the increment which the ſquare of * receives in the ſame time that x receives 
the increment & is 2 x x + & and the increment which the cube of x receives 
in the ſame time is 3 ** x +-3-x N + #3. Now,, becauſe it is evident. that 

the increment & may be taken FA ſmall, that it ſhall bear à grearer ratio of mino- 

ö nn | | *i mn: iis 4676; 4 1 ine 
rity to x than any chat can be aſſigned, and conſequently that Ku hall Bear to 
24, xand 3x5* Fx* to 3 A greater ratio of minority than any that can 
be aſſigned, it follows, that the increment x may be taken fo ſmall,” that each 

of the ratios of 2 x x + xx to 2x4 and of 3x* 4+ , to 23%, 
ſhall approach as near as we pleaſe to a ratio. of equality, and conſequently, 
that the ratio of 2 * x + x to, x ſhall approach as near 4 

ratio of 2 * à to x; or of 2x to 1, and the ratio of 3 x2 A 3 * AI tos 
near as we pleaſe to the ratio of 3 x* Kto ñ or of 3 to 15 that is, the limit 
of the ratio of 2 x # + E to & or, of the increment of the ſquare of x to the 
increment of its ſimple power, is the ratio of 2x x to &, or of 2 * to 1, and 150 g 
limit of the ratio of 34 #+ 3 5* + x3 to S of of the increment of the cube 
of x to the increment of its ſimple power, is the ratio of 3 5 x to % or of 332 
to 13 and, in the language of infinitefimals, if & be put for the infinitely ſmall 
increment of x, 2 x x will be the contemporary infinitely ſmall increment of xx, 
and 3 * & the contemporary infinitely ſmall increment of . 


* 


4 
* 
1 


25. Ir eaſily appears, from El. 5. 19, that, if two | variable quanti ities are 
always to each other in a certain given proportion, . their contemporary incre : 

Is ta cucn dra mn EEE) DISHES 
ments will be to each other in the ſame proportion, and this whether the ipicre-,, 
ments be great or ſmall. Therefore, if p and q be any two given quantities, 
or numbers (taking the word number in an extenſiye ſe 


(raking the word number in an extenſiye ſenſe to ignify,any quan- 
tities whatſoever, whether commenſurable or incommenſurable, to the quantity 
called uit, which ic ſenſe in 5 ere ave fre- 
quently uſed it, as, for inſtance, when the ſpeak of ſurd or irrational numbers, 
and agreeably to which Sir Isaac e given us 2 CAE che” 
word number, in the beginning of his Arithmetica e a vnriable 
quantity, and & its infinitely ſmall increment, 4 x will be the contemporary in- 
crement of the quantity gx, and'/p x:2 x &, or 2 px & will be the contemporary” 
increment of the quantity px*. We proceed now to the ſecond part of this 
diſſertation, namely, to examine, by the help of the foregoing conſiderations, 
the ſeveral caſes of quadratic and cubic equations © © © © 
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Concerning Nun Equations. Wd: 
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26. A este equation is an equation that involves i in it the ſquare, 

and no higher power, of an unknown quantity; and a cubic equation 
iS an equation that involves in it the cube, and no 85 er en, of i un- | 
known e n 


28. "Tre ident, that pure equations of al u ali, tiſay be reſolved a by the” 
extraction of the roots of numbers; the method of performing which extractions 
is here ſuppoſed to be known : ſo that the buſineſs of the following pages is to 
explain the methods of reſolving all affected quadratic and cubic equations. 
Now, all affected quadratic equations are N reducible to one of theſe 
three forms; xx ＋ px =r 

A GW er, | | | 
and px —xx=7; in all which, * denotes TY unknown, and p 
and v the known quantities : for either the ſum of the two terms xx and : 7 
or the exceſs of one of them above the other, may be aſſerted to be equal to a 
given quantity, as 1 PET 

29. Tas firſt and ſecond of chicks equations; are an poſſible, whatever te 
the magnitude of 7; the . only when is not e than . 2 

30. Fox 'tis evident, that if, in the firſt of theſe equations, x be ſuppoſed , 
to increaſe continually from nothing ad infinitum,” the quantity x x + 52 * or 
the ſum of the ſquare of x, and the product of its multiplication into the given 
quantity , will increaſe from nothing at the ſame time, and pals throu oh all 
degrees of magnitude whatſoever. Therefore, how great or how ſmall ſoever 
the magnitude of F be taken, there will be a certain value of x, which ſhall 


make the fum x x + px equal to it. 
Further, 


* * 


[ 2r J 

Further, tis evident that there gan be but one value of x that will anſwer 
this purpoſe. © For, ſince x -& Continually increaſes" at the ſame time as 

x increaſes, it can be but at one inſtant of time equ to the given quantity 7. 
— 99 er) 206 HOMER AQJESTE 9 TRET Q} 9 — ce; 2 = 3 HAY — At 
31. For the ſame reaſons, *tis evident that the cubic equations YH + gy 
Dr, or any other equation whatſoever; wherein the ſum of all the affected 
terms is aſſerted to be equal to a known quantity, will always admit of one, 
of ; - . . 1 44 
and never of more thag one ot, or Value of x, that being ſubſtituted for it, 
will make that ſum equal to the quantity propoſed. | , 

: E426 - 7 1 W 
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; RY the ſecond of theſe equations, wherein xx 10 ſup | ſed to be ores 


r 
than px, and the exceſs to be equal to r, *tis evident'# muſt be greater than 5. 
Now, if we ſuppoſe x, from being equal to p, to increaſe ad inſinitum, x & — p 
will increaſe at the ſame time from "nothing (to fich it is ee at,” when . is 
equal to p) ad infinitum; and this continually, or without ever decreaſing: for 
as x increaſes, x * and p both increaſe; and at tlie ſame time the proportion 
of xx to px (being that of x to p) increaſes. Now, if the proportion of x x to 
px were not to increaſe, but to remain the ſame during the increaſe of the quan- 
tities themſelves, their difference would increaſe in the ſame proportion as either 
of them, or as x; therefore 2 fortiori, ſince the proportion of xx to px in- 
creaſes, - their difference will increaſe contmüũally at the ſame time. Conſe- 
quently, whatever be the magnitude of 7, there wilt be one, and but one inſtant 
of time, during the whole increaſe of x from p to infinity, at which xx — px 
is equal to it; or, whatever be the magnitude of 7, there will be one, and but 


one, value of x, that being fubſtituted for it will make x x n equal to 7. 


, & 
33. In the third of theſe equations, in which px is ſuppoſetl. a, cog 
than xx, and the exceſs to be equal to r, tis evident x muſt be leſs than p. 
Now, if we ſuppoſe x to e bank nothing, till it equals p, px — xx will, 
in the fame time, increaſe from nothing, till it arrives at a certain magnitude, 
and then decreaſe to nothing again: for when: is o, px; and, d fortiori, the 
exceſs of ꝓx above xx, will be equal to nothing likewiſe; and when x is p, 
Px — xx will again be equal to nothing; it muſt therefore have increaſed and 
decreaſed again, while x was increaſing from o to p. To ind the greateſt mag- 
nitude the quantity px & x ever attains, or that which it has at the inſtant it 
ceaſes to increaſe, and begins to decreaſe, we muſt examine the relations of the 
infinitely ſmall contemporary increments of its members: for tis evident, by 
Art. 22 and 23, that as long as the exceſs ef p& above & increaſes; the in- 
finitely ſmall increments of & muſt be greater: than the contemporary incre- 
ments of x &; when that exceſt is come to its greateſt magnitude, thoſe incre- 
ments muſt be equal; and afterwards, When that exceſs decreafes, the incre- 
ments of px muſt be leſs than thoſe of xx. The increment of px'is p& (x being 
the increment of x), and the increment of xx is 2 * x; therefore the quantity 


on; ES px 


[ 22 1 


b cx greateſt when tis Sars or his a. and 410 25 at 1 


hi oe, 


| 411 dd 062 1 eat gere K 
2x —xxis (= 22 22 25 E, fo that the greateſt magnitude the quan- 


tiry px — xx ever attains is == 22. r therefore, that if rk greater than 


2 the beünlldn rr or am aſſertion unt be excely of px. above 
x is equal to r, mult be falſe, or impoſſible : : tis furcher evident, chat if 7 is 
=Z2, there will be but one root to the equation, or but one value of * (to 


wit, 2) which being ſubſticured for i it, will make nn equal 19.7: but. 


if r is leſs chan 22, e will be two roors to the equation, the one lefs, and 


the other greater, than - 


34. Tr1s increaſe and decreaſe of the quantity. — may be 8 
ſtrated ſynthetically, from the conſideration of the i increments, as follows. As 


long as is leſs than 2, 2 * is leſs than 95 and 2 * „ or the infinitely. ſmall 


or naſcent increment of xx, than p „ the contemporary. increment. of px; 
P | | I 


when x is = 2 2 * is = Þ *; and when x becomes greater than 2 * * 


6 
* 


becomes greater than Þ *: therefore, as long as x is leſs than - the quan- 


tity px — xx will increaſe; when æ is = 2 it will ceaſe to increaſe, and 
begin to decreaſe, or will be at its greateſt magnitude; and when x becomes 
greater than 25 it will decreaſe. 9, E. D 


35. From hence we may obſerve, that if any queſtion or problem produces 
an equation of either of theſe forms, xx + px r, or xx — px r, it 
will admit of only one anſwer ; but if it produces an equation of this form 
Px—xx=r, it will admit of two anſwers, unleſs there be ſome condition in 
the problem, which cannot be expreſſed in * equation, and which determines 

x to have but one * 


36. Tuar 


HEDGE 


36. aur is the greateſt magnitude of p. is „ con- 


cerning geometrical ſquares and rectangles, in El. 2. 5, as was before obſerved 
in Art. 18. But it was thought proper, in you place, to inveſtigate it, by 
examining the increments of its members, as that appeared te be the moſt na- 
tural and obvious method of any for that purple, and becauſe it will neceſ- 
ſarily be made uſe of 3 1 the limits of the ret cubic 
equations, the analo tween which an quadratic 8 WI appear 
by applying the furs kind of reaſoning to both. 


37. Taz preceding equations are reſolved in the 9 — In the 
equation xx + px=r, the value of * is found to be £ rep} 47 =? 2, by 


adding 22 2 (the ſquare of „ or of half the coefficient of the aa term) to 


2471 1 


both ſides of the equation, how: extraQing the ſquare roots of both ſides, and 
tranſpoſing the terms : for fines: XX 15 pu by =2 +, it follows that xx +2 p +2 P 


3 1 +7 SEED therefore the roots of both fees are equal, that is. 
9 TE Trp, 


* ISS 4 wy 


(by Art. 18. D 4 22 e echt 


38. In the equation xx — px r, -the wakes? 6b x is ; found, by 52 FS 
proceſs, to be , „e, adding 7 89, boch ſides, we have 


e vat a4 7 4415 


; therefore the roots. of theſe quan- 


eee noe a 5 


tities are equal, that is (by Art. 160, che difference of # 1 L is equal to 
, ; bur this Giferenoe's .der —— greater 
than 5-3 thereforeat — 2 Lan LEES atI 24232 
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39. Jo the eco beak the e iter For here 
2 xx, and its N ers each \ of them ſubtracted fr from r ps Me which, 


it has been ſhewn they are always leſs; ; therefore 2 2 TEE — = — 


— 
= — 


— — — — A 
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I{ 24 ] 
= therefore xhe difference of ones u,; that is, if » 


* | 35 Wh W130) 148 
2 — 1 r a "ang, eee ln f. ——2 


PP * 9 7.7 1 1725 — a+, 2 * 2 
ee 3131 517} £2 


OY + 49144 
ebe ens - . -Fherfar in the feſt caſe, we ſhall have * = 


2 2 N a TY in the penal, 2 5 . 


40. Tre: — problem. will boni an camp to. ants firſt 'of theſe 
Equations. EN 0 


* 


” 
4 ; 97 CP * 7 * — . 4 * 5 P 
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In a circle of a given ks: let jt be required to find an are of. ſuch a magni- 
tude, that the rectangle under its tangent and ſecant ſhall be equal to the ſquare 
of the radius, or the — under the radius and its line ſhall be e to the 


ſquare of its coſine. 


That there is ſuch an arc, will be 9 5 the following 1 
When a circular arc is infinitely ſmall, its fine is infinitely ſmall likewiſe, and 
its coline is equal to the radius : when the arc is equal to a quadrant, its fine 
is equal to the radius, and its coſine infinitely ſmall; Therefore, if the arc be 
conceived to increaſe from nothing, till it becomes equal to a quadrant, the 
rectangle under its ſine and the radius will increaſe from nothing, till it equals the 
ſquare of the radius, and the ſquare of its coſine will decreaſe in the ſame time from 
being equal to the ſquare of the radius, till it vaniſh. Therefore, the rectan le 
under the fine and radius will, for ſome time, be leſs, and afterwards. will 
greater than the ſquare of the coſine ;, and this will happen by, a. radual vari- 
ation of the magnitude of each: there muſt therefore be an t of time 
during their variation, at which they are equal to each other. 

Put therefore the radius r, the unknown fine g, and the "HY of the 
coline will be rr — 55; therefore rs is rr — 55, whence rs rr, 


and r, = ons Eh therefore 5 + g VS. * r= 
2.23606 x 7. 


| 2.22606 —7 -_ 1.23606 r ' 
LS = — — — e 61803”; or, if r, 


2 
5 will be = .61803, which 8 
arc of 38 1173 which is ther — arc required. Ap ei 14) 


by a table of ſines, to be the ſine of an 


41. Tux equation 5s 5 15 = might have been reſolved, by comparing 
it with the general equation x ＋ = r, in Art. 37. for x was there found 


to be = 22 RE on , therefore ſubſtituting 8 for *, r for p, and rr 
for 


| [ l | 8 ] 


for v) we ſhall haves = e = = . 2 . *r = 


* 
— 


ö 28 2 1 ; $5 E „ | : 6 5; FRA IMAGES -S$ 
2.23606 — 1 „, —.— = x r = .6180z x 7. But this application of the 
general rule is ſcarcely eaſier than the repetition of the proceſs of the reſolution 
a ſecond time. P24 n r e 70 c 

42, Ir was obſerved, in Art. 7. that, in algebraic operations, all the quan- 
die that enter into the ſame calculation are generally ſuppoſed to be of the 
| fame kind; ſo that if one of them is a ſurface, all the reſt are ſuxfaces, if a line, 

lines, Sc. Now, this ſuppoſition is not abſolutely. neceflary. in equations that 
are derived from geometrical. problems, and which do not riſe to aboye two or 
three dimenſions z for as geometry admits of quantities of two and three di- 
menſions, to wit, ſurfaces and ſolids, which are exactly proportional to the 
correſpondent algebraic quantities of two and three dimenſions, we may, if we 
pleaſe, ſuppoſe every term of the equation to denote a ſurface or a ſolid, al- 
though the ſingle letters that compoſe them ſtand for lines; and the concluſions 
obtained, by making this ſuppoſition, will be exactly the ſame as if we bad fup- 
poſed the ſeveral terms of the Pquation to ſtand for lines derived one from an- 
other, by taking third and fourth proportionals to the line called unit, and the 
ſeveral factors that compoſe thern; or the proportion of the unknown: line, 
whoſe value is ſought, to the known lines, or to the line called unit, ob- 
tained by reſolving the equation, will, in both caſes, be the ſame.” That this 
may appear the more evidently, we will examine the terms rr, 15, and 55, of 
the foregoing equation : and firſt, let us ſuppoſe thoſe quantities to be all of 
them lines; then *tis evident, that if any line ar pleafure be aſſu med for an unit, 
r will be a third proportional to that line and the radius 7, 4 will be a third 
proportional to the line called unit and the fine s, and rs will be a fourth pro- 

portional to the line called unit, the radius 7, and the fine 5: ſecondly, let us 
ſuppoſe rr to repreſent the geometrical ſquare of the radius r, 5s the ſquare of 
the ſine 5, and 7 5 the rectangle under the radius r and ſine. ; and we ſhall find 
the proportions of rr, 3, and rs, to each other to be the ſame on this ſuppo- 
ſition, as they were on the former. For, in the former caſe, ſince 1: 1: :: 1r, 
and 1:7: : S 15, it follows that T: Ir: : S: 7s, and permutando r: S:: rr: rs; but, 
in the ſecond caſe, we have ::: rr: 17, by El. 6. 1; therefore the propor- 
tion of rr tors is the ſame in the one caſe as in the other: again, in the former 
caſe we have 1: 5: : 5: 5, and 1:1 :: 5: 15, and permutands i: $::7:r5z there- 
fore : 56: : 1:15, and permutando S: :: 3:15; but, in the ſecond caſe, we 
have 5:7 ::55:75, by El. 6. 1; therefore the proportion of 5s to rs is the 
lame in the one caſe as in the other: laſtly, ſince, in the firſt place, we have 
I:7r::7:77, it follows, by El. 6. 20. that the line rr is to the line 1, as the 
ſquare of the line 7 to the ſquare of the line 1; and, for the ſame reaſon, the 
line I is to the line 5s as the ſquare of the line 1 to the ſquare of the line 5; 
therefore, ex quo, the line 77 is to the line 55 as the ſquare of the line 7 to the 
ao ſquare 


* 
* % + 


7, 
6 , - *. 
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ſquare of the line 5;. that is, the quantities rr and 5 are in the ſame propor- 
tion to each other in the one caſe as in the other. It appears therefore, 'that all 
the three quantities rr, r, , bear exactly the ſame Prop rtions to each other 
in the one caſe as in the other; ſo, that if it be true o ſurfaces repreſented 
by rr, 75, and g, that the ſum of the two ſurfaces 55 and 75s is equal to the 
furface 7 7, it will be true alfo of the lines repreſented by rr, 16, and 55, that 
the ſum of the two lines 5s and r is equal to the line 77; and, vice verſa, if it 
be true of the lines, it will alſo be true of the ſurfaces. *Tis evident therefore, 
that we are intirely at liberty to make which fuppoſition we think fit; for, 
from the mutual and 'conftant dependence of the ſuppoſitions one upon the 
other, it follows that the concluſions, or values of the en line 5 derived 
from both of them muſt neceſſarily coincifle. 

Further, although the operations by which an equation of two or three d 
menſions is reſolved, when the terms of it denote lines, are not exactly the ſame 
with thoſe by which it is reſolved, when its terms ſtand for ſurfaces or ſolids 
(for that the different nature of the quantities will not permit), yet they are 
mutually dependent one upon the other, as will appear by examining the re- 
ſolution of the foregoing equation upon both theſe ſuppoſitions. For. if the 
terms r, 75, and 55, are ſuppoſed to repreſent lines, its reſolution will be as 
follows. Since the ſum of the two lines 35,75, is equal to the known line rr, 


add to both ſides of the equation the line . or the fourth part of the line Ef 
" the line which 1 is a third proportional to the line called unit, and the line 
5s or half the radius v, and we ſhall have „ rsTT re =, 

and, taking mean proportionals between the line called ane and each fide oft the 
equation, we ſhall 78 (by Art. 18.) „ 25 r, and s = 2— - x r 


= —— 7. * 7 = #1803 *r. 


If che terms 1 75, and 55, are ſuppoſed to reprofenc ſurfaces, the reſolu- 
tion of this equation will be as follows. Since the ſum of the ſquare 60 
and rectangle 75 is equal to the known ſquare 1r, add to _ ſides of the 


equation the fourth part of the ſquare of r, or the ſquare of — 27 or of half the 


radius r, and we ſhall have SS+rs + bs rr ＋ a and, extract- 

ing the ſquare roots of both ſides of the equation, or 8 ſides of the 

ſquares to which they are equal, we ſhall have ( El. 2. 4.) 's += 2 „x, 

5 — 1 _ 1.23606. 8 
2 


1 = 61803 Nr. 


0 
E 
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Theſe reſolutions; tis evident, differ only in this reſpect, to wit, chat the 
operations by which they are performed are adapted to the nature of the re- 
ſpective quantities to which they are applied; that is, that whereas in the former 
caſe, in which the terms of the equation repreſent lines, 'we take” continual 
and intermediate proportionals between certain lines, we in ithe latter caſe,” in 
which the terms of the equation repreſent ſurfaces, find the ſquares of certain 
lines, and the ſides of certain ſquares. But theſe operations mutually depend 
upon each other: for ſince of three lines, that are in continued proportion, the 
third is to the firſt as the ſquare of the ſecond to the ſquare of the firſt, it fol : 
lows that, if the firſt and ſecond line be known, and we can find the propor- 
tion of their ſquares, we ſhall thereby know the proportion of the firſt line to 
the third, or ſhall be able to find the third proportional; and, vice verſd, it we 
can find the third proportional, or can determine the proportion of the firſt 
line to the third, we ſhall thereby know the proportion of the ſquare of the 
firſt to the ſquare. of the ſecond, or ſhall be able to find the contents of the 
ſquare of the ſecond line: and if, from knowing the proportion of the ſquare 
of the firſt line to the ſquare of the ſecond line we can find the ſecond line, we 
ſhall alſo be able to find it from knowing the proportion of the firſt line to the 
third ; and, vice verſa, if from knowing the apr gens i of the firſt line to the 
a 


and in which it is intended that quantities of different dimenſions 
” | | E 2 conceived 
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is equal to 


the quantities 


1 6 


adnccived 40 be of kinds fo totally different, 28 lines, ſurfaces, and ſolids, thoſe 
diſtinctions ought to be ob as much as poſſible in the notation; which 
eannot any way be done better, than by conſtantly repreſenting a line, or quan- 
tity of —— 5 by a ſingle letter or character 3 a ſurface, or quantity of 
wo dimenſions, by two letters ; and a ſolid, er af three dimenſions, 
by three letters. 


43. As another example of * firſt form of 1 equations, we may 


reſolve the equation x * ＋ 2% = 15. Here p=2, and 1 ='15;; conſe- 
quently, x 18 = — . — e 223. Or, 1 if we repeat the proceſs 


of the reſolution we ſhall have 2 2 + 2 = 16; whence x + 1 =4, 
Abd „ E 3. : 


44. As an example to ihe" ſecond form 'of api equations, to wit, 
af px =, fer the equation * — 2 g be propoſed. Here p=2, and 


1g therefore x (which was found o be always OR — 


2 677-28 +2 = 2 .. if ve repent the proceſs of 
ien, . Whence „ 12 4, es. 


45. As an example to the third form of quadratic vations, to to wit, 
Px —xx=r, let the equation 8x -, = 15 be Here p=#8, 
and r = 15; therefore * (which was found to be always equal to either of the 


quantities 2 Led 7 ) will be equal to either of 
e +2 _ — — bo _ 2 — 


* . 


= 3. Or, if we wet the proceſs of the reſolution, we ſhall have (by ſub- 
tracting both ſides of the equation from 16, which is the ſquare of half the co- 
efficient of the ſimple power of x) 16 — 8 * --xx = 1; therefore, x — 4, or 
4 — x, is = 13 whence x = 5, 1 


CHAP V. 


46. T HOSE who explain ſs equations by negative roots ſay, that 

every form of quadratic equations, as well as the third, has'-two 
roots ; that the third, indeed, is the only one that has two affirmative roots; 
but that the firſt and ſecond have each of them an affirmative and a negative 
root. Thus, the roots of the hm OY 2% = 15, are ſaid to be +3 3 


3 00 
This ſeems to be conſidering the two equations æ r + 2x== 15, and ær = 2x 
—.— T5, or & * + px= 7, and xx — fx =" (which are ſo many aſſertions 
 avite diſtin& from each other, and cannot be derived from the conditions of 


very 
in l — 7— 
fame with x a g: in like manner, by ſubſtituting =——*£ £4: ET 


in their nature different from each other, FRE po in o e de 
ully diitinguuned fro! 6 > 


#44. 


47. Tuus much it has been thought proper to obſerve concerning negative 
2508, for the ale of Ain an objettion. which might otherwiſe be made 
to the obſervation, in Art. 35. concerning the connection 9 problems 
and the equations produced by them; to wit, “that the number of anſwers a 
problem that produces a quadratic, or indeed any other equation, will admit 

pt, is always equal to the number of roots belonging to the equation produced 
by it, excepting thoſe caſes only in which ſome of the conditions of the pro- 
blem are not expreſſed in the equation.“ Fo, What is here meant to be ob- 
ſerved is, that this aſſertion 8 ſeems To very reaſonable and evident, that 
it ſcarcely either needs or will admit of any proof), is not in fact contradictory, 
though it may ſeem to be ſo, to an aſſertion, made by Dr. SauxpERSON Gn | 
his Algebra, book gd, art. 116 and 12 1.) and others; to wit, that the roots 
_ of equations produced by problems are frequently more in number than the 
anſwers to the problems that produce them, even where the equations expreſs 
all the conditions of the problems that produce them (as will be ſeen in the ſe- 
veral following inſtances from Dr. Sa ux DpERsOx's Algebra), and conſequently, 
that ſome of them ſerve for the ſolutions of other problems different from thoſe 
that were propoſed, but which would produce the ſame equations: I ſay; theſe 
two aſſertions do not contradict one another; for if in the reſdlution of an 
equation produced by a problem two equations are united and conſidered as 
| : f 8 . one, 


„ 5 
one, tis no wonder that one of the roots has no connection with the problem 
propoſed, but belongs to another quite different from it. e We 


48. To illuſtrate and confirm what has been here ſaid to reconcile: theſe two 
aſſertions, it will not be amiſs to examine, and reſolve anew, ſeveral of the 
equations produced by the problems in the third book of Dr. SaunptRrSON's 
Algebra, referring, for the moſt part, to the author himſelf for the enuncia- 
tions of the problems, and the manner of deducing the equations from them, 
as both theſe things are there performed with the greateſt elegance and perſpi- 
cuity. | ; a ) ; 3 a 
The 74th problem, concerning oxen, evidently admits of only one anſwer; 
and, accordingly, the equation x x + 4x = 320 admits only. of one root, 
which is 16; for, adding 4 to both ſides of the equation, we have xx + 4x ＋ 4 
= 324; therefore x ＋ 2 = 18, and x = 16. If negative roots be admitted, 
we ſhall have x + 2 = + 18, or — 18, and x = 16, or — 20: but the 
latter of theſe numbers is in reality the root of the equation x x — 4 x = 320; 
which is quite different from the former, and belongs to a quite different pro- 
blem; for, if xx — 4x = 320, we ſhall have xx — 4x + 4 = 324, whence 


* 


— 


* — 2 2 18, and » = 20. 5 3 
Again, the 75th problem evidently admits of only one anſwer; and, ac- 
cordingly, the equation x x — 2 * = 288 deduced from it has but one root, 
to wit, 18; for, adding 1 to both ſides, we have'xx — 2 x ＋ 1 = 289; (coh- 
ſequently, x — 1 = 17, and x = 18. If negative roots be admitted, we ſhall 
have x—1 = +17, or — 17, and x = + 18, or — 16: but the latter of 
theſe numbers is in reality the root of the equation x x + 2 x = 288 ; for here, 
adding 1 to both ſides, we have xx + 2x + 1 = 289, whence x -- 1 = 17, 
and x = 16. 5 5 gs eas 
Again, the 76th problem (in which it is required to find a number, to 
which, if its ſquare root be added, the ſum will be 210) admits of only one 
anſwer; and, accordingly, the equation xx + x = 210, deduced from it by 
putting x x for the number ſought, has but one root, to wit, 14; for, adding 


t both ſides, we have xx +x+—= 210 + = _ therefore x +. 


* 


= 2, and ==, whence * = 196. If negative roots be admitted, 


we ſhall have x + - = + 2, Or — 25 whence x == 14, or A and 


xx = 196, or 225: but the latter of theſe numbers is, properly ſpeaking, 
the root of the equation xx — x = 210; which is deduced from a problem 
different from the foregoing, to wit, from one that requires us to find ſuch a 
number as that, if its ſquare root be ſubtracted from it, the remainder ſhall be 


equal to 210; for here, adding A to both ſides of the equation, we ſhall have 
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equation x x ＋ 100 # = 2400, produced by it, has but one root, to wit, 203 


= adding 2500 to both fides, we have æ x + 100% + 2500 = 4900 z whence 
- 50 707 and x =20. "If negative roots be , we ſhall have 
0.=-þ 70, or — 70, and x = | 26, or = 130 : but this latter num- 
ber is in reality the root of the equation * 100 = 2400 for here, adding 
2500 to both. ſides, we ſhall have ** — o 2500 = 4900 ; whence | 
* 50 = 70, and x = 120. 
Again, the 79th problem admits of cull one aufer ; SIE accordingly, 
the equation xx 675 * = 32400, produced by it, has but one root, to 


62 
wit, 453 for, adding bag a to both ſides, we have *. e 2» 


= 32400 +* _ * 129600 + 455625 — =, whence » + £25 Zr 


J $f 


ae at bard's 4 2 675 — 255 28 1 = 45, or (ED 


= 255, and x = 26s 2 8 = = 45. A In aut] roots be Alles 


"2 
= — 9 e — 720; bus this later number 3 is in reality the 0 of the 


equation ** — 6755 = 32400 for here, adding 49s, to. | both hes, | 


- 


n regr 455625 85925, ; ee * — Ge 255 

7 nn SB 5098 e, 

TONE 1449 = 720... hn Uther kgs FS into 
Again, the gon problem admits of only one „ wt} N 


we ſhall have x x — 675 x 
7 65+ 675 2440 


the equation 4 ** ＋ 30 * + 30 = Xx—'30x * — 30, produced by it, 


has only one root, to wit, 150; tor, extracting the ſquare roots of both ſides, 


we ſhall have 2 x X + go g Xx x — 30, or 2 * e whence 
x — 90 = 60, and x = 150. 

Again, the 81ſt problem adm admits of only one anſwer ; and, accordingly, the 
equation 4 x 30+ * * 30+#x =9 * 30 —x-x. 30 — #, produced by it, 
has but one root, to wit, 6; for, extracting the ſquare roots of both des. 
we ſhall have 2 x 30 +x = g x 30 — x, or e whence 


bo + 5 = 90, and 5x = 9 — 60 = go, and = Thus it 


appears, that the goth and 81ſt problems produce two different equations, to 
wit, 


— 
% 


f 32 
5 — * 2 — £ | — — 
wit, 4xF 30 x2 + 30== 9 = * go, and 4 * 30 ＋E * 90pm 
9 30—x X 30—x, each of which has 4 different root n 
ceſpectiye problem, But. by. aur, 30 — # Im the latter equation, as 1 
it pete the, ſame quantity, with & . 30 (although $9.25 in the Boer prove 
eee cpnor, be {ulyraced from:16, agd 
conſequently, x TE 2 quantity that cannot, according tg the idea of nega- 
tive quantities, defined in Art, 1 . have any, exiſtence in nature), and ſubſti- 
tuting x — 30 for it, Dr. Saundzz50n, converts che latter equation, into the 
former, and then obſerves, that theſe problems afford an inſtance of what be 
had before aſſerted, to wit, that the ſame equation may ſometimes ſerye for 
the ſolution of two different problems; which is true indeed, after he has in the 


foreſaid manner united two equations in one, but not otherwiſe. He then, by 


the affirmative root of the firſt ſide of the equation, to wit, 2 X x T 30, 


raking 
cual ft to the affirmative roct of the ſecond fide of the equation; to wit; 


3 * * — 30; and, ſecondly, to the negative root of the ſame ſide, to wit, 


— 3 X x 30, obtains the two ſimple equations, 2 x x ＋ 20 3 x 7 — 30 


(which is that by which we juſt now ſolved the 8 oth problem), and 2 & * + 30 
2 — 12 — 8 (which is the fame with 2 * x Je 30 = HT by 
which we juſt now ſolved the 8 6 ny the former whereof gives F150, 
and tlie latter gives x = 63 and by much reaſoning upon tlie 0 
each problem (which might all have been ſpared, if the two ſeparate equations 
produced by the problems had never been blended together, and conſidered as 
the ſame), he determines that the firſt of theſe roots ſolves the 8oth problem, 

From theſe examples *tis, I preſume, ſufficiently evident, that the two aſſer- 
tions mentioned in Art; 30. are two diſtinct propoſitions perfe&tly conſiſtent 
with each. other, and both true; or, that unleſs negative roots be admitted, 
that is, unleſs two different equations be united together, and confidered as the 
ſame, every equation that is deduced from a problem that admits of but one 
anſwer (ſuppoſing all the conditions of the problem to be expreſſed in the equa- 
tion) has but one root, which one root is fitted to ſolve that problem, and has 
no kind of connection with any other problem whatſoever ; but if negative roots 
be admitted, one queſtion may ſolve two problems. : 


49. Hir RHRER To, in conſidering problems that admit of but one anſwer, we 
have ſuppoſed that the equations deduced from them expreſſed all the conditions 


that belonged to them, and have ſhewn, by a variety of inſtances, that, upon 

this ſuppoſition, the equations have but one root. It remains that we give an 

inſtance or two of problems that admit of only one anſwer, but which are ſo 

circumſtanced, that the equations deduced from them cannot expreſs all their 

conditions, and, accordingly, have more than one root. And-firſt, let it be 

required to find the leſſer of two unequal parts of the number 6o that 2 
| | | ſuc 
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Here *tis plain the 


f 


4 


60 into two pP 


ſuppc is equal to 86 therefore; fub- 
tractiag both ſides from oo, we J have 9 = 6 rx = 36; whence 
30—x b, and # = 24: therefore qe leſſer part is 24, and the greater 36, 
which will be found; upon trial, to anſwer the conditions of the problem. 
| equation 60 - = 864 has two roots,” to wit, 24 and 
363 for, fnce g0&—bow + = 36, it follows that either of the two 
I—_— 30 - andy 30, is equal to 6 wheneg & is'equal to either of 
* 


umbers 24 ad 46. And che reaſow of this Want of connection be- 
teen the problem and equation is, that in-che equirien it is only - 5 gg chat 
»x is tefs han 60 #; or * than 60; fo that that condition of the problem 
which dechired: # to be the leſſer of the two unequat parts of 60, and conſe 

ently to be leis than 30, is not expreſſed in the equation: if that condition 
5 mentioned in the probfem (as it is not in SAunDERSON'S AE. 
gebra, book 3d, prob. 69. from hence this problem is taker), the problem 
and the would have been boch | 


ann both equally vnliraited; arid the number of 
roots to the one would have been/cqual to the number of anſwers to che other. 
Another inſtance of this feind may be ſeen in SauvοR SONS Algebra; book 3d, 
prob. 82. in which book, prob. 73. 77. 83, 84, 85, Sc. may likewiſe be 
ſeen ſeveral inſtances of problems that admit of two anfwers, and that produce 
equations that have tw6 roots; to which't refer the reader. 5585 3 wn 
| ; r ⁰ T0 QT MIAITELL left, 
50. From what bas been ſaid in the foregoing article to illuſtrate and con- 
Irm the aſſertion made in Art. 4% and 35, and from the almoſt ſelf. evidence of 
the aſſertion itſelf, it will, I doubt not, be plain to every one, that the aſſertion 


* 


is conſtantly and univerſally true; or, that when all the conditions of à pro- 
blem are expreſſed in the 1 by it, the number of roots to the 
equation can neither be greater nor leſs than the number of anſwers the problem 
will admit of; and this, whether the equation produced by the problem be a 
eee equation, or an equation of any higher degree whatſoever: ſo tliat if 
the problem is ſo ſimple that we can tell before-hand how many anſwers it will 
admit of, we ſhall alſo know the number of roots the equation produced by it 
will have, to wit, as many as there are anſwers to the problem; and: vic? ver/2, 
if the problem is fo intricate that we cannot tell before - hand how many anſwers 
it will admit of, we may diſcover their number by reducing the problem to an 
equation, and inquiring how many roots there ar to the equation ſo derived, 
the number of anſwers to the problem being equal to the number of theſe roots. 
This connection between problems and the equations produced by them, is, as 
was before obſerved, - almoſt ſelf-evident, on may be deduced from conſidering 
SHEER | F - what 


baader ph lem and the equation produced by ir i for gage, 
produced by a problem (if it en mn — | 
propoſition — in ſymbols, or the 1 
ideas, 2 and inquiries, that are 
or common lan I hou 


reader's time in to eſtabliſh the truth of the fa 
had it not been to prevent been from being 5 gs into — : 
detween it and Dr. Sau AUNDERSON 's aſſertion _—_ 


by the ſeeming contradiction 


+ ts Havino, in the preceding 65 EY explained at 8 8 
uadratic equations, their different forms, and the manner. of reſolving each 
rm, and alſo conſidered what is meant by making uſe of negative roots, and 

ſhewn that it is in fact uniting, two different equations together, as if they were 

the ſame; and having illuſtrated. all theſe [things by ſeveral. examples, or the 
actual reſolution of ſeveral particular equations, tis natural, before we quit this 
ſubje&, to obſerve, that notwithſtanding moſt of the modern writers of algebra 
| hone thought fit (probably. that they might ſave themſelves the trouble of de- 
monſtrating each caſe of quadratic and other equations ſeparately) to make uſe 
of . roots, yet the reſolution of quadratic equations is performed full as 
conciſely, and in a 8 more ſimple and natural manner, without than with 

them.; nay tis, as I apprehend, neceſſary to know hom to. reſalve equations 
without them, before we can underſtand how they can be reſolved by them, or 
what is meant by the uſe of them.: and, in general, they ſerve only, as far as 

I am able to judge, to puzzle the whale doctrine of equations, and — 

obſcure and myſterious can that are in their own nature exceeding plain and 

ſimple. Inſtances of this myſteriouſneſs will, I believe, be perceived by moſt. 
readers, in Dr. SauxoERsox's Algebra, art. 103. 107, 108, 109, and ſeveral 
other places, of his third and tenth. books, in which he treats. "the reſolution 
of quadratic,. cubic, and biquadratic equations ;. the only. parts perhaps of his 
whole work that are not remarkably. perſpicuous. It were to be there 
fore that negative roots had. never: been admitted into algebra,, or were again 
diſcarded from it: for if this were done, there is goad reaſon to imagine, that 
the objections which many learned and ingenious men now. make to algebraic 
computations, as being obſcure and perplexed. with almoſt unintelligible no- 
tions, would. be thereby removed; it being certain that algebra, or univerſal. 
arithmetic, is, in its own nature, a ſcience no —_ ſimple, clear, and capable of: 
demon . than geometry. - 


5 


1 YE 
5. EL. the forms of equations, including the pure equation as 


well as the affected ones, that is, all the four equations, xx = 1 x x, 


ax pa= I , e mo L Xx r, and. Px— Xx.= luer, may be con- 
ſtrucled- 


out dray an ines in the: | their ordinat iſles z thy 
wing Art 2 1 7 


Al. 


Fro. V. 


3. To conſtruct the equation 7 = N make any line at pleaſure, 33 
Ari 8. V.) and with this line, as a parameter, deſcribe yas 
pED, 3 ths ahi of this parabola, take the abſciſs BD r, and draw the 

ndent ordinate ED. Then will ED x. For EDg= (by Stuzon's 
8 LOS ee! Snowy > t ene 


= &. 2. E. 


54. To conſtruct the e x x 9 = —=1xr, make: any line cogins- 
ſure, as AB (Fig. VI.) = 1, and take D == d, and A K; with the line 
E D as an axis deſcribe the equilateral hyperbola EG H; m_ int D draw 
the line DF perpendicular to ED, and of ſuch a magnitude that its ſquare 
ſhall be equal to the rectangle under A B, AK, hich amy be done by El. 2. 
14; from F draw F G parallel to E D, cutting the N in G, and from 


draw the ordinate G H, cutting the axis in H, then will the abſcifs HE 
2 be 
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35. Taz foregoing . 5 the equilateral W ſerves Gs for - 


conſtructing the equation xx— Pp == Hy: for here, if AB, ED, and 


AK (Fig. VI.), are, as before, equal to 1, p, and r, and DFq = AB x AK, 
or 1 x 7, HD will be = . For HDg—px HD'=H Dq—ED x HD 
—HD—ED x HD-= HE x HD = e 
ane e bee eee 2E 


"Hence it is evident, that if the known anzatices 1, * and 2 are the | 


fame in both caſes, the value of & in the equation x» —px = 1. x ris greater 


than its; value in the equation #x + px leer by the line E D or p; which: 


agrees intirely with the valucs of x obtained by the refolutians of theſe equa- 


tions in Art. 375 38. to wir, 
mer 


1 and ä — — the for- 
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lea e ſo to c 
by the equilzteral | hyperbola). the EC area ell ipſe, in the ollowing 'manner.. 


Make any line at e as AB (F. 7 VL) = 1, and take ED = p, and 
— With TD D, as 2 pete Kelerlbe the ſemicirele DFE, and from 


5 center 'c draw che radius CF perpendicular to E D; from the radius c F 
(the ſquare of which being = Ds, or i, is always greater than che rect 


angle under AB, AN or 1 x 7, be en by El. . 5.) cut off the part 
M., that is of ſuch a magnitude chat its ſquare ſhall be equal dee 
under A B, A K (which may be done by El 2. 14. ), and through the point, NM 
draw the line g MH G parallel to ED, cutting the circle g and G and laſtiy, 
from the points G, g. gf tug ly nd, G H, gb, ular to E D; then. 
will E H and E be the twe Lalues of x required. or N EH ETI 
EDxEH—EHq =ED—EHxEH =DHxEH=(EL 2. 14.) 
G HRS CMR ABN AKA * =Px— KA: conſequently E H is 

=X: and px Eb — Ebqz=EDxEb—Ebq=FD—EDxXEb= 
Dix ES = (EL 2. e MERE SS PE = NOS 
conſequently Eh is = x. 2, E 85 


K L | 

58. Tusk are the confiruRtions of quadratic equations <p moſt im 
mediately reſult from the nature of the figures concerned in them, or from 
the relation of the ordinates of thoſe figures to their abſciſſte, this all 
being in thoſe figures expreſſed by the ſeveral following equations, x * ay, 
Or XX =1Xy, xx Px =Jy, x* — P# =9y, and Pt = x =) 75 10: 
wit, by the equation xXx = @y in the parabola, if 4 be put for the parameter 
of the axis, y for any abſciſs of the axis, and x for the correſponding ordinate, 
or, if the parameter be called 1, by the equation xx = 1X y; by the equa- 
tion xx + px = yy in the equilateral hyperbola, if p be put for its axis, x. tor 
any abſciſs of the axis, and y for the correſpondent ordinate, or, if x be put 


for the ſum of the axis p and abſciſs to which y correſponds, by the equation 


X V. 


| it for the ſake of its analogy with the foregoing conſtruction 


— 


" 11 


Y * 
there are numberleſs other methods of conſtructing them by the conic ſections, 
and that too by other ellipſes and hyperbolas than ſuch as are equilateral, or 
have both their axes equal, that are far from being intricate. theſe I ſhall 


give an inſtance or two, performed by the circle and parabola. 


59. Tux equation æ&α = 1 Xr is conſtructed, in Evetid's Elements, book 6. 
p. 13. in the following manner. Make 8 at pleaſure, ns AB (Fig. VIII.) 


Is and take BC r; place BC ia directam with A B, and with AC, as 
a diameter, deſcribe the ſemicircle CD A, and from B draw the line BD per 
pendicular to A C, meeting the circle in D; the line BD will be =x. For 
BDg = ABXBC=1Xxr xx; therefore BD x. & E. D. | 


2 
Fig VIII. 


E 

60. Taz equation xx - px = 4x X 7 may be conſtructed by the parabola, 
as follows. Make any line at, pleaſure, as AB (Fig. IX.) = 1, and take 
DE =p, and AK r; with DE, as a parameter, deſcribe the parabola 
E HG, in the axis of which take EF = 5 or a fourth propor- 
tional to DE, AB, and A K; ſo that (by El. 6. 16.) the rectangle under 
DE, E F, ſhall be equal to the rectangle under AB, AK. From F draw 
the line FG perpendicular to E F, and biſect the angle E FG by the line 
FH, meeting the parabola in H; and from H draw the line H C perpendi- 
cular to E F in C; the line HC will be = x. For the angle CHE, being 
alternate, and conſequently equal to the angle H F G, will alſo be equal to the 
angle HFC; therefore the line CF is = HC: therefore HCq+pxHC 
= HCq+pxcF=CHg+DExXCF=DExEC+DExCF= 
SD A. AK=1iXr*=xx+px; conſequently HC is = x. 

Si | - 


'Fis. 
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Cr. Tux equation x * p =1Xr * parabolaz. 
as follows. Make any n as AB (Fig. X.) = 1, and take DE 


p, and AK r; with DE,, as a parameter, deſcribe the parabola a EG H, 
ABN AK 


in the axis of which take EF = E ora fourth proportional to DE, 


AB, and AK; ſo that (by El. 6. 16.) the rectangle under DE, EF, ſhall 
be equal to the le under AB, AK. From F draw the line FG per- 
pendicular to E F, an raking E-M in the axis © ater than E F, biſect the 
angle M F'G by the line FH, parabola in H and from H draw 
the line H C perpendicular to E F in i e =: For the 
le CHF, being alternate, and conſequently equal to the angle HFG. 
ill alſo be equal to the angle HFC; therefore the line C F is CH: there⸗ 
fore HCA — px HC = HCg —pxCF = HCq— DEX CF = 
DEXEC—DExCF= P ˙ m 


6— HC is => QED. 


Ei. 


, 


62. Tur two laſt equations, to wit, xx EG IN, and wx py = 
t Nr, may both be conſtructed by the circle, by the 36th propoſition of «he 
third book of EucLip's Elements, in the following manner. Make any line 


8 


at pleaſure, as AB (Fig: XI.) 1, and take GF =p, and AK r; with 


G F, as a diameter, deſcribe the circle G E F D, to which at any point G 


draw the P irs G H, which take (by EL 2. 14.) of ſuch a magnitude, that 


its ſquare ſhall be equal to the re under AB, AK; and through H 
draw the line H PD, paſſing through the center C, and cutting the circle in E 
and D; the line E H will be = in the equation xx - = 1X 7, and the 
line HD will be = x in the equation xx —px=—=1Xxr. For HEq + px HE 
—=HEqg + GFXxXHE = HEq +EDXHE = HE+EDXHE= 
HDxHE = (El. 3. 36.) GH =ABxAK=1XxXr=xx+px; con- 
ſequently HE is : and HDæ —pxXHD = HDq — 9 

7 


*% 
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64, As an instances to this laſt conſtruRtion let it be et to conſtruet 
che equation xx ＋ 2K N 3. Here we are firſt to take any line at plea- 
ſure, as A B, and call it 1, and then take ED g 2 AB, and AK 2 3 AB; 
then with E D, or 2 AB, as a diameter, we muſt deſcribe the circle G D F. | 
and to this circle draw the tangent G H of ſuch a magnitude, that its ſquare 
ſhall be equal to the rectangle under AB and AK, or AB and 3 AB; and 
having thus determined the point H, we muſt draw the line H D, paſſing 
through the center C, and cutting the circle in E and D; and thus we ſhall 
obtain the line H E, which, if AB is oppor to be = == 1, Will be 8 to 


the line x. 


64. Ir after being thus enn the mages of the line HE, or x, 
we are further deſirous of knowing its proportion to AB in numbers, it may 
be found, by taking an inſtrument of any kind that is divided into a great 
number of ſmall and equal parts; as for inſtance, a braſs ruler divided into 
hundredth parts of an inch, and meaſuring theſe lines upon it; for, by this 
means, we ſhall ſee how many of A are contained in each of them, or 
ſnall find the numbers that expreſs their proportion. If this be done in the 
preſent inſtance, we ſhall find that HE is = A B, or that x is the root of the 


equation xx | 28=1X 3. 
wi The 6th, gth, and 11th ges are all adapted to the equations 
2 * X 3, and xx - 2K & 3, the lines AB, ED, AK, 
bing in all of them proportional to 1, 2, and 3; Fig. VII. is adapted | 
to the equation 4x — xx = I X 3; Fig. Xth to the equation * — 2 "of 
= Xx and Fig. Vth and VIIEh to the equation xx = 1 * 4 2 | 


65. *T1s evident, that if theſe conftradtions could be actually performed 


with perfect accuracy, ſo that, when we deſcribed a circle with a pair of com- 
G | paſſes, 


{ 42 ] 


aſſes, all the points in its circumfere prone. fog rictly and accurately at the. 
ame Diftance Fom its center, or that. there Was no one 2 8 in fied = 


ference that was nearer to the center than anotfe# by the ren millionth part of a 
hair's breadth, or (to ſpeak more accurately) by any finite diſtance whatſoever, 
and all the other operations, of drawing right lines of certain magyitudes, and 
of deſcribing parabolas and hyperbolas, could be performed with equal exact- 
neſs, the value of the Tine- thereby obtained would exhibit its true and real 
magnitude, without the leaſt imaginable error; and, if à was incommenſurable 
to 1, their proportion would be expreſſed more accurately by that of the line 
found for x by the conſtruction to the line A B, than could be expreſſed by any 
numbers, how large ſoever. But this degree of exaCtneſs is evidently not to be 
attained in practice; but, on the contrary, no one of the operations in the moſt 
ſimple e can be performed without ſome little error: and, if this 
exactneſs could be attained, yet we ſhould not be able to determine the propor- 


tion of the lines thence obtained in numbers, to any great degree of exactneſs; 


becauſe no inſtruments are nice enough, or can be divided into a ſufficient num- 
ber of parts for that purpoſe; and, if they could be ſe. divided, the parts would 
be too ſmall for the human eye to diſcern them. Thus, if the proportion of x to 
x could not be expreſſed in ſmaller numbers than a million, as ſuppoſs their pro- 


portion was that of 1,273,597 to 1, ooo, oo, or if they are incommenſurable to 
one another, and ſo cannot be accurately expreſſed by 03 24nbers whatſoever 
(as is moſt. commonly the caſe in the equations that reſult from problems that are 
taken at random, or are not invented on purpoſe to exhibit ſuch. and ſuch par- 
ticular equations); and we are deſirous of finding, by a conſtruction, this pro- 
portion in numbers only to five places of figures; ſo that, if AB be divided 
into ten thouſand equal parts, the number of thoſe parts contained in » ſhall he 


thence diſcovered; and that, for that purpoſe, we drew the requiſite figure as 


large as we conveniently could, that the errors in the meaſuring might be the 


leſs, or might bear the ſmaller proportion to the whole lines. A B and & (as ſup- 


poſe we draw the figure of ſuch a ſize as to fill a whole ſheet of large paper, or a 


large ſlate, and we cannot well make it larger), and that we took A B of a very 
great length, ſuppoſe ten inches long (mough if x, were any multiple of AB or 
1, it would be impracticable to take AB ſo 


part of an inch), and to endeavour to find how many of thoſe parts were con- 


' rained in the line x, by meaſuring that line upon an inſtrument, or ruler, accu- 


rately divided into thouſandth parts of an inch; I ſay, if we were to propaſe 
ſuch a meaſurement, it is eaſy to ſee that we ſhould. find it quite impradtieable 
on a double account; firſt, becauſe it exceeds all human art te divide an inſtru- 
ment into ſuch ſmall parts as thouſandths of an inch; and ſecondly, becauſe, 
if ſuch an inſtrument could be procured, the extreme fmallneſs of the parts 
would render them inviſible to our eyes, or would make it impoſlible for us to 
diſcern them one from another. The caſe will be ſtill ſtronger, if we ſhould 
purpoſe to find by a conſtruction the proportion of theſe lines: 06s 

| | | numbers, 


ong), and then were to ſuppoſe AB: 
to be divided into ten thouſand equal parts (each of which would be the thouſandth 


2 
by 
Is 
"Ne 
- $0 
jo o 
” 
* 
75 
© 
bot pl 
5 
Fo 
5 
2 
1 
Wh. 5 
- 
* 24 
1 
oi 
5 
. 
; | 
"I 
by 
1 
"I 
, 
1 
bt. 
1 
8 | 
bs 
2» 
7 
155 
2 4 
* 
＋. 
. 
* 


5 Oar ef Io ot EF Ra 1 ITE 
> 5 2 > © Wes s * va ng, « 8 OR a Th eg a ' I 4 WS enn 
c 8 (( 


muſt be divided into an hundred thouſan 


( 43 } 3 
numbers, to more than five figures, as — 8 to fax or ſeven; ſo that AB 
| „or a millien, of equal parts. It 
appears therefore, from the impoſſibility of drawing the lines in a conſtruction 
with perfect exactneſs, and from the want of inſtruments nice enough, and 
ſenſes ſufficiently acute to meaſure them accurately, if they could be drawn 
exact, that we cannot by' theſe geometrical conſtructions, however 'perfe&t and 
beautiful they may ſeem in theory, obtain the proportions of the lines con- 
cerned in them in numbers to any pn degree of exactneſs. It may be aſked 
therefore, of what uſe is it to conſtruct equations, fince they may be reſolved 
to as great a degree of exactneſs as we pleaſe by calculation, and, if the quan- 
tities are not incommenſurable to each other, with perfect exactneſs, but by 


theſe conſtructions to only a very ſmall degree of exactneſs? In anfwer to this 


inquiry, we may mention the three following uſes of them, of which the firſt 
chiefly concerns the antient mathematicians, and the other two the moderns. 


66. TRE firſt of theſe uſes is to ſave the trouble of calculation: for the an- 
tients, not having any convenient arithmetical notation (as thoſe wonderfully 
ſhort and eafy marks of numbers, the Arabian figures, 1, 2, 3, Cc. upon 
which the great diſpatch and excellence of the modern 7 ne of arithmetic 
depends, were unknown to them), found the operations of arithmetic extremely 
laborious, and were therefore always very deſirous of avoiding the neceſſity of 
caleulation. For this purpoſe, they endeavoured, as much as poſſible, to ſolve 
all their problems by geometrical conſtructions, or to determine the proportion 
of the unknown to the known quantities by the mere drawing of lines, and 
meaſuring the lines thereby obtained upon a ſcale of {mall and equal parts; 
and they were contented with the ſmall degree of exactneſs in their proportions 
which theſe conſtructions could afford them. Had they been acquainted with 
the modern methods of notation, it is highly probable that they would have 
ſolved all thofe problems, in which they wanted to obtain the proportions of 


lines one to another in numbers, by calculation, at leaſt all thoſe that produced 


quadratic equations, or equations wherein only plane ſurfaces were concerned; 
becauſe the methods of reſolving quadratic equations by calculation (explained 
in Art. 37, 38, 39.) are ſo extremely caſy and convenient, that a very indif- 
ferent arithmetician might eaſily re one of theſe equations by calculation 
to ten places of figures, in leſs time than he could determine its root by the moſt 
ſimple conſtruction to two figures. | 

67. Tux next uſe of conſtructing equations, is in determining the firſt ſtep 
of an approximation. It often happens that equations are reſolved more _— | 
and expeditioufly by approximations, or the repetition of a proceſs, by whic 
we make continual approaches to the true value of the root, than by an accurate 
method of reſolution. In quadratic equations, indeed, the accurate methods 
are ſo eaſy, that *tis needleſs to ſeek for an approximation; and in theſe conſe- 
quently conſtructions cannot have the uſe _—_ mentioned: but the difference 

| . 2 between 


[44] 
between quadratic, and all other higher equations, in reſpect of the difficulty of 
the calculations uſed in their reſolution, is prodigious, and conſequently in 
theſe equations approximations muſt, if they leſſen the labour of reſolving 
them, as they are generally found to do, be of the greateſt ſervice; indeed in 
equations of more than four dimenſions, *tis hardly poſſible to make uſe of any 
other method of reſolution than approximation. In theſe approximations, the 
greateſt difficulty is generally found to conſiſt in determining the firſt approach 
to the value of the unknown quantity: this may ſometimes be done by a con- 
jecture founded upon the knowledge of the limits between which the unknown 
quantity lies, and the conditions of the queſtion to which it belongs; but, 
where this cannot be done, we may always find a value of the unknown quan- 
tity ſufficiently near to found an approximation upon, by conſtructing the 
equation: if therefore we have convenient inſtruments at hand, and can find a 
tolerably ſimple method of conſtructing the equation, we ſhall find ſuch a 
conſtruction of conſiderable ſervice; for though the labour of conſtructing a 
quadratic equation is much greater than that of refolving it, yet it ſometimes 
happens, in cubic, and other higher equations, that require a prodigious deal 
of calculation, that tis eaſter to conſtruct than to reſolve them. As an in- 
ſtance of the uſefulneſs of theſe approximations, we will here inſert the only 
method of this kind that we ſhall have occaſion to make uſe of in this diſſer- 
tation, which is that of Mr. DR Lacney (ſee the Miſcellanea curioſa, vol. ii. 
p. 72.), for extracting the cube root of any given number by approximation; 
and is as follows. 5 | 
Let c be the number, whoſe cube root is to be extracted; and ſuppoſe à to 
be a near value of this cube root, but ſomewhat leſs than the true value; and 
let z be put for the unknown exceſs of Vc above à; then will a+ z. be = 
y3c, and conſequently a3 + 3aaz+ 3azz-+23 =c; therefore, ſubtract- 
ing 43 from both ſides, we ſhall have 3aaz + 3azz + 23 ne or 

c — 4 
| a 3aa+3az+ 22 
This is the accurate value of z; but ſince 2 is ſuppoſed to be very ſmall in 
compariſon of a, it follows, that 3 22 ＋ zz will be very ſmall in compariſon 
of 34a; Conſequently 3 a 4 will be nearly equal to 3aa+:3az+22, and 


28 will be my equal to CT ET Is 


> 6 — 43 F SLEW { 1 tte! 
obtained 3 2 for the firſt value of the difference z, we may correct it, by con- 


2X 34a 34a ZZ - 65, and conſequently z = 


„or to z. Having thus 


; . . | il 0 
ſidering, that — — 1s ſtill nearer to its true value than ; we muſt 
344 342 | — % 4: 

The 


. gd | 
therefore ſubſtitute the value of z already found, to wit, i — » Inſtead of z 


in the quantity - _ x» = and we ſhall, by that means, obtain, for a ſecond 


value 


it 450 


> 26098 e 23.120 2 = es 20. 
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Therefore ve (= a+) 14 4D . which, if ak, be - nearly 
equal” to b r very near, but is fomewha leſs than, the 0 5 value of 
s. rther e er is deſired, tis but repeating the operation: 
e IT 2 * 4 = 4, and' 4179. = n and by the- lame proceſs 


An 


1 4 and v3 


we have juſt now gone 8 we mall find y = 72 


1 45 and ſo on, till w have arrived at the de- 


(dT D d + — 
gree of tr *. is required, 
3 
That 4 + = 5 X 4, is an approximation to * true walls: of * 3 6, 


or that it PA Ss leſs > That it than a, may be thus demonſtrated; *Tis evi- 
575 in the firſt place, that (becauſe 45 is here ſuppoſed to be leſs than c) 


Cc — a3 
x is greater than 4. Secondly, ſince c — af = 


FA K 


3 aaR + 37 = 2%, it is evidently greater than 3 4 4 2 + azz; there- 


3 * 
c — 6 
„ or 3 4 Xx is greater than 3 4 2 ＋ ZA; therefore 


— 4 


fore 


. | ö 11 Ee? 
30a +gax- — is greater than 344 + 342+ 22; conſequently 
c — 45 „223 — 43 


or va x a, is leſs tha 
— — — n- 
ſe — c＋ 24332 * * 
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c_ m We value of m and a + rey 
ha of a +2, or Vc, - dots this quantity a + redo X a, is greater 


than a, but leſs than the accurate value of 4/3 c, and therefore muſt differ leſs 
from that value than à does, or muſt be an approximation to it. Q, E. D. . 

As an example to this method of approximation, let it be required to find 
the cube root of 4.940021. Here I firſt. conlider, that ſince 4.940021 is of 


an Intermediate magnitude between 1 and 8, its cube root will be of an inter- 
mediate 


* a, is leſs than the accurate 


6.3 ; 
: "BY" 4 
3 WF. 
, — — 


mediate magnitude between. the eube roots of thoſe numberꝭ, that is, between 
the numbers x and 2, I therefore ſuppoſe it e e and cubing 
this number, I find its cube to be 3.376, which, being leſs than the given 
number 4.940021, I might from hence begin the approximation: but, that 
the approximation be the more exact, I think it convenient, before I 
begin it, to find another number nearer to.4/3 4.940021. than the number 
1.5, which I conclude muſt differ conſiderably from the true cube root of 
4-949021, becauſe. its cube . 2.275 differs conſiderably from 4.9g0021 ; this 
other number I conjecture (from its being conſiderably greater than 1.5) to be 
1.7, the cube whereof I find to be 4.913; which, being but very little leſs 
than the given number 4.940024, I conclude. that its cube root 1. is very 
little Jeſs than the cube root of 4.940021, or is ſufficiently near to it, to make 
it the baſis of an approximation that ſhall exhibit the cube root of 4.940021 to 
a very conſiderable degree of exactneſs. I therefore put a= 1.7, and thence 
have 45 = 4.913, c—4* = (4.940021 — 4.913 =) .027021, ＋ 243 = 
— 5 | 
14. 76602 1, c — 4 x a = 0459357. Ds = .0031109, and 25 c 


— 43 Xa *' 
or y/3 4.940021 = @ + - ” r = 1-7031109. 


=o 

Note. The value of the fraction — — will be obtained more exactly, 
by firſt multiplying c — a? into a, and then dividing the product by 

c + 2 a3, than by firſt dividing c — a3 by c + 2 43, and then multiply» 

ing the quotient into @. : | 

As another example to this method, let it be required to extra& the cube 
root of 2. Here I firſt conſider, that the cube root of 2 muſt lie between 1 and 2, 
and cannot be much greater than 1; I therefore ſuppoſe it to be = 1.2, and, 
cubing this number, I find its cube to be 1.928, which, being tolerably near 
equal to 2, I conclude that its cube root 1.2 is not a great deal Jeſs than the cube 
root of 2, and that it therefore may ſerve to begin the approximation ; I there- 
fore put a= 1.2, and thence have a = 1.728, - 4 =.,292, c —a3xa 


c - 2 Xa 


= -3264, a = 5.456, E = -059, and Vc or 32 = 
C—a3 Xa 
£5207 | 

= d, and we ſhall have d* = 1.993, 616,979, c — di = .004,383,021, 


— — d* x 4 
Cc — 4, Xx d = .005,518,223,439, c 5 24* = 5.991,233,958, — ＋ 4 — 


3 — 2 Xd 
000,921,048" ane y 34 or V = d 5- = r = 1:259,921,049 3 


which 


= 1.259. If a further approximation is deſired, put 1.2 59 
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which is exact in all the figures, and therefore 
rogt of 25, as can be enpteſſed by ten places of figures... 
From thoſe examples it appears, that, by this method of approximatien, we 
can with but little trouble extract the cube root of any propoſed. number to eight 
or ten places of figures, which will be thought-a ſufficient proof of the uſeful 
neſs of this method, by thoſe who are aequainted with the difficulty of extract - 
inge cube root to ten places of figures by the common method. 
The exact number of places to which the figures found: by this approxima- 
tion, W even in the moſt diſadvantageous. caſes, true, may be thus 
determined. If „ be the number of places of figures in the known part a 
of the cube root of — — part of that root, found by 
the expreſſion <<, will (excepting only in one caſe, which wel walt 
mention preſently): be true to at leaſt 2m — 3 places of figures; and conſe- 
3 „ ee r tins e egen n 0 
quently the expreſſion @ + "ZE" ü en value of the e. 
exact to at leaſt 3 m — 3 places of figures. | ECC 
In order to demonftrate this aſſertion, it will be neceflary to premiſe the fol- 
E o OT . ⁵⁵⁵ 8 
In the firſt place, an unit in the loweſt place of figure Nr a, 
is always leſs than — or than the quotient that ariſes by dividing the 
whole number a by the m— 1* power of 10, m being put for the number of 
places of figures in the number 4. For if the higheſt figure, be an unit, ris 
evident an unit in any other place of figures, will be equal to the quotient that 
ariſes by dividing the number denoted by the higheſt, figure by 10, as often as 
there are places of figures from the higheſt figure to the other figure, excluſive 
of the higheſt figure; and if the higheſt figure be greater than an unit, an unit 
in the other place will be leſs than the quotient juſt now mentioned: for in- 
ſtance, in the number 17812, the number denoted by the figure 1 in the fourth 
place of figures, to wit, the number 10, is equal to the quotient that ariſes by 
dividing the number denoted by the figure + in the higheſt place of figures, to 
wit, the number 10,000, by 10, as often as there are places of figures from 
the higheſt figure 1 to the fourth figure 1, exclufive of the higheſt figure, that 
is, three times; and if the number be 27812, inſtead of 17812, or the higheſt. 
figure be a 2, inſtead of an unit, the unit in the fourth place will be leſs than 
the fore-mentioned quotient that ariſes by dividing the number denoted by the 
higheſt figure, to wit, the, number 20, ooo, three times following, by 30. 
Therefore an unit in the loweſt, or the n place, of the number à will be either 
equal to, or leſs than, the quotient that ariſes by dividing the number denoted 
by the higheſt figure of the number à by 10 m— 1 times ſucceſſively. But if 
any number whatſoever be divided by 10, or any other number, m — 1 times 
ſucceſſively, the laſt quotient of this diviſion will be equal to the quotient that 


gives as near a value of the eube 


ariſes 


[ 
j 
N 
| 


p ton; a 


(4) 


xeon 2059305 3h, d 
or than the fraction; 3. becauſe the whole number 4 js greater than the 


number dendted by its higheſt figure only: therefore an unit in tlie loweſt, or 
3 . or Rent tO e G ran 405 0 4 Nee 


3 + eee Bn * ee ge | n 
mib place of the number a, is always leſs than the quantity car VF E=D. 


2dly.. If there be two, numbers p and u, both greater than unity, and p be 


- 


greater than , the proportion of 3 93 + 37* +7 to 2p ＋ 1 will be greater 
than the proportion of 3 13 ＋ 3 E to 2 n + 1. ./ ty » he T4 Has 2 Minor 
For the proportion of 3 55 to 3 A5 is evidently greater than the proportion of 
| nd conſequently, the proportion of 3 55 diminiſhed by ſome quantity, 
which call x, to 3 25, is equal to the proportion of p to u. Again, the pro- 
portion of 3 p* to 37 is e than the proportion of p to n; and conſe- 
quently, the proportion of 3 p* diminiſhed by ſome quantity, which call y, to 
3 **, is equal to the proportion of ↄ to n. Therefore 393 — x: 3n* .; 395 
9 : 3* :: : 1; and conſequently, by El. 5. 12. 32 — x + 3p* —- 
+p:3n*+ 31m +n::'p:n. Therefore 3 5 + 3 . - „: 323 
+ 3 * ＋ :: 2p: 2 and conſequently, the firſt of theſe terms increaſed 
by x + is to the ſecond term as the third term increaſed by ſome quantity, 
which call /, to the fourth term; that is, 393 + 3p* ＋ p: 3 13 + 31 n 
: 2% f: 2. But, becauſe 2p + J is greater than 2 u, it follows that 
2Þ+f +1 increaſed by ſome other quantity, which call g, is to 2» ＋ 1 as 
2p+fisto2n, or2p+1+f+g:2nu+1::2p+f: 2, or, putting 


f+g=h,2p+1+h:2n+1::2p+f:2n; therefore 393 + 3p* +p 


21 +1. 2; E. D. | : : 
_3dly. The proportion of 373 3 * En to2n+1 is greater than the pro- 

portion of * to 1. 735 | eg 
For the proportion of 3 * + N to 1 is greater than that of 3 2 to 1, or of 
313 to n, or of 6x3 to 2 n, and therefore is equal to the proportion of 6 #3 in- 
creaſed by ſome quantity, which call g, to 27; that is, 3 2 ＋-＋ : :: 6 +g 
Py 2 1, 


. 1 [ 49 ] 8 

: 2-y, or, putting 3 31 -E =h, 3z * EN: 1 :: 38 + 5: 2. Therefore, 

by El. 5. fem 313 ＋3 * TL TD: 21 41 :: 35 ＋ 5 1 But becauſe. 
the firſt and ſecond term of this proportion, to wit, 3 23 + 31* +» + and 
2 n+ 1, are reſpectively greater than the third and fourth term of it, to wit, 
3 + b and 23, it follows, that the firſt term of it diminiſhed by h will be 
to the ſecond term in the ſame e as the third term diminiſhed by ſome 
quantity leſs than b, which call &, to the fourth term; that is, 3 3 fn + # 
222 1 :: 3 3 ＋ 5 —k: 23, or, putting - = , 333 ＋ 32 + x 
21 ＋ 1 :: 323 ＋ 1: 2, which is a greater proportion than that of g 14 to 
2 #, or that of 3 ** to 2, and, à fortiori, than that of 2 u to 2, or of 2* to 1. 
Theſe things being premiſed, we may now demonſtrate the aſſertion above- 


mentioned, in the following manner. _ | 15 le: 
The true value of z, or of the difference of a from the cube root of the number 


c. being equal to 2. = owns, 5 4. and the 8 
C In —  ® 
e 344 ＋ 342 ＋E ZZ 34 +30 2z+azz 


value of z found by the foregoing method of approximation being equal to 
T e „ I 25 it follows, that the true value of 


c + 2 43 IO TISATIOS | s 7 
z will be to the near value of z, as 343 + ga*2z + 3a z 2 +2? to 343 
+ 342+ azz. Therefore if p be put for the number which bears the ſame 


proportion to 1, as @ bears to the true value of z, or z be =» the true value 
| 3 243 , a3 
of z will be to its near value as 3 43 ＋ 7 5 15 to 3 43 ＋ 11 5 | 
and therefore (multiplying the two laſt terms into p3), as 343 p? + 34. * 
＋ 3a ο⁰ t 41 to 34*p' 3a +a? p, and conſequently, as 3 + 32* 
+ 3p+1 to 32 + 3 ˙ ＋ p. Therefore, dividendo, the near value of z is 
to the difference of its near value and its true value, as 3p* ＋ 3A to 
22 ＋1. Now, tis evident, that the true value of z is leſs than an unit in 
the loweſt place of figures of the number 4; and it has been ſnewn, in obſ. 1. 


that an unit in the loweſt place of figures of the number à is leſs than — 1 
being put for the number of places of figures in that number: it follows. there- 


fore, d fortiori, that the true value of 2 is leſs than 75 —1 ; that is, 7 is lefs 


* 


than — conſequently p is greater than 10”-*; and therefore, by obſ. 2, 
the proportion of 3 55 + 3 p -p to 2p + 1'is greater than the proportion of 
3 * 103”"-3 + 3 x 10 2 + 1071 to2* 101-1 + 1, and conſequently, 


& forticri, by obſ. 3, than the proportion of r to 1. But the * een 
of 323 + 38* ＋ p. to 2p ＋1 has been ſnhewn to be the ſame with the pro- 
| ES portion 
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portion of the near value of 2 to the difference of its true and near values: 
therefore the proportion of the near value of ⁊ to the difference of its true and 
near values is greater than the proportion of 102 2 to 1, or the difference be- 


tween the true and the near value of 2 will be leſs than the 7 


the near value of 2. Conſequently, the firſt figure of the difference of the 
two values of z will be at leaſt 2 1 — 2 places lower than the firſt figure of the 
near value of 2, or will enter in the 2 — 1 place of the near value of 2, 
and therefore will affect only the 2 1 — 1, or, at moſt, the 2 7 — 2 figure 
of the near value of 2; excepting only when the 2 — 2, the 2 m— g**, 
and other preceding figures, are nines, which hardly ever happens, and, in that 
caſe, it may affect all the figures of the near value of z; as far as that which 
immediately precedes the firſt nine. Therefore, in all the other caſes, the near 
value of z will coincide with its true value, as far as the 2 m— 20 figure, or 


- part of 


the farſt 2 m— 3 figures of the near value of z will be true; and conſequently, 


— a3 X a 
Cc + 2 43 | 
exact to 3 m— 3 places of figures. Q, E. D. 

The exception juſt now mentioned may be more fully explained as follows. 
*Tis poſſible that, if we knew the difference of the true and the near value of z,. 
and were to add that difference to the near value of z, the addition of the firſt, 


the expreſſion a + © will give the true value of the cube root of c 


or higheſt, figure of that difference to the 2 m — 1 figure of the near value of 


z, might produce a number greater than nine: now, if this addition does pro- 


duce a number greater than 9, *tis evident there will be an unit to be carried, 


or added, to the next higher, or 2 n — 25, figure of the near value of 2, 
which will neceſſarily alter that figure; but if that figure is leſs than 9, the 
alteration will not go any further, or the figures above the 2 m — 2 figure of 
the near value of z will remain unaltered; and, on the other hand, if that 
figure is a 9, there will be an unit to be carried, or added, to the next higher 
figure, that is, to the 2 #2 — 35 figure; and if that figure alſo be a 9, there will. 
again be an unit to be carried, or added, to the figure next higher than it, or the 
2 m — 4 figure; and ſo on continually, till we come to a figure that is leſs 
than 9, and that figure will be the laſt that will ſuffer any alteration. There- 
fore, when the 2  — 2* figure of the near value of 2 is leſs than 9, the firſt 


21m — 3 figures of the near value of z will be true; and conſequently, the 


c—4a3 Xa 
c + 263 
figures. ©, E. D. | 
»Tis evident, that the expreſſion 4 += _ may, for aught that has- 
been here ſaid to the contrary, give the y/* c exact to many. more places of. 
figures than 3 1 — 3; and it will in fact be often found to do ſo: all that has 
been here ſaid ſhews only that, excepting in the caſes that have been juſt now 
| mentioned, 


expreſſion a + 


will give the y/3 c exact to 3 n — 3 places of 
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mentioned, it muſt give the value of the /c to at leaſt 3 — 3 places of 


figures. Dr. HaLLey aſſerts, that it will at leaſt triple the number of figuren 
already known, or give the value of y/* © to at leaſt 3 m figures, but does not 
mention his reaſons for this aſſertion; nor do I know how it can be demon- 
ſtrated. 4 | | 1 rigs 
Without the foregoing, or ſome ſuch demonſtration, tis evident we ſhould 
not know to how many figures at leaſt we might conclude the value of the Ve 
obtained by any ſtep of the preceding method of approximation to be true, 
without performing the next ſtep of the approximation, which would often be 
pretty troubleſome, and, if the figures already obtained are ſufficient for our 
purpoſe, would be an unneceſſary operation. *Tis for this reaſon I have ven- 
tured to trouble the reader with the foregoing demonſtration, which 1 thould 
otherwiſe, on account of its tedious length, have been glad to omit. 
Note, If we put c 4 b, we ſhall have c , ande + 24* = 


. 8 | c- X 4b 3 

34 +6, and confequently @ + ITE a 1 ; which 
is the expreſſion uſed by Dr. HALL EY, in his citation of this methad of 
approximation from Mr. Dez LAcNEVY. See the Miſcellanca curiaſa, in 

the place above cited, Ei 7 | 
We may further obſerve, that Dr. HALT RV, in the ſame place, mentions 
another method of approximation, invented alſo by Mr. Dez Lacner, which 
he calls the irrational formula; and which is as follows. If 4 be, as before, 


1 "OP 
F 


put =c — 4, the y/3c will be nearly = = + 
method of approximation he declares to be in practice defervedly preferable to 
| "10-6; ING | 


the former, or to the rational formula @ + 
ne may be ſtill more ſo than 


a 3 
are extremely convenient in practice, aktoagh the o 
the other, and as the rational formula a + 717285 errs in defect, or is always 


ſomewhat leſs than the truth, and the irrational formula = + = = 


errs in exceſs, or is always ſomewhat greater than the truth, and is therefore 
leſs analogous than the rational formula to the common practice of arithmetic, 
the operations of which, when they are not exact, always err in defect, or give 
reſults that are ſomewhat leſs than the truth, I have, on that account, choſe 
+ 1 the rational formula on this occaſion, rather than the irrational 

formula. 5 

Having thus inveſtigated and demonſtrated this method of approximation, 
and ſhewn its uſefulneſs, by the two foregoing examples, I come now to ſhew 
how a conſtruction might be uſeful towards making it ſtill more convenient. 
In finding the ſeveral ſucceſſive approximations to the value of /c, to wit, 
| „ a, 


0} 


„ 0+ A ord; 4 2 52, Ge, it was ſuppoſed that we 
were able to find. the firſt approximation à to about two places of figures, by . 
ſome method previous to the foregoing proceſs; otherwiſe the firſt ſteps of the 
proceſs would 5 too ſlowly : this we did by conjecture in the foregoing 
inſtances, taking firſt 1.5, and then 1.7, for thi cube 'root of 4.940021, 
and 1.2 for the cube root of 2; but by the logarithmic curve we might 
have found theſe values with certainty, and at one operation. The manner 
of doing this would have been as follows : ſuppoſe that we have a loga-- 
rithmic curve BH (Fig. XII.) ready made to our hands, with a good de- 
gree of accuracy, as it might eaſily be, if cut in braſs, or ſome other hard 
metal; in this curve take the ordinate AB at pleaſure, ſuppoſe, for example's 
ſake, equal to an inch, and call it 1; then, to find a near value of the cube- 
root of 2, move a ruler, divided into inches, along the axis A G, till you per- 
ceive the curve to cut it at the diſtance of two inches from the axis A G, ſo 
that the ordinate G H ſhall be =2 AB; this done, divide the abſciſs A G of 
the axis into three equal parts AC, CE, EG, either by El. 6. 9. or by trial, 
and at the point C erect the ordinate CD. By the nature of this curve, the 
ordinate C D will be =y/? 2, or will be the firſt of two mean proportionals- 
between AB and GH, or 1 and 2; we muſt therefore meaſure C D upon a 
ruler, divided into tenths of an inch, and we ſhall-eafily find that it is ſome-- 
what greater than 12 of thoſe tenths ; we muſt therefore put a = 1.2; and pro- 
ceed in the approximation as above. The other example for finding the cube 
root of 4.940021 is conſtructed in the ſame manner; for here we muſt take 
GH =4AB+5;AB (for the following figures 54222t- muſt, on account 
of their minuteneſs, be neglected), or, if A B be, as before, equal to an inch, 
we muſt take GH equal to 4 inches and 9 tenths of an inch; then triſe&t AG; 
and draw the ordinate C D, and meaſure it upon a ruler divided into tenths of 
an inch, and we ſhall eaſily find that CD is equal to about 17 of thoſe tenths ; 
we muſt therefore put @ = 1.7, and proceed in the approximation, as above: 
If it ſhould happen that the greateſt ordinate in the portion of the logarithmic 
curve we make uſe of is leſs than 4% of an inch, we muſt take A B leſs than 
an inch, ſuppoſe equal to half an inch, and conſequently G H equal to 4 half- 
inches and g tenths of half an inch, or 2 inches 4 tenths and half a tenth of an 
inch (for half the tenth of an inch is not ſo ſmall but that it may be eaſily per- 
ceived by the eye), and then proceed to triſect A G, and to erect and meaſure 
the ordinate C D, as before. 

If the number, whoſe cube root is to be extracted, is very large, ſo that its 
proportion to unity is greater than that of the greateſt ordinate in the portion 
of the logarithmic curve we make uſe of to the leaſt, and, conſequently, that 
it does not come within the compaſs of our figure; as, ſuppoſe the number 
were 4940021, inſtead of 4.940021, we muſt make uſe of the following arti- 
fice to conſtruct- its cube root. The number 4940021- is = 1000000 -X+ 
4.94002 1; conſequently V 4940021 is = y/* 1000000 X y* 4.940021 = 


* 


OO & y 7 4.94002T ; we muſt. therefore. firſt find the cube root of. 4.94002 1: | 
by a conſtruction, which will be 1.7, and then multiply this root into 100, 


and we ſhall thereby get the number 2-70. for the firſt value of the cube root of. 
4940021. The ſame may be done in all other ſimilar inſtance. 


EIO. XII. 
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Thus it appears; that, by the help of a conſtruction, we may always find 
the value of the unknown quantity to at leaſt two figures, which is ſufficiently 
near the truth to found an approximation upon, that ſhall determine the true 
value to a great degree of exactneſs; and this may be done with great conve- 
nience, 3 ſuppoſing either the figure we make uſe of to be immoderately 
large, or the parts of the inſtrument we meaſure by to be exceſſively ſmall. 
We might indeed have choſe better inſtances than the foregoing method of ex- 
tracting a cube root, to prove the utility of theſe conſtructions; becauſe, in this 
method, tis fo ver ſat pa the firſt. ſtep of the . two 
figures, by a conjecture and a trial or two, that it is almoſt a matter of indif- 
ference whether we find it in that manner, or by a conſtruction; nay, there is 
a ſtill better method of determining this firſt ſtep, than by either conjectures and 
trials, or conſtructions by the logarithmic curve, I mean by the uſe of a table 
of logarithms ; for by ſuch a table (which is indeed nothing but a table exhibit- 
ing, in numbers, the values of the abſciſſes of the axis of a logarithmic curve, 
correſponding to a ſet of equidifferent. ordĩnates, that differ from each other by 
a very ſmall quantity) we may find the cube root of any number exact to ſeveral 
places of figures (in SaERwWIx's Tables to ſeven figures) at once, without any 
calculation; if we want it to more places of figures than the tables are computed . 
to, we need only find by the tables the firſt four, five, or. ſix figures of it (ac- 
cording to the degree of exactneſs to which we propoſe to determine the root), 
and putting this value a, proceed to approximate according to the foregoing 
| | | | method; 


% 
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method]; for the firft ſtep of the approximation will, by what has been / demon- 
ſtrated above, be fufficient to gjve the root exact to nine, twelve, or fifteen, 
and often to many more places of figures, according as & is taken equal to four, 


five, or ſix. figures. However, the foregoing conſtructions of the cube roots of 


the numbers 2 and 4.940021 by the logarithmic curve, though the uſe of them 
is ſuperſeded by a table of logarithms, are ſufficient to ſhew what they were de- 
ſigned to prove, to wit, that a conſtruction will always anſwer the purpoſe of 
determining the firſt ſtep of an approximation to at leaſt two figures (which is a 
ſufficient degree of exactneſs to begin the approximation with), and this, if it 
be a pretty imple conſtruction, with but little trouble, and conſequently that, 
when a table of logarithms cannot be made uſe of, and *tis very difficult to 
determine the firſt approach to the value of the unknown quantity by con- 
jectures and trials, as is very often the cafe in affected cubic and other higher 
equations, this method of conſtructing the equation muſt be of the greateſt 


ſervice. 


"a 


68. Tux third uſe of conſtructing equations is to ſhew their analogy to the 
curves by which they are conſtructed, and ſo to diſcover, by the help of theſe 
equations, the properties of thoſe curves, and, vice ver/a, thoſe of the equa- 


tions, by the help of the curves. Thus the foregoing conſtructions of qua- 


dratic equations afford a new demonſtration of what was ſhewn concerning 
them in Art. 29, 30, 31, Sc. to wit, that if x be ſuppoſed to increaſe from 
nothing ad infinitum, in the firſt equation xx + px = 1 x 7, and from being 
equal to p ad inſinitum, in the ſecond equation xx — px = 1 x 7, the quan- 
tities xx + px and xx — px will both of them increaſe continually from no- 
thing ad inſinitum; but, in the third form of quadratic equations, px — x x 
=1xX7, if x is fuppoſed to increaſe from nothing till it becomes equal to p, 
the quantity px — x x will in the ſame time firſt increaſe from nothing till it 


becomes equal to 2. and then decreaſe to nothing again. For, in the hyper- 


bola E G (Fig. VI.), the ſquare of the ordinate GH increaſes continually from 
nothing ad buten. as the abſciſs E H increaſes from nothing ad infinitum, or 
as the line DH increaſes from being equal to ED ad inſinitum; and in the 
circle GD (Fig. XI.), the ſquare of the tangent & H increafes continually 
from nothing ad inſinitum, as the arc GE increafes from nothing to a qua- 
drant; that is, as the line HE increaſes from nothing ad inſinitum, or as the 
line HD increaſes from being equal to ED, or G F, ad infinitum: in the circle 
DFE (Fig. VII.), the ſquare of the ſine GH increafes from nothing till it 
equals the ſquare of the radius CF, and then decreaſes again to nothing 
while the arc E G is increaſing from notking till it becomes equal to the femi- 


circumference E F D, or while the verſed fine E H is increaſing from nothing 


# 


till it becomes equal to the diameter E D. 


69. ThrsE 


69. Tazss are the principal uſes of geometrical conſtructions, of which, as 
22 former are practical, and the latter merely ſpeculative, tis natural to 
obſerve, that their excellence muſt conſiſt in circumſtances very different from 
each other. The excellence of a conſtruction · deſigned to determine a. near 
value of the unknown quantity in numbers, by meaſuring the line that ww 
ſents it upon a ſcale of equal parts, muſt evidently conſiſt in the fewnelſs of the 
lines concerned in it, and the facility with which they may be deſcribed ;: for 
the fewer lines we have to draw, and the eaſier and the more exactly we are able 
to draw them, the ſooner and the more exactly ſhall we obtain the line fought 
which repreſents the unknown quantity. Thus (ſuppoſing that the methods of 
deſcribing a parabola and an 2 a continued motion are equally eaſy) 
tis evident the conſtruction of the equation x x + px'== 1 x 7, by the equila- 
teral hyperbola in Art. 54, is preferable, in this reſpect, to the conſtruction of 

the ſame equation by the parabola in Art. 66; becauſe there are fewer lines to 
be deſcribed in the former than in the latter of theſe conſtructions; and if an- 
hyperbola could be as eaſily and as accurately deſcribed as a circle, the con- 
ſtruction of this equation in Art. 54. would be juſt as good as the conſtruction 
of it in Art. 62. by the circle, the number of lines to be deſcribed being the 
ſame in both conſtructions; but becauſe there is no way yet known of deſcribing. 
an hyperbola with half ſo much expedition and exactneſs as a circle is deſcribed 
with by a pair of compaſſes, the conſtruction by the circle is very much to be 

referred to the other: nay, ſo great is the advantage of a conſtruction by right 
ines and circles above a conſtruction by an hyperbola, or indeed any other 

figure (ariſing from the greater degree of facility with which a right line or a 
circle may be deſcribed by a ruler and compaſs), that, were it to require the 
drawing of many more lines than that by the hyperbola, or other figure, it 

would ſtill be preferable to it, or might be performed with more expedition, 
and more exactly than the other. | | 5 


70. Tais will be the caſe, if we are obliged to deſcribe the requiſite curve 
anew in every different equation; but if theſe conſtructions can be performed 
as well by given cireles, parabolas, and hyperbolas, as by deſeribing new 
curves for every new equation (as we ſhall preſently ſhew that all the foregoing: 
conſtructions may), and we have the given curves by us ready made to our 
hands, in braſs, or ſome other proper ſubſtance, the conſtructions by the circle 
will then be but little better, if at all, than thoſe performed by the other curves; 
for the curves may (by finding a great number of their points by calculation, 
or otherwiſe, and cutting the piece of braſs, or other ſubſtance out of which 
they are made, through thoſe points) be made with great exactneſs; I ſhould- 
imagine, with as much exactneſs as a circle can be deſcribed with by a pair 
of compaſſes; and, though the operation of cutting a curve in braſs is ex- 
tremely tedious and laborious, and withal requires the hand of a very nice 
artificer, yet, when once ſuch a curve is made, the deſcribing the figure upon 

paper, 
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paper by'hoving a pen or penil round its perimeter, is hardly mots diſel 


71. Now, it eafily appears that the foregoing conſtructions may be per- 

formed, by giving circles, parabolas, and hyperbolas, as well as by deſcribing 
new curves for every new equation; for We need only ſuppoſe ED to be =p, 
and take AB in the ſame proportion to ED, as 1 is to p. Thus, if I have 
only one certain hyperbola, cut in braſs ſuppoſe, and have no method of de- 
ſcribing any other Upperbela with tolerable accuracy or expedition, 1 ſtil ſhall 
be able to conſtruct any equation of either of the forms xx + px = 1 x7, 
and xx — Px = 1 x 7, that ſhall be propoſed; as for inſtance, the equation 
xx ＋ 2x =1% 3. For here, as I cannot alter ED ſo as to take it in the 
ſame proportion to AB as p is to 1, or double of A B, when the magnitude 
of AB is taken at pleaſure, I divide ED into two equal parts, E C and 
CD, and take AB equal to one of them, and AK equal to three of them, 
_ proceed in the remaining part of the conſtruction in the ſame manner as 
*before. | | 35 : | | 


72, FroM theſe obſervations we may conclude, that where the deſign of 
conſtructing an equation is only to find a near value of its root, a conſtruction 
by the circle is to be preferred to a conſtruction by any other curve, only ſo far 
as it may (by reaſon of the greater eaſe with which a circle may be deſcribed) be 
more eaſily and exactly executed; and that therefore, if it ſhould ever happen that 
an equation can be more eaſily conſtructed by any other curve than by a circle, 
ſuppoſing that curve could be readily defcribed, and we have an eaſy and ac- 
curate method of deſcribing that curve upon paper (either by an inſtrument 
Proper for that purpoſe, or by an exact model of it ready made to our hands), 
ſo that, upon the whole, we could conſtruct the equation ſooner, and as exactly, 
by making uſe of this curve, than by a circle, we ought to prefer the con- 
ſtruction of the equation by this curve to that by the circle; and this, whether 
the curve made uſe of be a conic ſection, or any other curve of a more com- 
plicated nature, or even though it were of ſuch a nature (as is the caſe with 
the cycloid and logarithmic curve, which are both of them curves of the 

ateſt uſe in mathematical and philofophical inquiries, and by which a va- 
Tiety of problems may be conſtructed), that the relation between its abſciſſes 
and ordinates could not be expreſſed by any algebraic equation whatſoever, 
conſiſting of a finite number of terms: for, in this caſe, no regard ought to be 
had to the ſimplicity of theſe equations, or to any other conſideration whatſo- 
ever, than to the expedition and exactneſs with which, upon the whole, whe- 
ther it be owing to the eaſe with which we are able (either from the ſimplicity 
of its generation, as is the caſe with the circle, or by means of an exact model 
of it ready made to our hands, as may be the caſe with any other curve 


whatſoever) to deſcribe the curve upon paper, or to the fewnelſs of the lines 
9 | neceſſary 


4 ” 
” 1 1 > 
s ** F 7 ; 
* — kg". "# 2 4 
% 8 : 


= 
g 


neceſſury to the conſtruction, or to both theſe conſiderations joined together, 
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we are able to perform the conſtruction; ii» 7 Deine 343031 Le 4? 
73. Tux excellence of a conſtruction deſigned to ſhew the analogy between 
equations and the curves by which they are conſtructed, and thereby to diſ- 
cover the properties of the one by thoſe; of the other, muſt conſiſt partly in the 
fewneſs of the lines neceſſary to be drawn, partly in che ſimplicity of the equa- 
tion, by which the relation of the ordinates and abſeiſſæ of the axis of the curve 
to each other is expreſſed, and partly in. the reſemblance of this equation to 
the equation that is to be conſtructed ; for the more ſimple this equation is, 
the more eaſily will the other properties of the curve, and dane thoſe of 
the equation conſtructed by it, be diſcovered and the more the equation of 
the ordinates and abſeiſſæ reſembles the equation that. is to be conſtructed, and 
the fewer lines we have to draw in the conſtruction, the eaſier will it be to derive 
che properties of the conſtructed equation from thoſe of the curve, or the pro- 
perties of the curve from thoſe of the conſtructed equation. In general, the 
excellence of a conſtruction deſigned for this purpoſę muſt conſiſt in ſuch cir- 
cumſtances as make the reaſoning upon them, the moſt. ſimple and eaſy, and the 
compariſon of the equation with — by which, it is conſtructed. moſt ob- 
vious and natural; and conſequently, in this gaſe, no regard ought to be had 
to the eaſe; with which the curve may actually be deſcribeq, any further than as 
the ſimplicity of its generation contributes to produce thoſe other circumſtances 
in which its excellence properly conſiſts. In this view, tis evident the con- 
ſtructions of the equations x x + i and xx -D xx, in Art. 54 
and 55,: by the equilateral hyperbola, are, in ſome degree, preferable to the 
conſtructions of thoſe equations by the circle in Art. 62, and very much ſo to 
the conſtructions of them in Art. 60 and 61, by the parabol˖a. : 
74. Havine thus mentioned the principal uſes of conſtructing equations 
geometrically, and pointed out the different circumſtances .in which the excel- 
lence of theſe conſtructions conſiſts, I ſhall.now endeavour to give ſome account 
of the diſtinctions made, by the antient mathematicians, between thoſe con- 
ſtructions which they called geometrical, and thoſe to which they only allowed 
the name of mechanical. Yi MN ff Me ER rot . 
The antient geometers confined their inquiries almoſt ſolely to the properties 
of right lines and circles; theſe were for a long time the only objects of their 
contemplation, and were the only lines they admitted into their plane geo- 
metry, or which they treated of in thoſe of their boks, which were written 
upon the properties of plane figures; and hence they obtained the name of 
geometrical lines, and the conſtructions performed by them were called geo- 
metrical conſtructions. They afterwards applied themſelves to the ſtudy of 
ſolid geometry, or the menſuration of ſolid figures; but, in this branch of 
geometry, they inquired into the properties of ſuch ſolid figures only as were 
immediately derived by certain very fumple en and motions, ſuch 1 
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TI $8] 
the revolution of a plane figure round a given right line, from the plane figures 
they had before conſidered, or admitted into their plane geometry; that is, 
from right-lined areas and circles, to wit, parallelepids, cubes, polyhedra, 
pyramids, priſms, cones, cylinders, and ſpheres. By the help of theſe figures, 
and more eſpecially of right lines and cireles, they endeavoured to folve all the 
problems that came under their conſideration, and made it à conſtant rule 
amongſt them, never to conſtruct any | that might be conſtructed by 
the uſe of a ruler and compaſs, or by Everrp's three poſtulata, of drawing a 
right line, producing it at pleaſure, and deſcribing a circle (by which it has 
been ſhewn, in the foregoing articles, that all quadratic equations may be con- 
ſtructed), by any other inſtrument or Hgure whatſoever z/ and called thoſe con- 
ſtructions only of ſuch problems geometrical which were performed by the help of 
theſe poſtulata, eſteeming it a great impropriety to introduce more complex mo- 
tions and inſtruments for the ſolution of a problem, when it might be ſolved by 
deſcribing only right lines and circles, than which no lines can be more ſimple 
in their nature and generation (or more clearly conceived in the imagination), 
nor more eaſily and accurately deſcribed : all other conſtructions of theſe pro- 
blems, beſides thoſe made according to theſe rules, they called mechanical. 
But ſome of the problems they attempted not being capable of being conſtructed. . 
by right lines and Circles, ſuch as the celebrated problem of doubling the cube, 
or finding two mean proportionals between two given lines, and that of tri- 
ſecting a circular arc, they were obliged to make uſe of ſome other curves for 
this purpoſe ; they therefore had recourſe, on this occaſion, to their ſolid geo- 
metry, and endeavoured to derive fuch curves as would anfwer the end pro- 
poſed, from fome of the fokd figures they had already conſidered the proper- 
ties of, or admitted into their geometry; and hereupon they invemed the conic 
ſections. However, perceiving at faſt chat problems might be propoſed which 
could not be conſtructed even by the conic ſections, they divided all forts of 
problems into the three following kinds ; to wit, plane problems, or problems. 
that might be conſtructed by the help of ſuch lines as were admitted into their 
plane geometry, to wit, right fines and circles; /o/id problems, or problems 
that might be conſtructed by the help of ſuch lines as they had derived from 
the figures they admitted into their folid geometry, by cutting them by a plane 
in any propoſed direction, to wit, the conic ſections; and year problems, or 
problems that could not be conftrafted either by the figures admitted into 
their plane geometry, to wit, right-lined figures and circles, or by thoſe de- 
rived from their ſolid geometry, to wit, the conic ſections, but required for 
their conſtruction other lines of a more complicated nature than either the 
circle or the conic ſections. Of the firft of thefe kinds of problems, to wit, 
plane problems, are all ſuch problems as ce either ſimple or quadratic 
equations; of the fecond of theſe kinds of problems, to wit, ſolid problems, 
are all ſuch problems as produce either cubic or biquadratic equations (for both 
theſe kinds of equations may be conſtrued by the «conic ſectians); and of the 
third of theſe kinds of problems, are all ſuch problems as produce equations of 
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were, as far as I am able to collect from the 
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higher dimenſions than the fourth power. Agreeably to theſe diſtinctions. 
er ene e ſuch conſtructions plane problems as were performed by right 
lines and circles, and all ſuch conſtructions of ſalid problems as mere performed 
by the conic ſections, gromerrical conſtruftians z and all other conſtructions of 
plane and ſolid problems, beſides thoſe made according to theſe rules, and all 
conſtructions whatſoever of linear problems, 4 mechanical. Theſe 

this ſubject, and particularly from Sir Is44c\Nzwzow's preface. t his Prin- 
cipia, and his appendix to his Arithmelica auiwarſalis, intituled, Appendix de agu. 
tionum couſtruftione lineari (where he purpoſely uſes the word lintari inſtead of 
cometricd, that he may include both geometrical and mechanical conſtructions), 


dhe diſtintions, and the grounds of the diſtinctions, made by the antients be- 


tween. geometrical and mechanical conſtructions. The reaſons why they pre- 


75. In the firſt place, they were extremely deſirous, for the ſake of uni- 
formity and ſimplicity, of borrowing. as few poſtulata as poſſible from me- 
chanics, for the foundation of the practical part of their geometry, or the {o- 
lutions of their problems, as they were of building the eee of it, 
or the demonſtrations of their theorems, upon as few ſe eln 
or axioms, as it could well he reduced to; accordingiy they choſe the three 
plaineſt and eaſieſt mechanical operations that could be for the foundation of 
the practical part of their plane geometry, to wit, Euczip's three poſtulata of 
drawing a right line, producing it at pleaſure, and deſcribing a circle; and 
with theſe they performed the ſolutions. of all the plane problems they con- 
ſidered, Another conſideration that ſeems to have weighed very much with 
them, was the ſimplicity, of the generation af the figures they. made uſe of in 
their operations, or the eaſe and, clearneſs with which.they might be conceived 
in the imagination: and a third reaſon for get ure: geometrical to me- 
chanical conſtructions, was the ſuperior eaſe with which the former may, for 
the moſt part, be actually or manually performed. All theſe conſiderations 
ſeem to unite in giving right lines and cireles the preference to all other figures 
whatſoever, they being more eaſily and exactly drawn (except in the caſes 


mentioned in the preceding articles, where we have an exact model of a curve 


ready made to our hands), and more eaſily conceived of in the imagination, 
than any other lines whatſoever, and withal extending to a great variety of pro- 
blems. As to the conic ſections, they ſeem to haue been preferred by the an- 
tients to other curves, on the two former accounts only, to wit, their con- 
nection with right lines and circles, or the original poſtulata to which they en- 
deavoured to reduce all their geometry, and the ſimplicity of their generation; 
for the antients never ſuppoſed the conic ſections to be deſcribed in plaze, but 
to be generated by cutting a cone by planes paſſing through it in certain known 
directions; which is, with reſpect to the imagination, a ſimple and eaſy manner 
of generating them, and is derived from the contemplation of .cight-angled 
| | 2 


triangles 


a 1 1 «60 
triangles and circles, the cone being, according to Euclip's definition, whieh 
relates only to right cohes, a ſolid figure generated by the revolution of a right- 
'angled'triangle round one of its fides; and, according to Aro LOwIUs's defi 
nition, which extends to all cones; ſcalenous (or ſuch whoſe axes are oblique 
to their baſes) as well as right, a ſolid figure generated by moving a right line, 
that has one of its points fixed, round the periphery of a given cirele: the 
third conſideration, to wit, the eaſe of deſeribing them manually, could: have 
no ſhare in determining the preference thę antients gave to the conic ſections 
above other curves; becauſe, according to their manner of generating them; 
to wit, by the ſection of a cone, it was extremely difficult, or rather almoſt 
impoſſible, actually to deſcribe a eonic ſection upon paper (or whatever other 
ſubſtance they drew their diagrams upon) with any tolerable accuracy, or to do 
any thing more than conceive it in the imagination; ſo that the conſtructions 
performed by the conic ſections were rather ſpeculative than practical ſolutions 
of the problems they were brought to ſolve. This inconvenience was ſo ſtriking, 
that ſeveral of the antient geometricians, after they had conſtructed their ſolid 
problems by the conic ſections, had recourſe (when they wanted a real and 
actual, and not an ideal, ſolution of their problems, or actually to deſcribe 
and determine the unknown line, ſo that they might meaſure it upon à ſcale of 
equal parts, and thereby find its proportion to the known lines in the problem, 
and not barely to ſee how the unknown — be determined, if ſuch and 
ſuch curves could be deſcribed) to mechanical curves for conſtructions, that 
were more eaſily practicable, and fitter to anſwer the ends propoſed by them: 
thus ARcHIMEDES, in particular, conſtructed the problem of triſecting a cir- 
cular arc by means of à conchoid, and others of the antient mathematicians 
made uſe of the ciſſoid for finding two mean proportionals between two given 
lines. But; nevertheleſs, they always took care to conſtruct their ſolid pro- 
blems by the conic ſections alſo, as well as by mechanical curves, that, as the 
latter ſerved for an eaſy practical ſolution of the problem, the former might 
ſerve to give the ſimpleſt ſpeculative ſolution of it, or to exhibit its conditions 
in the cleareſt and plaineſt manner, by ſhewing its connection with thoſe curves, 
to wit, the conic ſections, which they had ſo much and ſo thoroughly con- 
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into gebmetry, or called all ſuch curves (geometrical, as their admirable inſtru- 
ment of inveſtigation, algebra, gave them acceſs to; that is, all ſuch curves 
as have their ordinates and abſciſſæ ſo related to each other, that the proportion 
between them can be expreſſed by an algebraic equation, conſiſting of a finite 
number of terms; all theſe curves (which are evidently infinite in number) 
they called geometrical, and allo, from their fundamental property, algebraical 
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| 1 670] 
curves: all other ᷑urves, the relation between whoſe ordinates and :abſelfe = 
cannot be expreſſed by any algebrait equation, conſiſting of à finite number 
of terms, ſuch as the cycloid and logarithmic curve, they called mechanical, 
and not geometrical curves; becauſe,” though they might be deſcribed by cer- 
tain motions, which were often very ſimple,” and well underſtood, yet their 
properties could not be inveſtigated oy the help of algebra, the common key 
they then made uſe of for opening at diſcovering the properties of mathema- 
tical figures; for which reaſon, theſt curves have Breu ewiſe been called tranſcen- 
dental curves, as going beyond the bounds of algebra. 5 483 STEQ ne NI 3. 
bogs SHA eng garb gpete 5 n 16 e ß Ie 

. 79, Fox the ſame reaſon, fince the admirable inventions of fluxions, or in- . 
finitely ſmall quantities, and of infinite ſerieſes, by which we are enabled to- 
diſcover the properties of tranſcendental as well as algebraie curves, ſome of 
the moſt eminent of the later moderns, and particulariy Mr. LIIINITZ, have 
been willing to extend the word geometrical to tranſcendental as well as alge- 
braic curves, as both are equally capable of being en under our conſider- 
ation, and made the ſubjects of our inquiries. Agreeably to this definition of 
the word geometrical,” which ſeems to be a very juſt one, and very 3%: 9 4 
avoid unneceſſary diſtinctions, algebraical curves muſt not. be diſtinguiſhed from 


- 


nical, but by calling the: ; 
// Roll err y 
78. Dx$SCARTES, when he had introduced ſo many new. curves into geo- 
metry, : diſtinguiſhed them into different orders, or degrees, according to the 
nu of the: dimenſions of the 3 their ordinates and abſciſſæ, in 

the following manner: he called all ſuch lines as have the relations between 
their ordinates and ablciffie expreſſed by equations of either one or two dimen- 
ſions, or by either ſimple or quadratic equations (that is, right lines, circles, 
and the other conic ſections), lines of the firſt order; all ſuch lines as have the 
relations of their ordinates and abſciſſæ expreſſed by equations of either three or 
four dimenſions; or by either cubic or biquadratic equations, lines of the ſecond 
order; all ſuch lines as have the relations of their ordinates and abſeiſſæ ex- 
preſſed by equations of either five or ſix dimenſions; lines of the third order; 
and ſo of all the reſt, every two following dimenſions conſtituting a new order 
of curves: and, at the ſame time, he made a new rule for the conſtructions of 
equations; to wit, “never to conſtruct an equation, that might be conſtructed 
by a line of any inferior order, by a line of a ſuperior order; and, of all lines 
of the ſame order, to chuſe that line which has the feweſt terms in the equation 
of its ordinates and abſciſſæ, it being improper and inelegant to introduce a 
more complicated curve into a conſtruction, when one leſs complicated would 
ſerve the purpoſe. But this rule ſeveral eminent mathematicians thought a 
wrong one, particularly Sir Is AA NewTon, Mr. JauESs BERNOULLI, and 
the Marquis ve L'HospITAL, who all very juſtly obſerved, that the excellence 
and ſimplicity of a linear, or (to uſe the word geometrical in the ET SAY 
35 | ve- 


® 


4 


[62] 

above-mentioned; in which we have-already taken it, in the articles preceding 
Art. 74.) geometrical conſtruction, does not depend upon the ſimplicity of the 
equations of the ordinates and abſciſſæ of the curves made uſe of in it, but upon 
the ſimplicity of the generation of thoſe curves, or of the conception-of them in 


the imagination, and the caſe and exactneſs with which they may be actually de- 


ſcribed; and Sir Is AAc Nx wrTon inftances in the parabola, which, if we conſider 
its algebraical ſimplicity, or the ſimplicity of the equation of its ordinates and 
abſciif, is a ſimpler figure than the circle; becauſe the equations of both the 
circle and parabola are quadratic equations, and: that of the parabola conſiſts 
of the feweſt terms; and yet the circle, on account of the greater clearneſs with 
which we conceive it in the imagination, and the greater eaſe with which we 
can actually deſeribe it, is, in the buſineſs of conſtructing equations, defervedly 
preferred by all mathematicians, even by Dxscaxrs himſelf, to the parabola. 
Sir IsAAe NewrTon afterwards proceeds to deliver his own ſentiments upon 
this ſubject, which, if I underſtand him right, are much the ſame with thoſe 
that have been attributed above to ſome of the later of the antient mathemati- 


cians ; to wit, that all plane problems ſhould be conſtructed by right lines and 


circles ; all folid problems, when we only want a ſpeculative ſolution of them, 
by the conic ſections, but when a practical ſolution is required, by any other 
curve, whether algebraic or tranſcendental, that can be clearly conceived in the 
imagination, and eafily deſcribed; and all problems of a higher kind than ſolid 


problems, by any curves whatſoever, that can be clearly conceived and eafily 


deſcribed : for that the excellence of a geometrical conſtruction muſt conſiſt in 
the eaſe with which it is actually performed, and the ſimplicity of the fynthe- 
tical demonſtration of it, which ought always to conſiſt of as few ſteps as poſ- 
ſible, and thoſe extremely clear, and derived from well-known principles, ad 
to be totally different and diſtinct from the proceſs of the inveſtigation, 


which 
we arrived at the ſolution of the problem, or at the laſt equation to which the 


problem is reduced. This is, as I apprehend, Sir Isaac Nzwron's opinion 
concerning theſe conſtructions: but, at the ſame time, I muſt confeſs that I 
cannot be ſure that I have rightly underſtood him; for which reafon, I muſt 
deſire the reader to excuſe any miftakes I may have made, in what I have here 
ſaid upon this ſubject, either concerning Sir Is a ac's own opinion of this matter, 
or his account of the diſtinctions and opinions of the antients concerning it; 
and after having laid before him what appeared to me, after much inquiry and 
Jong conſideration of this ſubject, to be the true hiſtory of theſe diſtinctions and 
opinions (in which, as *tis a mere matter of fact, and not of ſcience or reaſon- 
ing, tis not very eaſy to obtain complete fatisfaftion), muſt refer him, if he is 


deſirous of being further ſatisfied concerning them, to Sir Is a Ac NewTor him- 


ſelf, in the places quoted above, and the other authors who have touched upon 
this ſubject, particularly to DzscarTEs, in his Geometry, the Marquis De 
L*HoseiTAL, in his account of the loci geometric, in the latter books of his 
conic ſections, and Mr. James BernouLLr, in his notes upon DxscarTEzs's 
Geometry, vol, ji, of his works, edit. Genev. ano 1744, p. 689. h 
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79. S1 Isaat Newron, in the beginning of his tract concern 


631 


meration of lines of the third order, di iſhes or oy curyes from each 
ether, by a different and more ſunple rule than that of Dxscan TEA, mentioned 
in the foregoing article; denominating che orders of curve lines immediately 
from the numbers of dimenſions of the equations that expreſs the relations of 
their ordinates and abſciſſ to each other, and not, - 8s R 
making rwo kinds of equations conſtitute only one arder of curves. Thus, 
according to Sir Isaac's definition, all ſueh lines gs have the relatiqns- of their 
ordinates and abſciſſæ expreſſed by equations of only one dimenſion, or ſimple _ 
equations (that is, right lines), are lines of the firſt order; all ſuch lines as have 


the relations of their ordinates and abſciſſæ . by equations of two dimen- 
I 


fions, or quadratic equations (that is, the circle, and the conic ſections), are lines 
of the ſecond order; all ſuch lines as have the relations of their ordipates ang 
abſcill expreſſed by equations of three dimenſions, or cubic equations (which are 

thoſe which Sir Isaac NzwTow has enumerated), are fines of rhe third order; 
and all ſuch lines as have the relations of their ordinates and abſciſit exprefſed b 4 
equations of four dimenſions, or biquadratic equations, are Jines of the urn 
order; and ſo of all the reſt: and becauſe the lines of the firſt order are not 
curves, but right lines, he alſo calls the lines of the ſecond order, to wit, the 
circle and conic ſections, curves of the firſt order; the lines of the third order, 
curves of the ſecond order; thoſe of the fourth order, curves of the third 
order; and ſo on; reckoning from right lines when he uſes the word Ine, and 
from the circle and conic ſections when he uſes the word curve: and, agreeably 
to theſe definitions, he calls tranſcendental curves curves of an infioite order, 
We may further obſerve, that Sir Isaac Newron, in the corollary to the 28th 
lemma of his Principia, has given other names to algebraic and tranſcendegtal 
curves, calling the former geometrically rational curves, and the latter geame- 

trically irrational curves ; becauſe the relations of the ordinates and aſc of 


| the former curves can, and thoſe of the latter curves cannot, be expreſſed. by 


equations of a finite number of terms and dimenſions, or by compounding to- 
the ratios of certain right lines belonging to them a finite number of 

times. Theſe things we thought proper to be mentioned, to avoid the per- 

plexity that frequently ariſes from calling the ſame things by different names. 


80. AFTEr all that has been ſaid concerning the uſes and the hiſtory of 
trical conſtructions, it may be expected that, when I come to explain 
the nature of cubic equations, I ſhould mention ſeveral of the moſt Pun” #774 
conſtructions of them, as I have already done for quadratic equations, in ſome 
of the foregoing articles. And therefore, as I have, on account of the great 
prolixity the variety of caſes would occafion, declined this taſk, it will-not be 
amiſs to obſerve, by way of apology for this omiſſion, that ſuch conſtructions 
of cubic equations, however elegant and entertaining they may be, are no way 
naceflary to the deſign of this diſſertation, which is, as I have already obſerv 


to ſhew how thoſe equations may be thoroughly underſtood and reſolved, without 
| | adopting 
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adopting che myſteries of negative roots: for, as we ſhall, in the following 
pages, accurately determine the number of the ſeveral roots of cubic equations, 
iq 


an 
equations, to enable us to underſtand their nature and properties, or for the 
uſe mentioned in Art. 68; and as 1 ſhall ſhew how to reſolve theſe equations 
accutately (or, as near che truth as we pleaſe by a ſingle proceſs), we {hall not 


want conſtructions for the other uſe of 9 — (mentioned in Art. 67. ), os 


that Pri were the firſt Reps of an de hordes re of the dot. 
| 4% FR DIE 44-5 20 
„ CAFR? L9f 4 T3 CHAP, VII. a : 281} O'S) 
| Concerning Cubic, "Equations, yet 5 EEE 510 


„ A LL cubic equations, that have all their terms comple; ma be re- 
duced to one of the following forms. ; | 
ift, rr | ate 
2dly, qx + px* — x3 r, he e 2 | 
3dly, * . —qx=r; "ps . 
..\4tbly, gx -R — x} r, or — x3 DEF. 2 
..5thly, * p - 9g r; | 
Sthly, x3 — . +qe=7; 1 
And 5thly, px* — 33 — * r, or —v3þpx* —qu=r; 
In all which, the letters p, q, and r, denote known numbers, and the terms 
marked with the ſign — are ſuppoſed to be leſs than the others, and to be 
ſubtracted from them, and the remainder to be equal to r. 


2 3 12 
, " 


82. Tux firſt of theſe equations is always poſſible, whatever be the! magni- 
tude of 7, and has only one root, as was obſerved in Art. 31. 


83. To determine in what caſes the other equations are poſſible or im- 


poſſible, and the number and limits of their roots, we ſhall ſuppoſe æ to be a 


variable quantity, as in Art. 24 and 25; and, by conſidering the infinitely 
ſmall contemporary increments of the terms x3, p, and q x, which are there 
ſhewn to be 3x* x, 2px % and q x, the increment of x being denoted by &, 
inveſtigate the variations which the firſt ſide of each of theſe equations muſt 
neceſſarily undergo, as x increaſes. This inveſtigation *tis natural, from ob- 
ſerving the different ways in which the terms x3, p x*, and gx, are connected 
together by the ſigns ＋ and —, to divide into three Parts. 


AF. 


84. Part firſt, containing an inquiry into the variation of the exceſs of 
the ſum of qx and p above x3, when that ſum is: greater than x3; 


and of the exceſs of x3 above the ſum of * and px*, when xs is greater t than 
that . i a 


85. Lat 


dthe limits of their magnitudes, / we ſhall not want conſtructions of . theſe 
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. $5. 1 * be ſuppoſed to increaſe from nothing ad inſnitum; tis is erden 
that x3 will, for ſome time, be leſs than gx + px, then, at one particular in- 
ſtant, it will be equal to it, and afterwards it will exceed it, with an'exceſs - 


that is continually e 
For, in the firſt place, w ile x is les than , 55 will be ef than , and, 


2 fortiori, leſs than & LD. 

And, ſecondly, as x-increaſes from 3 equal to 7 * uam, ** bs 
will (by Art. 32.) increaſe from nothing continually ad infinitum, and conſe- 
quently will, = ſome time, be leſs than g, then equal to it, and ever after 
will exceed it, with an excels that is continually increaſing; therefore x x will. 
for ſome time, be leſs than px 5-q, then _ to it, and ever after will ex- 
ceed it, with an exceſs that is continually incr eng aaron + while & is in- 
creaſing from p to a certain magnitude greater p, v3 will be leſs than 

pra +qx, then equal to it, and ever after will exceed it, with an exceſs that is 


4 increaſing. But it has been before ſhewa, that while x is increaſing 
from o to p, x3 is leſs than P xa + qx. It follows therefore, that while & is 


increaſing from O to a certain magnitude greater than P, xz will be leis than 
p +qzs, then equal to it, and ever after will exceed it, wich an exceſs that is | 


continually increaſing, 2 E. D. 
86. Tux magnitude of x, at the inſtant that x3 is * to 4 Kb 
found to be £1 2 TD 1, by * the —_— *. r . 


xx —pxr=g. = adding Ze to both lides, < WE ** — 7 +22 
e — e LEEES, IVE * = 


2TY PLAY. 2 I 


$7, Ir follows 3 that, in every ovation of the ſecond form, to 
wit, 2 + px* — x3 =7, the value of x is always leſs than © Ic | 22 4 by 25 


and in every equation of the third form, to wit, x3 — x7 — 2 . the value 


EEE 22 T4 E 


of. x is e greater than 


88. Fux THER, FE the exceſs of .x3 above pax? + qs e Incas increaſes 


from nothing ad infinitum, as x increaſes from being equal: to 2 7 2 ＋ 4 


ad infinitum, tis evident, that there will neceſſarily be ſome one, and 1 one, 
inſtant of time during its — at which will be equal to any propoſed 


quantity, 


magnitude to nothing, while x-increaſed from a to ©- * 


[667 
quantity, as 7, whatſoever; that is, the equation * D always 
poſſible, whatever be the magnitude of y, but has never more than one root. 0 


89. Ox the contrary, the equation 4 ＋ — r is not - poſ. 
ſible, but only when v is not greater than — 2 - += 5 fb = — 1 22. | 
or that the value of the compound 8 7 * . p * — x3, which ariſes by 
abtun £4 LEE FI is ws terins whtttad of x. | 1g | 
If 7 is tne to this quantity, the _—_ will have but one root, to wit, 


1 if r is leſs than this quantity, the © equation. will have wo. 


roots, i leſs, na the other greater, than & 


For when is infinitely ſmall, 3 + px*; and; 8 Tertiori, 6 awcat oft: 
4 + px* above x3, will be inünnely mal likewiſe : and when & is equal to- 


— 1 2 * + 7 this exceſs 1s: again infinitely: ſmall. It follows therefore, 


chat this exceſs, that is, the quantity 12 4+ p x3, muſt have increaſed: 
from nothing to a certain magnitude, and then have-decreaſed again from that: . 
LEES: 44. Conſe- 


quently, if r is leſs than that greateſt magnitude of q x + 8 — 45, there muſt 
have been two different inſtants of time during the increaſe of x from o to 


r at which 4 + 2 — & is equal to r, or the equation 
gz + px*'— r will have two roots; and one of thoſe roots will be leſs, | 
and the other greater, than the value of x, at the inſtant & px* — x3 is 
come to its greateft magnitude, which value we ſhall mrokanty ſhew to be 


2 2 : "Dark en n oe 54 bb 


the equation will have 3 one root, to wit, the quantity Ah 2 7 . 


Now, the value of , at the inſtant qu + px? — #3 is come 60 its greateſt 
magnitude, is found, by ſuppoſing the increments of * p x* to be equal to 
the contemporary increment of x3. For io long as * + px* — x+ increaſed, 

tis evident the increments of * + p x* muſt have been greater than the con- 
temporary increments of #3; and when it decreaſed, leſs: therefore, at the in- 
ſtant it ceaſes to increaſe, and begins to decreaſe, that is, at the inſtant it is 
at its greateſt magnitude, they muſt be equal. Therefore, 2 T2 DN ais 
„ 


1 67] 


3241 whence * — 5 . and ee 

2 1. therefore a — PSS EXT and x > 22 l 
90. — may e demand kcal i the allow 
ing manner. 


While x is leſs than a tis evident that 2 3 2 feen, * + 
is greater than xx; and confquenly * +2px5 4 than 3 & And as * * 
creaſes from being equal to == ad infinitum, the quantity x x — . will in- 
creaſe 3 from 8 ad ä z and cy" for fome 


- 45 4 t er e . 
fore | vill be . 34 2098, . 
than 3 * & while x is increafing from e and eſs ever 


| after. But it as before ſhewn, chat g x. ＋ ax is greater than 3 3 while 

* is increaſing from o to ro Tee, while & is increaſing from o to 

3 

LEE I. qi+2pnn, aca increment of g. px, is greater than 
3x4 3 contemporary increment of x3; and while x is increafing from 
2 ad infinitum, qx+ 2 p & is leſs chan 31 x Therefore 
the abr qu + pat — x3 will increaſe cantinually, while x increaſes from 
| ow? EY 2739, and then will decreaſe continually; and when this 
quantity is become equal to nothing, and x3 = to be greater than 9 x + * 


(which happens when x is =© 22 — 49, becauſe 53 is then gx PN I 


the quantity x? - TORT? 74 x vill increaſe continually from EG ad in 
Finitum. 9. ED 
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91. Tas cubtiturion- of LL £21 inſtead of x, in the quantity 


| 3 
9 1 + px* — x3, mentioned in Art. 89, is thus performed. 
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Therefore Ep. FIESTA 929— -22 7 


+ IM Lex FP +39 _ 24 FER DS 39 


* 27 3 2 
Note. That this ſubſtitution is here rightly hom, or that be miſtake has 


been made in collecting the quantity 2 += + D 144. 
2 be confirmed, by applying it to. a 8 example. Let p = 10, 
"T— IF and let it be required to find the greateſt magnitude of 

— quantity 21 10 — x3. Now, if this greateſt magnitude comes 
out to be the ſame quantity, when it is found by the application of the 


$<; 2 
general quantiry 22 + 22 * 8 TIT as when it is 1 


22 
found by the ſubſtitution. e A5 100 + 63 


3 3 
in. its terms, inſtead of x, there can be no doubt that the quantity 


3 ? + 6qxV 
MS + 4£ 5 A 2233 Lis rightly aſſigned. Now, fince 


27 


p is = 10, n. we ſhall DE | 3 2p% _ 2000 
3 3 27 27 


= 74-0740, 20 + 6q= 200 ＋ 126 = 326, V pp-+ 34-= v/ 16g 
= 12.76714, and JA . 326 K 12. 224 


. 27 
_ = 154.1514, and —1 * 2 + 2 2 — — 2 2 2 37 
=. 70 T 74.0740 + 154. dg: "auth 2254, And ſince x. 1s: 


— 


28 WOE oe * 2 5 4 K Nn * bp, ai; - 1 y 
Re „% ↄ Gon LO GER ee . d e IT ann» 5 
* 


== 22.76714 . 22:76714 % +890, \ we «hall 


3 E 
have 21 * = 169. 390, 10 * = 575.9292, 8 #3. = 437.0726; and 
_ conſequently 21x + 10 — #3 = 159.3690 ＋ 575.9292 — 437.0726 
= 298.2256 ; which agrees with the other value of this quantity, | to wit, 
298.22 5 as far 3 as the third (Place: of 8 4 e | 


CHAP: Ix. 


Jo, PART 6 Dc: of the inveſtigation, mann: in- Art: 83, con | 
an inquiry into the variation of the exceſs of qx above the ſum of px 

and x3, when q is greater than that ſum; and of the Kia oa del 
— x3 above 4%, when that ſum is greater than 44 


| Is x is ſuppoſed to increaſe from nothing. 5 42 an 
xx 5 px will, at the ſame time, increaſe continually from nothing ad infinitum ; 
and conſequently will, for ſome time, be leſs than g, then equal to it, and ever 
after will exceed it, with an exceſs that is continually increaſing. Therefore 
x3 {+ p will, for ſome time, be leſs than 3, then equal to it, andever after 
will exceed it, with an exceſs that is continually increaſing. , Therefore, in 
every equation of fourth fourth form, to wit, K - x* — * = 75 the value of 


x is always leſs than 2" BD 2 2 „ which is the value of x, when. 4 & is 
equal do 5 ** 2 x3 z * in every equation of the fifth form, to wit, 
| * 2. 4 —.— 2. 


a + . * — * = . the value of a is s always greater than 


## 


94. Tur vantty 2 VF P E r is obtained by refolving” the quadratic: 


equation p 4. For, — to both ſides, we have br +2 


—22 +q = t ane fa 2 and = 


4 
* 2 —. 2 E. T. 


2 


95. Tis further evident, that, ſince the excefs of x1 + above g con- 
tinually increaſes from nothing ad 3 without ever decreaſing, after x is 


E w_ 


become equal to „an equation of the fifth form, to wit, 


83 px? —qaz=r, is * poſſible, whatever be the magnitude of r, but 
never * more than one root. 
96. On: 
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vx + 229 + 02 = = +I = , whence x + £ = BETTE 
W | | 4 


£19] 
96. On the contrary, the equation * - —#3 r is not always 
poſſinle, but only when 7 is nat greater than a certain quantity, to wit, 


22. _ Pea — 214. or thar value ot the compound quan- 


city 9 * — P — #3, which ahi trol the ſubſtirution of — | 822 4 2 


5 
in its terms, inſtead of æ, that reſult being the greateſt magnitude the quantity 
qx - p — #3 is capable of. If r is leſs than this quantity, the equation will 


have two roots, the one greater, and the other leſs, than LET, 
if 7 is exactly equal to this quantity, the equation will have but one root. to 
wit, E IE. For that this reſult is the greateſt magnitude of 


qu — put — 23, will appear by conſidering, that when gx —px* — x3 is 
_ greateft, che futr-of the increments of p and u is equal to the incremept of 


2 that is, 3 a 9 tf therefore na + EEE =, and 
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Note. That the ſubſtitution of 75 1 


of the quantity * — px — #3 1s rightly performed, or that no miſtake 
has been made in collecting the quantiry 2 Tod 222435 2 +39 


— —— — . may be confirmed, by applying it to a See 


27 
Let p== 10, "ooh Z = 213 and let it be required to find the greateſt m 
nitude of the ; 3 prom 21K — 10 * — x3, Now, if this greateſt magnit 
comes out to be the ſame quantity, when found by the application of the 


ET — EFT 24. —= — 4. as when 3 
by the ſubſtitution of 22 I te LE in its 
terms, inſtead of x, there can be no doubt 4 the quantity 
r 207, — is rightly alſgned, 


- Sa of x, in the terms 


FFF 


general quantity - 


e LOL ak EI TS 


"Now, 


Un 20 


— 3 5 326 * 12. 75 £262: o8 6, 
OT) LY 4 ns | . 8 e e = broking 15145 
pt. 2000 (22 — x | 


he. lead ah 
ENT > 4 — 154-1514 — 74-0740 — 70 = 054-1514 — 144. 0740 = = 


_. LOA. 7 
— . 8 


10.4. W T5 
52. 2. 76714.— 10 — 624 


cel eG we fhall have 21 * ER 3 5 


==. 1 and x3 = 7847 3. and en 21K — 10 K* 2 2 
19.3699, — 8.5078 — . 7847 r 19.3099 — 9.2928 = 10.0774 3 which 
ages wich the other value of this quantity juſt now found. | 


As to the actual operation of ſubſticuting . 2 inſtead of x x, in 


3 
the terms of the quantity q x —Px*— x3, it being performed in exactly the 
ſame manner as the fubſtiturien i in Art. Jo I leave the Ons of it to the 
induſtry of the reader. 


C HAP. X. 


Fra Parr third af the weft puto 3 in Art. 8 "MP containing an 
into the variation of the exceſs of the ſum of x3 and * above- 
p, when that ſum is greater than p; and of the exceſs of p x* above the 
ſum of x3 and g when p is greater than that ſum. . 
98. Ir x be ſuppoſed to increaſe from nothing ad n and 3 be greater 


than — 2 P the ſum of x3 and * will always * greater: than p —_— all the 


nei of x. 
For when x-is greater than p, tis , evident that x? alone, and, à fortiori, ; 
x3 + qx, will be greater than p. And when & is leſs than , px — xx is 


leſs than 22 2 , and conſequently than 23 therefore p —x3 is leſs than g X, 
and p * than #3 + qx. Therefore, whatever be the magnitude of x, x3 + 4 
will, when q is greater chan =, be greater than p x*. N E. D. 
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| 99. Bur — h * ＋ 25 W quark, po when C is greater than — - — 


1 yet its exceſs above pa, or the Quang x3 + qx — Px“, or, as it is more 
commonly written, * — DN ＋ x, does not always increaſe continually as 
| x increaſes; but in ſome caſes it does ſo increaſe, and in others it firſt increaſes 


=. | from nathing to a certain magnitude, then decreaſes to a leſſer magnitude, and. 
then increaſes again, and continues to increaſe ad Theſe Tales are Led 

| follows. 5s * 2 

i | 2 — 
; 22 


100. Ir q is 3 to, or greater hin — the quantity MY — * 9 1* 


= will increaſe continually from nothing ad infinitum, as * increaſes from nothing 
"i ad infinitum; or, the equation x3 — px* + gs is always poſſible, whatever be - 
che magnitude of 7, but has never more than one root.” 


For when x 1s greater than — *. 3 ** is greater than TIT that is; the 


increment of x3 is greater than the increment of Px*: therefore, a fartiori, the 
increment of x3 + 9x is greater than the increment of p xa; conſequently, from 


— 9 8 an 2 2 188 — — N s 2 2 F 5 N 
7777 rs de ae CS 


the time that x is equal to =, the quantity * — p x* + qx will increaſe. 
And that this quantity will increaſe continually, while x is increaſing from 0 to 
25 will appear, by conſidering that ſince ꝗ is either equal to, or greater than, 


2 15 5 will be either equal to, or greater than, . 2 T2 2 be equal 0 . Pf ; „it will be 
9 than — — x, during all the time do x is _ from o to =, | 


excepting the infant at which x is = OT and at that inffgnt it will be equi to 
—— = and conſequently 


724 3 * * than 2 p & &, during all the increaſe of x from o to =, es 


1 8 J 4 xx will be greater than 


the inſtant at which x is = ET at xc M vill be equal. If L | 
is greater than 9 72 ＋ 3 * x will always be greater than 2px * during i 
whole incleaſc of x from o to 2 . — x bs Fa 7 Since therefore when 
7 is greater than 55 the increments of qx + x3 are always greater than the 
contemporary 
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| contemporary, increments of p, during all the time of the increaſe of x from 


o to 2: and when q 18 equal to 22, the increments of qx + * are always 


3 
. than thoſe of p, during all the time of the increaſe of * from 9 to 
22 excepting the. inſtant at which x Is = == =; and at that inſtant they are 


equal: it follows, that the quantity 4 — P + qx will increaſe continually, 
GUrng 4 che time chat x is nn n o to i QT E. 25 


ES: 


4 * 
, 
CMSO Om es co» ww 


—— — — > 


2= . then it 
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101. Ir 7 is leſs bone but greater than — 2, 9 x3 er 77 


will increaſe coſy, x x becomes equal to 


will decreaſe to a leſſer magnitude, while x increaſes from .— * ds CIs 


bay - + : Cond 7, 3 ad afrerwards it increaſes ad ifuitm, as * increaſes 


; 


from © + 7 2 — ad infinitum. Therefore the equation x3 — p +9: 4* 


3 
Dr is always poſſible, whatever be the magnitude of 7; but it will have one, 
two, or three roots, according as the magnitude of is greater or leſſer: if 7 


. 22 42£ =bq* eh=ats or than that value of 


is leſs than <= : - = 
the compound pound quantity — px* + q x which reſults from the ſubſtitution of 


EN Bare 2 PP — 41 in its terms inſtead of x, but . than —= 


3 ; f 
3 —.— 7 or than that value of x3 erte which r re- 


27 9 a | 
ſults from the ſubſtitution of — 2 2 2 in its terms inſtead of x, the 


3 
equation x3 — p x * go =r will have three roots, the firſt leſs than 
. LF — ſ but leſs than 


3 2 — 7, the ſecond greater than 


27 if is leſs 


2 IT N s 237, and the third greater than 


3 


3 
than both thoſe reſults, the equation #3 — px* - qx =r will have but one 
2 . equal to 


root, and this one root will be leſs than 


3 
1 the 


EMI 7 


the greater of thoſe reſults, to wit, * * L * 
or that which ariſes by the ſabſticution of 1x —_— =] inſtead off 1 in 
the terms of the * *3— p. 4x, the equation x3 — pot + GX =2>r wall 


have only two roots, to wit, 2 —_ 2 . and 2 quantity n, chan 


— 21. 22 


if r is ou! to the leſſer of choſe reſults, to wit, 24 


2 2 7 5 — 3 ES — 5 or "that which ariſes * the ſubſtitutioa of 


pT v2? — 37 „inſtead of x, in the terms of the quantity * — Px + 9 75 


3 
the equation #3 — px* + qx = r will have, only, two roots, to wit, 


2 MA - oe 37 , and a quantity les than © 2 EL —ͤ— _ if y i is greater 


7 


than 5 64 thoſe refalts. the equation RE p + ax Dr will have only one- 
21 24. 

3 
F or 1 x is greater chan . 3s 3 = is, greater than 2 P % ak therefqrr, 


a. fortiori, 3 *x* x + & is greater. than. 2 PN conſequently, from the time 


that x is = ne the quantity x3 — Dx? + 2 * continually increaſes. And, 


oer, 1 this root 4 be greater than 


chat this quantity varies in the manner that has Juſt. been deſcribed, while 


x is increaſing from o to ri : will MP; by rr that, ſince 7 is leſs 


chan ? 5 , and conſequently 4 than = 4 and the quantity * — Xxx increaſes 
PP 


A ; 29 
from o to , and "Aol again to o, while x increaſes from © to = 


it muſt, at two different inſtants of time, the one before, and the other 


after, that * is become equal to f be equal to = 4. The values of x at 


R VL ,q 41 — 6. ies 
ES: 3 
1 — xx is ** we ſhall have, by beating both ſides. from 2 


9 
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theſe two inſtants are 
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82 | 1 * = 2 422 rege eng are 
9 1 Fo "i 8 


While x increaſes A 6 the leſſer of theſe values, __ — XX is leſs tian 


To 4 and 22g # than ane 3+ Mg ; while x is paſſing from the leſſer of theſe two 
values to the greater, 5 — X is greater than 7 and 2 PR hs 35 ＋ 15 | 
and while x is paſſing from the greater of theſe values to 25 TY — wx is 


again leſs than 5 and 2 p S than 3 & Y 9: cherefore while * increaſes 


from 0 to 2 S the quantity 22 increaſes; 8 
oh —— l if iederreniesy dd white 


increaſes from 


x increaſes from © =z 2 2 4 0 22 and (as was before ſhewn) from — 


| 3 | 
ad infinitum, it again increaſes. 9, E. D. 


102. Tuar the general refules 24 — — * PDE PEI, an 


EE L x2 —69 A of te ſubſtitution of 
y:. u7- 
VP an a v 22 37 inſtead of x, in a quantity x3 pf —9%, are 


3 
rightly aſſigned, may be confirmed, by applying them to a particular inſtance, 
as in Art. 91 and 96, in the following manner. Let p 6 5 and N — 


which is leſs than *2, or ta, and greater than Z 2 or 9. Here £4 7 i Far as. 
2 p3 2 | 
227 4926, VIEW G73 =1/3=1.732053 1 


27 N 
8 | 27 27 27 
=-0-3849. TE n = mm ES — SH e DA 


1. 2 22 — 


[76 * 
22 — 16 + 0.3849 = 6.3849; and 2 — 2 = — e — 
= 22 — 16 — 0.3849 = 6—.3849 = 6.6161. And if theſe numbers be” 


Gughe by ſubſtituting © 24 and he V Pp— 37% 3 6—1.73205 
and OT 85 . inſtead of *, in the dnn $3 _ p 4 qx, we ſhall 2 


6—1. 2320 
6 1 
4-2 795 _ = 1. 42265, v we ſhall have ** = 2. 023.935 Sn 2. 97934. 


cham to be the ſaime as have "rx already aged For if K is = 


6 x* = 10:1435%, 11x = 15.64915, ala X3 — 6x7 + -11 — 
2.87934 + 15.649153 — 12.714359 = 1552849— 12 14359 = 6.3840, the 


greater value of x3 — 6 II. If x is = — 222 e e eee 


3 19 26 
2.57735, we ſhall have x* = 6.642,733, x3 = 19.12064, 29. * 


11x —=28.35085, and x3 — 6x* I = 17. 12064 + 28.3508 5 — 39.8639 


= 45.47149 — 39. * * 61510, the leſſer value of x3 — 6 x* -+ 11 x. 


103. 12 q is equal to — 2 , the quantity x3 — Pp + gx will „ 


tinually, till x becomes equal to 2. then it decreaſes to nothin , While x in- 
was q 6 S | 


creaſes from - to — and afterwards it increaſes ad infinitum, as x increaſes 


from- - ad infinitum. Therefore the equation x3 — Px* +qsx=r is always 


poſſible, whatever be the magnitude of 7; but it will have one, two, or three 


| 3 
roots, according as 7 1s greater or leſſer. If r is leſs than =, or that value of 
, : 5 . 


x3 — 7 x* + &, which reſults from the ſubſtitution of 55 in its terms, inſtead 


of x, the equation x3 — px? + qx =r will have three roots, whereof the firſt 


will be leſs than 55 the ſecond greater than 55 but leſs than 2. and the 
third greater than =; if 7 1s exactly equal to 57 the equation x — px? | qsx 
r will have only two roots, to wit, 55 and a quantity greater than - if 
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r is greater than 77 the equation x3 — px* 5 q#'= 7 will have only one 


root, and ths ne roo will be greater th LITE e 
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Fo or SE x is Seer chan * 55 3 x 5 and, 4 feu. 3 * * 47 4 * will be 


= ' | at - 


greater than ay" therefore, Hou: thevbiih d equal . . 


tity * r- continually increaſes. And ſince 4 is a to Z, 2 2, an 


conſequently L to L 5 4 which i is leſs than 5 2, and the quantity B — x in- 


3 | 
creaſes from o to — 2 > aid decreaſes to o Bis while x increaſes Fri 0 to Z, 


tis evident that this quantity muſt, at two different inſtants of 17. the one 


before, and the other after, that x — be equal to my . or . 


The values ** at theſe PETR are g LETT d 7 for when eas is == Io 
ſubtract both ſides from = 2, and we ſhall have 22 — 22* + ws —=22 22 


a SF. | * =22, ; whence £46, * and * — 2 are each of. them equal 
* 38 36 * hos 


# "ES p 2 7 7 2 
to and wy = 1 WY 5 6 or 6 N 2 While * is _— 
from 0 to the leſſer of theſe * . — AK is s leſs than 4 Z or 4. and 
v7; 4 ; 3 
| . 275 


2 p & So 383+ 75 while x is paſſing from - to 2, a wo. xx i is 


greater chan 22 or 5 and ”"__ than 38 6+ 9.85 and while x is paſſing 


from the woes of theſe values to 25 LE ax x * is again leſs than 2 Zo or 4, 
1 


* 
and 2 pK & - than 3 ** x + qx* Therefore, while x increaſes 3 to 25 the 


quantity & — px* + qs vel increaſe z while x is | nora from A to T: it 
| XS 


will decreaſe ; and, at the inſtant & is = 1 it is 1 to dogs for when 


* — 


1 78 


1 £ the quantity pa =p xs is ==, or 43 and copſequently 5e is 


= , and S = a3 Tx And While & increaſes from 2 to 25 it in- 
creaſes again, and ( by what was ſhewn at firſt) continues to increaſe ad infini- 


2 
tum, as x increaſes from 2 ad infinitum.. 29, E. D. 


Note. This laft article might have been derived from Art. 10r, " making 


1. For, if this he done, the eben - ang 
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104 Ir 7 is leſs than , the quantity UE — -? x * Y will increaſe, while 


"ol 


. then ir will decreaſe to nothing, 
while x increaſes from £= 4 to © — N. - 7 3 when * i” 


2 — =47 bout leſs than 2 1 pus is greater 


* increaſes: from o to 


greater than 


than x3 a q x; aa x en from we = - ELL 4 7 LENS 5 5 


the quantity px* — #3 — 9 * —_ 5 inn while x increaſes from 
2+ Phm3 3 4, it decreaſes again to nothing; then 


3 
#3 + q becomes again greater than PR, and the quantity x3 — 2 21 7* 
* A Len wg = 49 ad 


increaſes from nothing ad infinitum, as x increaſes from 


infinitum. Therefore, the equation x3 — p x* + qx = = 7. is e — 
whatever be the magnitude of 1; but it will have one, two, or three 


3 
roots, according as 1 is greater or leſſer: if 7 is leſs than 1 — 27 
2p — —.— 2 37 or that ds of the quantity x3 — pat + 4x, 


which reſults from the ſubſtitution. of — 
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in its terms, inſtead of 


x, the equation x3 — p x? FE fx r will have theres roots, wherdof the firſt 


will 


PL IO IO I CIO PE I ttt c IE DE TT i d IIS IDE lt ning £5 on. n be Tag's 
ö SE; EN Ne ee EO REY 0 Tn a Pau 9 e , AY oe RON TAS AITR 
Fob bY . F 35 15 8 ASE Ot 18 vw 2 7-3 85 ee. 1 * 7 3 7 5% ON. N N 5 Ct 25 ee e * 32 \ . 5 = RT TS - Mp4 = ** . — SS > 6 1 3 3 = 
Wh 
- % 


TO (Edo 8 N Wer 25 75 n . ns 
00 ECT en Lol 


e 
. * 


#% 
* * 
3 
155 
177 
17 
2 
oe 
_ 
"6 
8 
55 
55 
5 
2 
. 
p I 
Py 
3 
If Fx 
8 
7 
NF 
e 
ut 
. 


2 
. 
12 
EM 
>, 
=" 
7 
3 
8. 
SR 
4 
L FA 
68 
28 
1 
RE 
KY 
— 
W 
Pe: 
1220 
* 28 
Wes” 
ts 
a. 
e 
9 5 
BN, 
* 
P 
2 
2 
{I 
8 
MES 
"= 
1 2 
— 
* 
* 
{998 
Je 
VEL 
75 — 
Ix 
FL 
I 
4m 
3 
B's” 
o% * 
78 
P * 
22 
8 
et 
N 
Ws 
Ir 
— 5 
IT N 
RF 
DE ; 
= 
. Ris 
wy, 
of 
i 
8 
5 
5 2 
WY 
Fo 
me, 
. 
Is 
2 * 
WE 
Who 
1 £ 
3 
hs. 
7 
* 
Fit 
7 
I 
< 


79 1 


will be ENS 5 * 37 7, the ſecond greater than 


72 — . 


ee andthe rd greater than =. LEE ELL 


3 2 57 — 6% x - —— | \ * 
He Ez — — £2 — 


as r 1 tu wit - , and 
22 2 4 if 7 Steuer than Pf — 122 


if 7 is exactly equal to 


a quantity greater then 45 72 
* 27. — — — fc den 37, , the equaion „er + 9x =7 will be 
one root, and this one root vill be greater chan 5 ” = | 4 On the 


contrary, the equation 7 ** — x3 —gx r is not always poſſible, what- 


ever be the magnitude of 7, but rely when 7 is not greater than 7 * 
+ x — — or that nabe of the quantity fr. —v7 —q a, 


27 Stroke 
which reſults from the Kibliturion of © ME _ — = = in. ity- terms, inſtead 
of x; if 7 is equal to that reſult, the equation px* — * — 1 r will have 
only one root, to wit, . TX PP—3 7, if 1 18 leſs than that refult, the 


31 
equation pA. 4 — * =" will, have two. roots, whereof the one will 


be greater than 25 LH on but leſs than 2. dun the 


3 0+ /FETD $9" 2 


other | greater 
Ter ſince q is leſs than 2 tis evident that Px —=XX will, at two diene 


inſtants of time, the one before, and the other after, that » is become equal to 
2— *. 2 — 


* 


- , be equal to g: and the values of x at theſe inſtants are 


2 + 2 . : for when px — xx is , by ſubrraQting both des Goo 


PP 
4 
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2 we 1 dan have 2 — ps L . from whence 2 . 


4 


El Nell of them e to * + 


- 


and + * r 


now wa 


2 


Wbile * is increaſing from o t 
than 7 and conſequently P. than * + Ix at the inſtant * is | equal to 


—— =» 2 „% Hh EIT IS. 


e. px — Xx is equal to LY and out to 22 +97; 

while x is increaſing from 2 —=41 2 5 — 

is greater than Qs 2 and ? po than 5 9 qa; 2 at the inftan chat xi mY 

of 2 2 rand t * — e becomes a ſecond time * to 7 and 75 to 
* 


x3 + qu; and while x is increaſing from to p- FOE — x 


29 aw et 


is leſs than 7. and p x* than x3 + qX. 
When x is greater than p, 3," and, 2 fortior, x3 + 72 x is greater than 
P #2. And becauſe P&R — * X continually decreaſes while * increaſes from 


ET 


! to P, ſo as to vaniſh when x is = p, tis evident that the 


exceſs of 9 above px — x x, and conſequently that of q + x above px, 
will continually increaſe at the ſame time; comers while x increaſes from 


RE, TY 


to 2; the exceſs of * + x3 above Py or the quantity 


x3 — Þ 5 + 9.x, will continually increaſe : and that this quantity continues to 
increaſe, after x is become equal to p, will be evident, by conſidering, that 
when x is greater than p, xs alone is greater than p, and its exceſs above 
p *, and conſequently, 2-fortiori, the quantity x3 — p x® +'q x, or the exceſs 
of x3 + & above p, will continually increaſe. 

The remaining part of this article may be eaſily deduced from what has 
been already obſerved : for, ſince when x = ©, the quantity era sf * ＋ 4 * 


— 


is o likewiſe; and when x is = , the quantity x3 — p + gx 


is again = ©; it follows, that this 3 muſt firſt have increaſed to a cer- 
rain magnitude, and then have decreaſed to nothing again, while x increaſed 
from 


4 


> px — xx is leſs. 
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E —— the quantity b — * 22 is o, and when x is = 


81 J : 
from o to ©— EEE. ; therefore, till nen 


nitude, the n of $3 + r muſt have been greater than thoſe of px, 
at that inſtant equal, and ere leſs: in like manner, ſince when x is 


— —— — 


2 
1 Fm, the quanity p5%—27 — gs again =0 ic follows, 3 


this quantiry muſt firſt have increaſed to a certain tain magnitude, d ten have 
while * increaſed es 9 . 


decreaſed again, 


therefore, the increments of p x* muſt have bins greater than thoſe of x3 + x, 
till the quantity px? * — gx attained its greateſt magnitude; at that 2 
they muſt have been equal; and afterwards thoſe of p muſt have been leſs 
chan thoſe of x3 + gx. To find therefore the greateſt magnitudes of the quan- 
tities #3 — px* gx and p * — x3 — *, we have this equation 3 x* x + q x 


= 29 nz r = and © — ay = 
* 3 35 9 Fs = 


SOR TT is | therefore Z. —x and * — 1 are 51 of chem = to 


e 1 e 
3 A 3 
10g. Tu HE latter 155 of the foregoing article et be demonſtrated a 
cally, in the following manner. 
Since 7 is leſs than LT, 45 will be leſs than E: 22, and conſequenty than 2, 


FL, 


cherefore while * 3 from o to CES there will neceſril 7 two men 
Y : 73 


#4 ** 


of x time, the one before, = the other affe, "that * 2 * L . at : which the 


2 a 24 „ - — — — — — . 37 >6 7 
* * „ A 1 el 


re 228 —xx is equal | to . and 27 x to 3 x? *+ 9: 9 % The values of 
* at theſe han are £ EET! ho and 2 2+ F238 LE EN , ; for when 


7 
1 
5 Fr} 


5 ©: 01-51 142 100) 1: 
LES . = fy ting bout de aw 2 we ſhall have 


—_— _ 


# % 
* 1 


9 — 5 2px n 2. whence ®—s ** —2 are each of —_ har 
M to 


| [ 8 J 
» TOY OY Tues LEH ng EL TED, While # 3 * 


To | > —3q 2 LES 4; 
increaſing from 0 to 8 2 3 , | _— — ** is leſs than 4, and con- 
2=2P—39 
7 


| fequently 2px than 3 * 44 153 while x is increaſing from 


to © * — Ms — * is greater than 7 and conſequently e 
than 3 * K ＋ 733 ne js increaſing from ELDEST . | 


— — x is again leſs than . and en than 3 +983 and when # 


is. greater than _ 34, ET and, a fartiori; E EN + _ is greater than 
2 N. Therefore (if — 2 — 2 he leſs than 2 . — . 155 | 
ST ERISA oa. 2+ TE . and 2+ FEST? than 
2 3, | V | 
. - Z—4£, as we ſhall preſently ſhew that Ps are) the SY 
VL. 


** — me ＋ x will I, while x is ncrealing from o to oa 3. 


*** —_— 


and it will * while * is increaſing from 2 ZE — 7 


2 225-48 EI | 7 at which laſt 3 of time it has been fhewn that it : < 


equal to Ki FOR the quantity px? — x3 + 92 will increaſe continually while * 
— * „ , Ne 


is 9 from © 


MEVEIEE o COLLIE 3 at which 


3 
latter inſtant of time it has been ſhewn that it is n to nothing; and the 
quantity & — px*— & will increaſe from nothing, and continue to do ſo, 


ad infinitum, as x increaſes from = 2 2 — . ad inform, 2 . D. 
That 


while x is increaſing. from 


>. 


2 Nom, reren Of we odd have v/ fi- 


$2 


— 
Tel 22. 2 is leß tan £Z 2 . vill eallly appear, 


ty conſidering that fir nce SJ ÞÞ—3 — 47, the exceſs 
of p aboye the former muſt be leſs than its Nene above the latter; ; therefore, 
> fertions, the-third part of the former exceſs, or the quantity Z 22 —. 
muſt be lets than the Tu of the latter r excl, or the 9 . 8 2 "Wks | 


7 or 


— 39 2 2 
: | 


— 47 
* e or 39 e chan 7 . 


or 3p than 2p #2 BHT). or Ktn 20 VPP 
＋3 Hp 44, may be thus demonſtrated. * 1 s evident that the leſs the 


magnitude of q is ſuppoſed to be, the greater will be that of the quantity 
2 WPP— 37 + 3+ 22 —44-. therefore, ſince 4 is here ſuppoſed to be 


leſs thanfZ, P this quantity will be greater than it would be if q-were equal to 


3PP 
4 


= 2, and V PP 0 conſequently 2 PP 3 P 44 


c B be <qual to p: therefore, in the preſent cale, it is greater than 2 
2 


= Au wan FED 7-H, o 


20 +2 V 22 —39 
3 


ee 11. 
chan 2 2 —— 47, or 27 +2363 than 37+3 


- 123 that . or EA than 


2+ V 922= 369, or-4PP — 12 than (t e { uare of p ＋ N 977 —3Þg, 
or than) 10 — 369% + 2p x V/ 9PP — 36, or 4p p + 24% than 
IOPP 2px V 922 — 369, or 24 than 6pp TRV 369. 


may be ſhewn as follows. Since q is leſs than © . 249 muſt be leſs than 6 7, 
and, 2 fortiori, than 6p* 2 · * 5 2. E. D. 


106. Tux following examples may, perhaps, be of uſe to illuſtrate the fore- 
going determinations. 
M 2 In 


[%] 


In the firſt place, let 2 = 6, and q = 12, or 22 * then, by Art. 98, 


#3 + 12x will always be greater than 6* during all the increaſe of æ from 


nothing ad infinitum;. and the quantity x3 — 6x + 12 x will, by Art. 100, 
continually increaſe as x increaſes. Now, to ſhew that this quantity does fo 
increaſe, we will ſuppoſe x to have ſeveral different values ſucceſſively greater 


the one than the other. 


o01'— 060 ＋ 1.200 =: 1.141 


| — 2 41 Forks — 
ü = 55 = 008 — 240 4 2.400 2.168 
= 75 5 —_ * 540 ＋ 3-600 = 3.087 
= + 12 = 064 — ,960 + 4.800 3,904 
= = — _=_ 125 — 1.500 + 6.000 = 4.625 
| = 2 2343 — 2.940 + 8.400 = - 5803 
wa Can, et On OC nals 8888 9.600 = 6.272 
5 | = ö 1 4.860 ＋ 10.800 6.669 
= jt 4 = 1 — 6 . -— OT bo 
==. "4 =" 28 0 ＋ 14 = 8 
x 5 = 27 — 54 ＋ 36 29 
= is 2 = 125 — 150 *' T7 00 = 35 
=O | S | 216 — 216 T 72 = 72. 
L 2B 98 — 29 f T == 293. 


Thus it appears, that the quantity x3 — 6 * + 12 x increaſes continually, 


without ever decreaſing, agreeably to the determination in Art. 100. 


2dly, Let p=6, and q=11, which is leſs than = or 12, but greater than 


+ HW 9. Then, by Art. 98, #3 + 11x will always be greater than 6x*; 


4 | 
and, by Art. 101, the quantity #3 — 6 x* ＋ 11x will increaſe continually 
S _ Sv n= _ 


while x is increaſing from o to 


| = 2— 5 then it will decreaſe while x paſſes (from L e + 


N 


to EY; : Ca or) from fm 0 2 + — and after x is become 


v3 V3 = 
equal to 2 + 77 it will increaſe ad inſinitum. That this quantity does ſo in- 


ereaſe and decreaſe, will appear by the following trials. 
| | n 


{81 


—_ ? (= 001 — .obo_ ＋ 1.100 =1.041 
Yo | |=, 008 — 240 Þ 2.200 = 1.968 
= hv | = |=, 0 — +540, 3.30 =2.787 
= of + — 064 8 | 960 4-490 3-504 
==. „ |= 24 — 1.500, ＋ 5-500. =4-125 
— > * = 216 — 2.160 + 6.600 = 4.656 
22 | 1 $343 — 2. 940 7-700, Sg. 103 
2 E [ = +512. — 3.840 ＋ 8.800 = 5.472 
=* 72 = 2729 — 4-860 ＋ 9.900 =5. 269 
Er o if | ES ys 
= 1.1 2 [= 1.331 — 7.260 12. 100 =6. 171 
iin ]= |= 1.728 — 404.0 13.200 = 6.288 
— | [EZ [= 2.197 — 10.1 14.300 = 6.357 
1.4 N 2 Tn 2.744 — 11.7 15.400 = 6.384 
= 2 — F or 1.42265 FF ne e 1435 + 15-6491 =6. 3849 
Ei. Fa — 13.500 0 =6.375 
1 TED * — 17.600 = 6.336 
=1.7 + |= 4-913 —17.340 ＋ 18.700 =6.273 
= 1.8 a ]=' 5-832 — 194440 19.800 2 6.192 
= 1.9 £ = 6.859 — 21. 660 2 9oo = 6.099 
n{=2-1 Jy (= 9.261 — 26.460 4 5 100 S 5. 901 
2.2 3 = 10.648 — 29.040 24.200 = . 808 
5 2 2.3 = 12.167 — 31.740 ＋ 25-300 = 5. 727 
=2:4 | = |= 13.824; — 34.560 ＋ 20.400. = 8.664 
|= 2.5 DS TEENS Mans - 27.500 = 5.625 
| [=2 +7; , or 2. 67735 1 17. 1206 — 39. $563 + 28. 3508 = 5. 6152 
(=2.6 - Js (=: 17. 576 — 40.560 + 28.600 = 5.616 
= 2.7 = |=. 19.683 — 43-740 ＋ 29. 0 6.643 
2.8 ＋ = 21.952 — 47.040 + 30. 800 5.912 
3 JE 27 ——\34 33 = 6 
35 = 42.875 — 73.500 ＋ 38.500= 7.875. 
4 2 64 — 96 ee = 12 
4.5 (91.125 — 121.500 ＋ 49. 500 = 19.125 
= 5: c > [=125 — 10 +55. ' =-30. 
X= 5-6 2 |= 166.375 — 181.500 ＋ 60.500 = . 45.375 
6 = |=216 | —216., +66, = 66 
* 6.5 bs = 274-625 — 253-500 ＋ 71.500 == 92.625 
2 > (= 343 — 294 F77 =126. 


Sj 
* 
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From theſe trials, which' agree intirely with Att. zor, it appears, that if, 
in che equation #3 6 11% =”, the quantity v be leſs than 6. 3849, 
which is the greateſt magnitude The quantity #3 — 6 x* + 11. ever attaing 
before its ſecond increaſe, but greater than 5.6151, which is the limit of its 
decreaſe, the equation will have three'rvots. "Thus, if r is = 6, the equation 
x3 — 6 + Her, or #3 — 6x* + 11 # ==6, has the three numbers 1, 
2, and 3, for its roots. But if 7 be 13 than 6.3849, as, for inftance, if 
it be equal to 7 or 8, the equation will 
will be greater than 2 72 or 2.37733, Which is the value of x at the in- 
ſtant the quantity #3 — 6x* 11 K begins to increaſe the ſecond time. Alſo, 
if 7 be leſs than 5.6151, as, for inſtance, if it be equal to 4.125, the equation 
* —6x* er will have but one root, and this one root will be leſs 


— 


1 . 3 | ; 3 NE: - . 
than 2 ==|c75e 0 1.42265, which is the value of x at the inſtant the quantity 


6 —+ 11x begins to decreaſe, If r is equal to 6.3849, the equation 


x3— 6x* +119 =7, or 83 — 64* | 11 = 6.3849, will have two roots, 


, I Þ Le] ns 7 EY „ Þ 
to wit, 2 3 or 1.42265, and a quantity greater than 2 . I r 


2.37725. And if 7 is equal to 3. 615 1, the equation * — 6 * ＋II «DDr, 


: O25, — oat BY . * 
or $3 — 6x* + 11x = 5.6151, will have two roots, to wit, 2 | T7? or 


2.57735, and a quantity leſs than 2 AT or 1.42265, 
- 3dly, Let p=6, and 4 9, or zz Then, by Art. 103, «„ + 9g x will 


always be greater than 6 x*, excepting only at one inſtant of time, to wit, 
that inſtant at which x is = . or 3; and at that inſtant they are equal: 
and, by the ſame article, the quantity x* — 6 * + & will increaſe continually 


while x increaſes from ow (6 or) 1; then it will decreaſe to nothing while 


* increaſes from 55 or) 1 to - or) 3; and after x is become equal to 3, it 


will increaſe continually ad infinizum. To illuſtrate this by trials, 


= 001 — obo ks  900= . 
» | = 55 = 008 — 240 1.800 == 1.568 
'* } = \ we ſhall have } 027 — 40 ＋ 2.7500= 2.187 
a [a3 -G gx) = .064— 960 ＋ 3.600= 2.704 
* = 125 — 1.500 ＋ 4.500= 9.125 


have but one root, and this one foot 
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216 — 2.160 + 5. 400 3.456 
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2343 = 2.940 ＋ 6.300= 3.703 


= 22 we man 1.70 = .512— 3. 940 7. 200 = 3.872 
8 J ( e = 729 — n 8. 100 , 3-969 
I. £4 — T "= 0 8 9 Were 2 
. 1 1 1.331 — 75 260 + 9.900= 3.971 

14 : 1.728 — 8.640 10. 800 = 3.888 
1. : 2.197 — 10.140 ＋ 11.700 = 3.757 

| =1.4 2,744 > 11-760 + 12.60 3.584. 

—_ 3.375 13509 13.500 3.178 


4.696 — 15.360 + 14.400 — 4.136 


9 nol A. e 5 goo 2.873 
. | 6.859 — 21. 660 | 171 100 =" 2.299 
. 6.8 | 
ö we ſhall have 8 — 24 18 Fx 
9.261 — 26.460 +— 18. 9oo = | 1. 701 


—— —„— 


I La 1 Ws TING 


If x is 
T2 
0 


.1{ $3—6x* + g x 
| 10.648 — 29.040 19. 800 = 1.408 


1 12.167 = 31.740 ＋ 20. 70 = 1.127 
= 2:4 = 13.824 — 34.560 + 21.600 = 864 
2 2.6 4 OY 625 — 37-500 + 22:500-= 625 
— 2.6 $0; 0 451 — 40. got 23.400 = 416 
2 2 | = 19.683 — 43.740 + 24.300= 444 
21.8 = 21.952 — 47.040 +25: 288 * 
== 2.9 = mn 381 — 5O. I 100 = + % f 
i=; _ L= 27 = 54 __ 
P35 | | 2 29.791 57-660 o+ 27.900 = 031 
„ - 4 232.768 61:440 + 28,300 = .128 
F=3-3| | = 35:937 ==. 65.340 ＋ 29.700 295 
3.84 242.875 — 73-500 ＋ 31,500 = 8% 
4 2 3-7 = 50.6533 — 82.140 ＋ 33. 300 1.813 
FS Gap e 64 — 96 36 1 
w = 4:5{ $3 —bx*+ gs) = 91.125 — 121. 500 + 49.599. = 10.125 
EC eie er nn 
= 5-5. = 166,375 — 181. 500 + 49. $00 =y 241375 
þ=6- | Þ 2 216 — 216 + 54 Fr -a4* 
= 0645] 4. = 274-625 — 253. 690 ＋ f. 500 = 79.625 
L=7 J. 1 3343 —294 +63 =212. 


It appears 3 that if, in-the equation x - G + gx r, the quan- 
tity / be leſs than 4, the equation will have three roots, whereof the leaſt will be 
leſs than 15 the next greater than 1, but leſs than 3, and the greateſt greater 
than 3; if r is equal to 4, the equation will have only two roots, to wit, 1, 
and a quantity greater than 3, namely 4 ; if r is greater than 4, 10 equation b 
will have but one dere and this one root * be greater than 3. | 


"— 


While x increaſes from o to (2 


[8] 
AE 6 — 6 — e 
either leſs than Hain 2 4 = — 4 3 24 
C 3 

4. When g is 5 to either 2 or 44 #3 +8 is equal to 6 ox 3 3 andi while 1 
5 | — cÞ 
— 6 

while x increaſes from a to ( LILLE = CE EEE 


"kts, Lp =6, and g=8, Which is 1e than 22, or g. Then, by 
Art. 104, * + 8 will not always be greater than 6 *, but only while * is 
1 
. 7a | 
on ine 2, or greater than _— === 
2 2 2 
is of an intermediate magnitude between 2 and 4, K E 8 & is leſs than 6 . 
. e 
6 — v2. —2 464. 2. 2:5359 8453. the quantity — 65 + 8x 
will increaſe; * 4 hies from . 8433 to 2, it will 1 to nethjag; 
| 1 | 3 5 
— 9:4041 1 1 1 * 
==) 3.1 547» the quantity 6 y* — x 8x will increaſe; and while 
x increaſes from 3. 1547 to 4, it will decreaſe to nothing ; and when x is greater 
than 4, the quantity x — 6x* + 8 x will increaſe ad infinitum. To illuſtrate 


this by trials, | 
= 2 == 001 - 960 + $0 = .m41 
= + |= 008... — ...240.-. ---- 3-600... ==-- 2.368 
= * |= .027 — 5540 + 2.400 = 1.887 
2 | =+ 4 , — 9 + 3-200 4984 
* (278 A 1235 — 1.500 —+ 4.000 =: :2:625 
2 4 s |= +<216 — 2.160 ＋ 4.800 = 2.856 
2 5 = |= 2843 — 2-940 ＋ 5.600 = 9.003 
= S = -gi2 — 3.8% / '6:400- 3.0% 
= 8453) 660399 — 428719 + 6.76240 = 3.0792 
r ] = [= 729 — 4860 + 7.200 = 3.969 
— 1 the =" x r + 8 = 3 
= #2 1 |= 1.337 — 7.26 ＋ 8.800 =" 72.055 
=E.2 S |= 1.728 — 8.640 ＋ 9.600 = 2.688 
2 23 | = 2.197 — 10.140 ＋ 10.400 = 2.457 
= 0 = 14 * 2 2744 — 11.760 ＋ 11.200 = 2.184 
8 8 Pas 3-375 — 13.500 + 12.000 == 1.875: 
= [=1.6 & |=.4-096 ,— 15.3660 7 12.800 =; -1:536 
=#7 = |= 4-913 — 17.340 13.600 = 1.773 
== 3:8 S 5.832 — 19.440 I4.400 = 792 
S=$-09 5 = 6.859 — 21.660 + 15.200 = 399 
12 8 2 8 — 24 ＋ 16 = O 


I 22 fa— q.26x- + 26.460 — 16.809 = =: +399 
| [=2 1= — 10.648 ＋ 29.040 —7 7.600” "= 792 
| EZ , [=— 12.167 ＋ 34.749 — 18.40 = 1.17 
[430 |=—13.324 34-560 — 19.200 = 1:53 
[1 31 |=== 15.625 37.0 — 20 = 1-875 
2 8 = — 17.57 40.560 _— 20.800 = 2.184 
5 {5 24. = — 19.003 43.740 11 21,600 2.457 
5 5 25 —= — 21:952 47.040 — 22.400 = 2.088 
PEI = — 24.389 50.460 — 23.200 2 2.871 
I-27 „ 
42 = — 29.791 ＋ 57.666 — 24:800 — 3069 
A 39599 + 59-78 279 125.897 60 = 9:0792 
L a 61.440 — 25-600 , = 13-072 
1o 65.340 — 20.400 = 3. oog 
: 55 1 69.360 — 27. 200 2 2.856 
14% ＋ 73.500 — 28.000 ==, 2.625, 
Lito 5 F 
Ek + . 77-760 — 28.800 == 2.394 
| An + 82.140 — 29. 600 = 1-887 
| ＋ 86.640 — 30.400 == 1.368 
1 5 + 91.260 — 31.200 = .741 
2 94 = 96 ws : — O 
ſ 3 | = 68.89 — 100.860 32.400 — 337 
+ | = 74.088 — 105.840 ＋ 33.500 = - 1.848 
1 3 79.50% — 110.940 7- 34-490. . 2.967 
24.8 | | = 91.125 — 121.500 30.000 = 5.625 
7 51 x, = 103823 132.5400 4197-000" . 883 
2 (xe 9 = 1283 — % %/fc 4 = 1½˙ 
ES | 4 | = 166.375 — 181,0 5 44-000 == 28875 
5 | 2 7 = 216 — 216 | +48 | = 48 1 
s |.8 ö = 274.625 — 253-500 32,0 73.125 
% 0b I 36 == 105" 


In evident, from theſe trials, that if r is lefs than 3.0792, the equation 
— 6x* + 8x =r will have three roots; the firſt of which will be leſs than 
—_ the ſecond greater than . 8453, but leſs than 2, and the third greater 
than 4. Thus, the equation #3 — 64* + 8.x = g has three roots, to wit, 


I, 


SI Y43 1 


3, 


., or (nearly) 2, 4.3027, and .6972 for if x is 


=1, it 8 by the foregoing trials, that x — 6.x? + 8x will be equal 
to 3; if x is = or —.— ZIESS ſhall have * =40 +11 „Ig, 


N 


x? = 


e. 

* = 2 18 GEN 6 * = 57 — 15 5 13, and 8x 2074 y 13, and 
* 5 1 

60 — 57 + 11 713 +4 13 — ISy13=3; and if x is = 25, 


we 


ſhall have x3 = 40 — 11 13, * = 2 DS, 6 * = 57 on» 15/13, 


| 8x =20—4y13, and x83 — 64* j-85x = 40—114/13— 57+ 15913 
| : + 20 = 413 = 60 — 57 ＋ 16 ½3 — lig XII ＋4 == 3. If ris 
equal to 3.0792, the equation x3 — 6 + 8 x r will have only two roots, 
to wit, .8453 and a number greater than 4; if r is greater than 3.0792, it 
will have but one root, and this one root will be greater than 4. Further, if 
7 is not greater than 3.0792, the equation 6x* — * — g = 7 will be poſ- 
fible ; otherwiſe, not: and if 7 is leſs than 3.0792, this equation will have 

two roots, whereof the one will be greater than 2, but leſs than 3.1547, and 
the other will be greater than 3. 1347, but leſs than 4; if 7 is equal to. 3.0792, 

this equation will have but one root, to wit, 3.1547. 4 | 

Note. That the limit of the magnitude of the quantity 6 x*— x3 — 8 x is. 
equal to that of the quantity x — 6x* + 8 x, each of them being equal 

to 3.0592; and that the values of thoſe quantities are every- where equal 
to each other, when the values of x differ equally from 2, the one ex- 
ceeding it as much as the other falls ſhort of it, is owing, as I found 
upon examination, merely to an accident in our having made g, or the 


2 or 2, if we had taken 


equal to 7, or 6, or any other number, this equality of the values of 
* — px* + gx and px* — #3. — q x would not have happened. | 


Having now finiſhed the third and laſt part of the inveſtigation, mentioned 
in Art. 83, and gone through all the caſes of cubic equations that have all 
their terms complete, we ſhall- here put an end to this chapter, and, in the 
following ones, proceed to examine the ſeveral caſes of cubic equations that 
want their ſecond or third terms. 


, 3 
coefficient of x,, equal to 8, or = or 
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CHAP. XI. 


107. LL cubic equations whoſe third terms, or terms that invelve the 
ſimple power of x, are wanting, may be reduced. to one of the 
three following forms; to wit; 
i$3+Spat=r, 
X T- Ui r, 
And px* = r, or wal + Nr. 


108. *Tis 


5 
[2 
7 
be 
* 
zh 
— 
7 
oh 
* 
* 
7 
LE 
#7 
7 
— 
5 
55 
5 
3 
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i 


[9x ] 
08. Tis evident, that the firſt of theſe equations is alwa 2 what- 
d ee "Tix evident, that bot has ves ire IS. 15 » 


109. Tux ſecond of theſe equations, to wit, #3 —px*=7, is likewiſe al- 


ways poſſible, whatever be the magnitude of 7; but never has more than one 


root. 


For as x increaſes from being equal to OS ad infinitum, the re 1 — * 
infinitum. 


will continually increaſe from nothing ad 


110. Tut third of theſe equations, to wit, p A r, is not 1 
„ f a 3 
poſſible, but only when r is not greater than 5 or than that value of the 


quantity * — #3 which reſults from the ſubſtitution of 22 in its terms in- 


3 
ſtead of x. When r is equal to that reſult, the equation p x* — #3 has only 
one root, to wit, >: and when is leſs than that reſult, it has two roots, 


the one leſs than 22, and the other greater than . but leſs than p. 
For as long as x is leſs than 5, 2 & the increment of p, will be 


greater than 3 x* „„ the increment of x3: and when x is greater than 22, 
3x* x will be greater than 2px Therefore while x increaſes from o to 
22 , the-quantity px* — #3 will increaſe; and while x increaſes from 7 to p, 


it will decreaſe. 9, E. D. i 
Note. This determination may alſo be derived from Art, 89, by putting | 
q=—=0; for if this be * we ſhall have ip b- = PP, an 


Hf ii =. N 93 . chat is, the 
value of x at the inſtant the quantity * + px* n, or px* — x3, is 
greateſt, is 2 agreeably to what has juſt now been demonſtrated. 


CHAP. XII 


LL cubic equations whoſe ſecond terms, or terms that involve the 
ſquare of the unknown quantity, are wanting, may be reduced to 
one of the lowing forms; to wit; 
2 
55 — c 2 d, 
And cry 5 = d, or - +3 =d; 


2 In 


| 
i 
| 
l 
i 
1 
| 
ö 
f 


[ 92 J 
In which we malte- uſe of the letters v, c, and d, e 2 and n, for- 
a reaſon that will be ſeen hereafter; fee Art. eg + 105. 7 7 30 59s 


112. Frs evident, that the firſt of theſe equations, to wit, B45; what, 
eds. eee W but never has more than 


es r oor. 


113. Tre rank 1 theſe ent 10 pr _ 4 is Ie wie al- 
ways poſſible, whateyer be the magnitude of 45 but never has more than one 


roùt. 
For as y increaſes from being equal to e REY VEE the quantity y C 
will continually increaſe from nothing ad ifinitum. 


1. Tur third of theſe equations, to wit, cy — — 2 d. Is. poſſible only 
when di is not greater than =_—_y , or that value of the quantity c 'y _ * W 


reſults from the ſubſtitution of — 55 in its terms inftead of *. Men di is equal 


to that reſult, the equation Oy y3 = d has only o one "ot, to wit, AY ; and. 


when 41 is 1 than that reſult, it has: two roots, the one 1ef than - and the. 


other greater than A but leſs than /c. 


For as long as y is leſs than - or ) than > ce jz or the inerement of TY 
will be greater than 3 * j, or wit contemporary increment of y*: and when 


ingeater than 7, or yy than — = 3.3* 3 will be greater than c 3. Therefore 


while x increaſes from o to 885 the e he Cy — 18 will continually increaſe ; 
and while y increaſes from ve to Vc, it will * decreaſe. 2 E. D. 


* 


Mie. This determination may alſo be derived from Art. 89, by putting 


p = ©, in the ſame manner as the determination in Art. 110 is de- 
rived from it, by putting q = ©; for, if p be = o, we ſhall have 


p+V ?prt3g9_wv 3g __v3 . or, according to our 


— — — — — — 


3 8 T v3 
preſent notation, = 75 3 that is, the value of at the inſtant the quan- 


tity 


dy ll groateſt, is 7 agretably'to what Bas jut now been de- 
iet era "Yar" | 
15. WI have now gone through alf the poffible forms of cubic equa- 


tions, and have determined the number of their roots, and the 
limits of their ſeveral magnitudes; It remains that we ſhew how thoſe equa- 
tions are to be reſolved. Now, to do this in the two former kinds of cubic 
equations, to wit, thoſe which Have all their terms complete, and thoſe in 
which the third term, or term involving the. ſimple power of , is wanting, it 
is neceſſary firſt to reduce them to thoſe of the third. kind, in which the ſecond 
term, or term that involves the ſquare of X, is wanting, and then to reſolve 
the equations thence obtained. Before, therefore, that we ſhew how the equa- 
tions of the laſt kind may be reſolved, we muſt firſt explain by what methods 
the equations of the two former kinds may be reduced to thoſe of the laſt kind. 
This we ſhall therefore proceed now to do. 


116. ALL equations of the two former kinds are reduced to thoſe of the 
third kind, by ſuppoſing # to be equal to one of theſe three quantities, 


7-2 


y— 2 2 ＋ y, and 5 , and ſubſtituting this quantity in their terms in- 
ſtead of v. For by this means, as will preſently be ſeen; the ſquare of y will 
always be wanting in the new, or transformed, equation. And as, by this 


ſubſtitution of y — , E Þ y,. or 2 5, inſtead of x in the terms of the 


uations of the two firſt kinds, by which they are transformed into equations 
of the third kind, we ſhall have frequent occaſion to conſider equations of this 
laſt kind, in which the unknown quantity is not denoted by x, but by y, and 
the coefficient of the ſimple power of the unknown quantity, and the abſolute, 
or known, term, are not denoted by q and 7, but by compound quantities in- 
volving thoſe letters and the letter p variouſſy combined together, I thought 
it would be convenient, for the ſake of greater perſpicuity, to make uſe of 
the _ 3, c, and d, in the foregoing chapter, rather than the letters x, 
75 And v. : | 7 


117. Bor ſince the equations of the firſt and ſecond kind are to be trans-- 
formed into thoſe of the third kind,.by ſuppoſing æ to be equal to one of theſe - 
three quantities, y — 5 E+ , and 7 —9, and theſe ſuppoſitions are evi- 


| dently not always poſſible (as, for- inſtance, that x may be equal to ＋ , or- 


to- 


[943 
to the ſum of 35 and ſome other quantity denoted by 5, it is neceſſary that it 


ſhould be greater than 75 which tis evident is not always the caſe), we muſt 
examine in what caſes they are poſſible, and in what not, and determine the 


ſeveral values of 1 that ariſe from the compariſon of x with 7 and conſe- | 
quently, 2 converſo, the ſeveral relations of x to E. that ariſe from the different 


. E 3 
values of 7 : and thus we ſhall obtain a ſecond ſet of limits of the values of x, 


or of the roots of the equations of the firſt and ſecond kinds. And theſe de- 


terminations of the ſecond limits of the values of x we propoſe to carry ſome- 
what further than may at firſt ſeem neceſſary, or than is barely ſufficient to ſhew 


whether x be greater or leſs than 2 that we may be able to make it clearly 


3 


appear (which at firſt ſight is not _ perceived) that all the properties of the 
u 


transformed equations obtained, by ſuppoſing x to be equal to one of three 


quantities Jy — CE + y, and 7 — 9, have a perfect agreement with thoſe 


yY'3 


of the original equations of the firſt and ſecond kinds from which they are 


derived. 


118. Tax firſt equation that we are to examine is the equation 


x3 + px* + : r, concerning which, it will be proper to obſerve, that, 


3 
if be leſs than = © and conſequently - than => and er be equal to the 


| 1 | 
exceſs of <2 above => or to the quantity 27 — > the value of x will be 


V 372 —94 T7 Yi will appear by ſubſtituting this quantity inſtead 


3 | | 
of x in the quantity #3 + px* + qx; for if this be done, we ſhall have #3 = 
3PP—94XV 3PP—9q4—98* + 2799 + 322 XV 320Þ—99—27 


— 2729 — 0. + bpp —97*x vV 3272 — 99 . 10 5 


5 MAES 27 


+ PLDNEVIPPD NY, pgs =p 22 = 21 =20*v 300 —92+2 


— 42 —924—=2P2 XV 302 —99 — i te V. 


N — WP 27 


and 


bY 
vs 
4X 
x 
3 — 
* 
2 
5 
8 
bel 
75 
5 
2 5 
Fx 
* 
If 
Ny 
= 
8 
he 
A 
2095 
* 


[9] 


and 3 8 CLE 99—P4 94 HS ory and conſe- 


quently x + r. . = 1 Therefore, 6g wc thn 22, the 
e 


limits of the value of x, when r is leſs than- 27 35 

89—— ; and when r is greater than 225 — © 24, the limits of the 
3 

value of ware LIED T and an infinite MS tn | 


8 
Note. That 7p 99 is in the preſent caſe greater than P, as it ought 
0 


to be according to the foregoing determinations, may be eaſily ſhewn, as 
follows. When 4 is = = 9q is = 2p, and 3Ppp——99= 32 —222 


= pp, and „ 5557 = p. Therefore, when 4 is 
greater than 282 E, 3PP—99 will be leſs than p, and when ę is left 


than 22k, as in «FE * caſe, A= will be greater than pP. 


N, E. D. 
Further, if q is = c we may aſſign at once the exact yalue of the quan- 
tity x in the equation x3 + px* + gx = 7, in expreſſions that are as ſhort and 
convenient as can well be deſired. For if qis = yy the value of. x,. or the 


N = - 7 2 ei, © Re = ef « 3 pw "1 4 $48 4 
F 2 n n . . Pet Boner Sa BONE IR RT EI. 8 f 


root of the equation x3 ppt : r, 4 be PAT +E—2, or 
Js. | 
3 
This will appear upon trial; for if x is = 


. 27r +2 — 3 x 27r T3 F + 322 x 75 D 2 


x3 
2 
277 — 3PX27r þpP3 + 30PXV327r 405 _ or- N 2 e 2 


— „el have 


27 
F +DP _PX277+Þ3 — Trae SSC. 
9 9. 
ar be 
and q x, or * *, =BfY EL 2 and conſequently æ g 
=. E | ; 


Note:. 


1.265 
Note. The method by which we Alogrered this value of x will be ſeen, 
when we come * examine che transformed equation ariſing from the ſub- 
ſtitution of a — 4 intent of x in the terqs of the 2,0" gx xs + p EA 


0 6. Fj 3 


r. ; ! = * 


119. THz * be examined is — Nor, 
when is = 2 the quantity 4 * . — x3 is = SEED and when, & 


ery 30277 >, this quantity is again e 21+ , n 


3 
| 3 
apPHar upon. trial For if & is = -£, we ſhall have 47 2 Px 95 = 
3 58 3 3 
175 ; and x3 — 255 and conſequent a yer 17 45 25 —55 


— . + a5 and if is = £42388 3 99, we ſhall _ q x 
= 21 + 232 2 24 + 9 ox 2 Fa, » we” 


ee — —_ 97 


2 hy 


* r 
2 L275 * 22 ＋ „ 2729 15 TIF . l 
27 
=" +22 + 622 +94 e. conſequently 9 
1285 ogx 32? £99 5 bppxv 322 +99 
＋ 23 2 + —— + #4 + N 
ee = 22+ 22 — 08. 


— 


n 27 "7 


4 3 
= — == Therefore, while x. is of an intermediate magnitude between — : 


and ol es 15 2 Ti 24, the quantity * + px* - x3 will be greater = 
| 2 


Pq + but when x is either greater than - „ or leſs than 


i: | | 
7 that quantity will be leſs than = 7 — It follows therefore, e conver/o, 


that 


the) 
that fin the equation ee drool Dr the quantity r-, or 
7, is gteater than 24 1. 25 both the values of x will be of an intermediate 


magnitude . 2 1 * conſequently, as it has 


3 3 
been ſhewn in Art. 89, that the leſſer value of x in this equation is always leſs, 
and the greater greater, than EEX +39, the limits of the NENT VO 


of x will be © and LE2ED - - ap chad of. the greaer velus 
of x will be e and 1 and if r is leſs 


— 4 


tan 27 4. 222 the lathe walagef-e wil 3 thn 2, and the greater 


value of x will bn greater chan 2 = fi 2 ED 2 — 22 23 _ EY becauſe, 
by Art. 87, the leſſer value of x may be as ſmall as we pleaſe, but the- greater 
can never be greater than EEE. the limits of the leſſer value of x will 


be o and 2, and thoſe of the agar value of x will be 2+v = 


watt MATES 


| Note. That 2 + V 3: 1 2 8 T5 97 is leſs than . as it 8 


to be, according to "the foregoing — may be thus demon- 
ſtrated. Since p is leſs than I 9p + 369, it follows, that 2 pp will 
be leſs than 2px / gpp + 369, and conſequently 12pp + 36 than 
„ 6 uy 73 . + _ . N C357 than 
P P 30q, and 2P 12 5 30q than 32 92P+ 36 
or 2p 2 J 372 +94 than 32 +3 PP F449, and — — 
24 <p 12 1% SECS or N . 


6 3 


120, In the equation ** . gx =, which, by Art. 88, has but 
29. .— + 49 


one root, the value of x is always greater than —, and there- 
; 00 fore, 


[v8 ] 


five F fertiari, greater than 4 = And as the value of ; xi in this equation x may 


* 


* 


_- 


be any magnitude greater than | + 2 | + 4 1 * great or how ſmall &- 


ever the difference may be, but can never be leſs than that quantity, dis evi- 


dent that the limits of the value N b * and an infinite 


Þ £5505. 


| magnitude. 


121, In the e lon Ku br = =" it . * avg | 


any other limits determined i in Chapter 


122. IN the equation 15 Derr i it muſt be brand, tha has is= 
. the quaitity r + 5 f. gn, r is = = 21+ 32, 


3 
for, r de kan have w# = 


x — 1 2 


27 — CRFEIDIOY 
_ TX EE ee ETESTLFAT EST 


Woes bi = 9 x 322 L200 TE: 322 - + 94 +22 — 


27 9 3 20 


ap + 9p9mag i TPP e +pqg— TAVET ET. ; and 
How 9 = 


jo = WED = N - ; and conſequently 


x3 Jap x* —gx1is = = +2 2 4 T Wt e ge 225 erh p qx, - 


| n Att 


or r, is equal to 225 —— 2 2, 00 be = = VIP 2 — . Aha chere⸗ 


27 3 
fore from 8 and from the deterthinations in chapter IX, that when 7 is 


leſs than a +22, — - 


2 * „and when r is greater than = +2 „the limits of the 


value of x are — v 32? 2 22 „and an infinite kad 
Note. 


» 
TTT FB . PEEL en ot rot ̃ ‚w! NN 3 e ee S BRING ELITES + 2 IN 


Seed * 0 
* 


N. "That E 26 hin 


2 9282 + 36g. is 
7 "222 F 369. is leſs. than Ai 2 
leſs than * 2 F and v 99? 


vi 220 | 309 —2g, and G 
. is, 22. . 2 3, 185 than . — 


. be greater, and 3 in what caſes leſs, than 2. wwe 
need = obſerve, that when x is = =£, the quantity = FEES qu is (= 


7 81 . W 3 2 Tg - * 
JJ Do Seo 
« 3 Y 7 9 


quantity = 8 Fl 
„ 

when x is = 5. will be (= 1 25 „ 7 — 27 1 

Therefore, when the quantity * — px* + Uh, 1s greater than © 7 x 

will be greater than ? + and when 7 is leſs than 2 x will be leſs than 85 and 


e, [as ie ought 
epi, s, E be 1251 ge- 


than 1298 + 36g 5 conſequently 
| ; foFtiort, 


3 7 —32 than 
ang LLP ILL hay LE pj 


to be accarding 2 


VIDED? a = AZ. D. 


"64:16 ch 64k HE ies 
Pe, the equation x* — p ++ gx = 7 has hut one ropt. IIs LO, determine | 


— — 


E+2) . "har, - finee, by Art. 100, the quantity 


25 — p * 2+, x increaſes continually „ at the ſame time that x, increaſes, it follows 
from hence chat when the 2 x3'—px* | g, or r, is greater than 


— —— and when x is leſs chag e —, 25 x will 


be leſs than £ Therefore, in ah caſe, when 7 is leſs: than ff — -, the 
limits of the valid of x are o and * 1 and when r is greater ap” 2— —2£, the 


limits of are £ and an infinite « magnitude 


124. Warn 9g is = , and the equation is x =. the 


2?” or the 3 of r, or x3 - x, or 22 — p82 EE, 
22 . 355 29 5 3 


*roxtequently, in this ok when r is leſs than 25 che limits of the value of x 
0 2 : are 


L 100 


are o and © ; and when n greater than bg he limits of x are f dan . 


finite magnitude. 
But further, in the preſent cafe the exact value of x may be aſſigned at once 


in expreſſions that are as ”_— and convenient as can well be deſired. For if 
qiz= 7, and - is leſs than , 27 the value of x, or the root of the equation. 


4 er =, will be I. ne, „ 


the value of x, or the root of the equation x3 — p x* 18 „ will be 


2 2. —. 
4 | T5 1 | | f ; 1 

This will appear upon trial. For if * is 2 : — » We ſhall have 
„ — EEx. par +30xX7=27rt —2b +277 = 

3 ET | 
3 430x707 — — a t... 

| 27 9 

n kx FSI ett =. DE . 
7 =P 9 74 : Gan © 


| 8 Tee 294 
rm” 7 22; and conſequently x3 2 o+ hs 


(= 2 „ r. And if x is = 2 = is OT have #2 => 


3- 
Hs 222 * * 271 — f L 37 X od Bihar ay 53 F —— 27 — 5 


27 
e —CLEIRE EEE 
4 oy 


and 2 — £ +29 22 FP and iv 1 e 1 =) 
3 2 | 

=E F. N D: 

Note. The methods by which we diſcovered theſe values of x will be ſeen, 

when we come to 3 the transformed equations ariſing from the 


ſubſtitution of £ 12 y and 2 _ inſtead of x, in the terms of the equation 
* low bom ksr. | | 
125. Ir q is leſs. than Wa but greater than f and r is =22 — 2 


3, 27 
9 — 39 * 2 
T * A, or to that value @ he quantity #3 —px* ＋ , 


which ariſes by. the ſubſtitution of! — — n its terms, inſtead of x, it 
Appears, 


— 
— Q 


gr +ppxy/* 22 2 22 —2 & 


£8 101 * 


roots, to wit, 2— — , and a quantity greater — 37 Now 


this latter quantity is £ — A or td Wa, 1 is = 
£+V 426-129 29129 we ſhall have 21 =? ee g V 


_ 199% iL 2. | pe =p o ESE 7 4400125 


27 
=p tir TE 2 1 x VII=aT 
ESL y——— | 
15g = 3609 + and . 11 HI = Dr 


= i + 4 —, and conſequently er IF 
+ PETE 22 r 2 E. D. 
As an example of this, let x = 6, and 2 173 and we ſhall have pp— 34 


= 36 — 33 33 and» < ELA 6 © 2X1-29805 
3 3 3 


—*X 5 4 1575 3.1347: therefore, x3 is 31. 8 
59. 71279; 3 11x = 34 70170; and v3 —4* + II = 6.3849. And this is 


Hkewiſe the value of . — = ＋ — LETT, ; for if is = af 


23 == =4=16; and EST HEY = Way 
Ra 543 = — — — 2 = 3849 and conſequently © — 25 
ee. 2 at is = 22 — 16 + 3849 = 6.3849. 
126. Ir q is leſs than r, but greater than 275 and r is = * = 
— . . — or ER. value of the quantity x3 2 + q x which 


reſults from the ſubſtitution of *- 2 1 in its terms, inſtead of x, it ap- 


pears by Art. 101, that the equation x3 — P w- 7 will have two 
roots, to wit, * 4 2 — 27 and a quantity leſs than. * . . Now, 


this latter quantity is £ — or 4. For if K is = 


* EY we fall net NT -A- E L 


— 


— — — —— — > \ 
— — —— F ͤ K—2⅕t toiaantacm oth 


— — — — Pe —— » - 
— — _ 


rare een ere EE INE "> * - 
: R — — ERS” [a ED IIY 


\ 


x4 , . os 22 ee 


—. able EET, 


— 2 23 — , and confeuenty 
ares dba 


r 27 9 
CCC = bf 28 LUN II 2+ = 


27 | 
As an — ofithis, let # = 6, and — — we ſhall have pp — —32 
= 36 — 33 2 33 a eee ELLIS N 


eee dert = 25399 = 8463. Tender * 
60399 62 = d 11 = 296306 and — 8 
3.6152. And this is likewiſe the value 5 


— ZEL 6V3 — —— — 1239290 — 38493 and conſt; 
27 W287 — Bo. 
3 — 34x 2 þ* — 
quently 7 +57 —— — * — ee 6—.384g 


— 


127. IF q is leſs than u, but greater than 22 . and r is greater chan 


2... 27 —Gaxwpp—39 


„the equation 1 — pe + 4 r will 


27 
have but one root; and this one root will (by Art. 125.) be greater than 
or LVA 27 


- , and may be of any magnitude exceed- 
ing that quantity, how great or how ſmall ſoever the difference -may be; 


it follows therefore, that the limits of the * of x are © — 5 r 


+x/ 402 —! 
Irs — ., and an infinite magnitude. 


128. Ip q is lefs than E, but greater than £2, and-r is leſs than £4 — AL 


— LL LIED CY the equation x3 —px* + q# = r will have but 


27 | * A 
one root; and this one root will (by Art. 126.) be leſs chan 6 = IT 


3 
or 


3 


| che value of & are in this caſe o a 


gr E, 2 ＋ 20 = 11 =: | hes — 


. [ x08] 


— | Tk gud: nay by Of ap nic rates" 
hw great 3 ſmall ſoever the difference may be: Therefore, the limits of 

. N 
2 12 3 | | 13 3 


129. Ir 4 is leſs than??, but greater chan 22 


——— 5 2 but leſs than £2 — 2 ; 
appears, by Art. 101, Aae A K = = þ will have three 
roots ; whereof the leaſt will be leſs than © dd therefore, 8 for- 


Hori, 4 than 24 che ae will be ges ha SEL, but leſs than ; 


. and therefore will be ſometimes greater and ſometimes leſs 


than — greateſt will be greazer than E and therefore, à 


fortiori, greater than =. To determine in what caſes the ſecond root, or value 


 30f. *, is greater, and in what caſes it is leſs, than 7 we muſt obſerve, that 


when x is equal eicher to £ 7. — 2 27, or = che quan- 
tity x = ＋ 2K is A . For when * is = = 7, we ſhall, have 


-&3 =, px* = 8 if X wn 15 2 . and 7 * K. and conſequently 


X — — 455207 
we ſhall have Te + 322 LETT. A2 2 5 = 
ED 0p =2709 + pO WES 0 - e 


| 9 
48*-9p9Þ+20pXv 2 7 — . ; and 3 


9 of A | 

X 0 
wil 4 7 — 2 , and conſequently a — pr g=. — 25: and when 
EA mall have 12 5 — 2 32727422. = 2 e 2227 
a ef- L — 422. 1 
3 P 27 * 

. — Ip2=0: 

75 —; and 


142 


U 


qu= pg—9q A . T, and conſequenti n F 


5 — 5 The manner therefore of the increaſe and decreaſe of the quantity 5 
* — 95 445 + qx may be deſcribed as follows. While x increaſes from o to 


— * CY = 


creaſe from © to aig . — 2 2 r . eee Inle * increaſes further | 


quantity & — - 2x + gx will in- 


_ —— = 97 
fiend 2 2 — 1 — - , 3 22 97 the quantity 


x3 —px* +gx will increaſe from — - i — -ALLDIS * . to 


* 
TY and while x increaſes from — * 27 to PET oa: — A the 


. 
quantity #3 — p + q* will increaſe till further ben Chas 51 0 24— 2 


* r Here the quantity * 5 begins to * 


27 8 
creaſe, and while x e from £ _— Mtoe: 7, it decreaſes to Hf — 2, 
2+ LETT 


and while x increaſes from . to — A this quantity decreaſes ſtill 


farther to 1 — 2 — 22 = at which time it ceaſes to de- 


2 7 3 
creaſe, and begins again to increaſe; and while x n from E ELL 5 


. 9 


2, the quantity * +9 x will increaſe from 24 . — 


— . — == ; while «increas from KA 


11 — — — 
N or eee — che quantity 5 in- 


a. elf — wo 24 —— VECH 
3 n 27 
22 ITED, 
3 


: and while x in- 


creaſes from 


Z ad infinitum, the quantity x3 — px* + 9x will 


: | : —6qX — 3 5 
increaſe from 1 25 4 — _ ＋ 1d infinitum. If therefore the 


quantity x3 — px* + gx, or 7, is greater than ff mois _ vi2—39 2 —3 £ - 2þ* — 6 . 


but leſs than 22 — 25, the leaſt root of the equation a3 — px* + r 


Les] 


han 2222S, der lf than SLIDES, che ſe⸗ 


the} Ad) 


ed middle ; root of this equation vil be greater chan £ , but lefs 
tan L and 33 ori, no FO 


| greater than CELLS? . but les than EE. and if : is greater 
than 22. —2£,, but ef chan 2 —2£ + ELD, the leaſt root 


of the equation ee, . but 


les than ELLE E the ſecond, or middlemoſt, root of this equation. 
vill be greater than N. but leſs than 2 Whine es, 


root of this equation will be greater chan * ID „ but leſs than 
EL LES EST þ 2 2 
r L: : that is, if r is greater than 2f — "6 — — 


but leſs chan 1 , the limits of the leaſt value of x will be 7 2 N 


and v 30) —99 TT = 3 thoſe of the ſecond, or middlemoſt, value of x will be 
2 and SELLS, and thoſe of the third, = greateſt, vals fv ttt ths 


ON 
LEYLER ng? +13! PP —97, and if y is greater than 24 — =, but leſs 
3 7 


than Lf — 2 4 SER, ts init of ahy ld wah of + will 
„ — — 22, thoſe of the middlemoſt value of x will 
be VIS. and © ; and thoſe of the greateſt value of x will be 


£21 HY and 42 — 22 . ſo that in the former of theſe caſes the 
as value of x will be greater than 3 „ and in the latter caſe it will be 
leſs than 2 5 


Note. That the quantities 2 * —, i LY, 2 2, 2, 
I L ang TL or the quantities L-, 


3 fl 3 yt | 3 3 
P 


[ $66]. 


1 hay — 2 — Le. 2 37 . 


| and 2 + : Vop— E are all a them 3 greater every one —_ 


the 9 as they ought to be atcording to the preceding derermitia- 
tions, is eaſy to be perceived. But that the two firſt of them, to wit, 
7227 Land 422 . 37 are always poſiible, on the fap> 
A poſitions here Mid down, or That when q is of any matnitucle between 
2 and . rhe quantities y/3 x PP — 39 and 2 V= f arc always 


leſs chat p, may perhaps ſtand in need of being proved. Now, this may: 
be ſhewn in the following manner: the quantity ex/pp — 37 is greateſt: 


Wende chat is, e e ee is = 


2 — 2 = 7 . E, and cenſequently W Is =Z, 


and 2 1 7 - 394 =. noe, when q is greater chan 2, 2 > 2 p 9 77 a. 4 


and, à fortiori, / 3 * l which is leſs Sa. 2 Vi = will. 
be leſs than p. 2, E. D. 


„ 0. I gh = i, and r is equal to & or to that value of the quantity 
#3 —px%+ qx, or #3 — 9 +25 which ariſes. from the ſubſtitution of 43 | 
in its terms inſtead of x, it appears by Art. 103, that the equation #3—px? + gx. 
r will have two roots, to wit, £, and a quantity greater. than 4 . Now, this 
latter quantity. is 75 , as will appear upon trial; for if x iS 2 I V, we thall have 


3 3 3 3 
$3 = >—< = --——; 9 r . Xx EE; 
27 > ink 8 3 8 
r and conſequently * — punch; 525 £2 1 


54 $54 35 2 oo 


7 


' 
5 
: 
: | 
| 
2 
b 
7 
5 


131. Ir 4 is . and 7 is greater than 2. the equation x3 55 + gx: 
Dr will have but one root; and this one root will, by the laſt article, be 
greater than 2, and may be of any magnitude exceeding that quantity, how. 
great or how ſmall ſoever = difference may be: in this caſe, therefore, the- 


limits of the value of x are L and an infinite magnitude. 


132. IF 


x 
* 
— 
4 
. 
> 
2 
* 
x3 
he 
+ of 
3 
as 
. 
* 
's 


{207 ] 


132. Ir 2 is =, and r is less than 2 it appears by Art, 103, chat the 
equation æ p +- gx r will 4 5 three roots; whereof the leaſt wht be 


| leſs chan 54 65 and, a fortiori, leſs than 2 -3 the middlemoſt greater than £ bot 


lef than 2 2, and therefore will be Baal greater, and ſometimes oF ” tm 
and the greateſt will be greater than 4 and, a ferner, greater than £ 2 


- Fa determine in what caſes the ſecond root, or value of , is greater, ati® 


has caſes it is left, chan 3. ve mult obſerve, that when X is equal to either 
of theſe three PB, & n. 0 Lax j, the mn 
x3 - is = 5. "Foo * = +, we ſhall have * = 2 = 17 


p = Eg. and _— en tl, = x . — 


a '9 108 ? 
3 * - + qa =. — 2226. i BL = 27 1 
is = e, sib usa ee x 
L . . L A ar FR 


216 216 
px Leer Br Lr 228 Tau, 
36 36 
1%, of bee, e ot wine apa ee e 
| 4 "ig: G 216 1 
| : 63 * pI = 42 p3 * 8 * 
conſequently x3 — px* + gx = 22! +153 pi = 42 5 — pa ———.5 
— 44874247 5 + 244/3*X}P - 244/3xXp __ — ME =P = 289, and if x 
210 216 216 108 
3 
is = -13 xp, 5 03Y, we hl areas = TSR 2 N 
VA. p = OF: s/n ee EA 4 UA. 
216 p 216 


ny 7 16 29 =w/3 fp — 28 —y3*xp _ SEL LSVINS, and 


and q*, or £-, 


"hy: 6 24 
conſequently af A= 2653-35 5 * L Le /o%p 
216 
eee — „ 
= = = = It follows therefore 


from hence, and from Art. 103, that while x increaſes from o to ER XP, 


the quantity 2 — 2 +93 or 25 — p. += "wa , will increaſe from o to 


755 255 ; __ while x increaſes from =v3 xp to 65 the quantity * — 7 : + -4 6 
P 2 „ Will 


* 


. 
will increaſe further from £ of. Here the all r. Tie begins 
to decreaſe; and | while * increaſes from 2 to 7, this quantity decreaſes from 
E to 2 and while x increaſes from Ls 2 this quantity decreaſes further 
from 22 188 to o, at which time it begins again to increaſe; and while x increaſes 
from 4 to. . XL, the quantity e increaſes from 0 to £ 21. 
while e . v3 XM; to 75 , the quantity æ·— p 4 increaſes 
further from 221 to 775 15 while x 1584 from 7? ad infnitum, the quan- 
tity * qu "will increaſe at the ſame time from £ - ad infiitum. If 
therefore the quantity — + gz, or 7, is leſs than 3 


the equation. *3— D* ＋ 2 =7 will be leſs than =, 2 ;- the ſecond, 
or 1 root 75 the equation x3 — px* —5- qx =# will be greater 
than Z ? but leſs than * - 3 and the third, or greateſt, root of the equation 


„er Ku- wil kj once than £ » bur leſs than EL xp; and if 
vis greater chan = 5» but leſs than £ 2 the (eaſt root of the equation x3 — pr A 
r will be "rags than : * x ꝑ, but leſs than £ 65 the ſecond, or middle- 


moſt, root of the equation 4 — * + . r will be greater than. £ „but 


leſs than £ * and the third, or greateſt, root of the equation * — p. - q * 
=r will be greater than +V5,,, but leſs than 2 that is, if 7 is leſs 
than £ 708° che limits of the leaſt value of x will be 0 ang 2=v3 Ls XP3 thoſe of 
the middlemoſt value of x will be ! ; and 2 2 25 and thoſe es yy greateſt value of 
x will be 2 f and x * ——— XP: and fr; is greater than 3 => but leſs than 5 the 
limits of the leaſt N. of x will be <3 . xp and 1 ; "IE of the middle- 
moſt value of x will be 2 5 and P. 4 and = of the greateſt value of x will be 
* 4 . p and 71 ſo . in * former of theſe caſes the middlemoſt value 


Mu will be . than £ D and in the latter caſe it will be leſs than 4. 


Y E. D. 
Note. 


Ft 5 
Nee. All heſ concluſions might hare bean derived from thoſe i Art. 189 
| by making q = 45 , or ſubſtituting e 2 inſtead of q in the expreſſions 
. 2 l e 
FF 5 
0 _ 2 E TIT , for if this ſubſtitution: be made, : 
chaſe expreſins will. be r into the following, to wit, 
Oz, u £ 6? E. 1 p. and — 77 „ 2008 _ 1 to any 


"_ 


"Fn one that will make ths cubQiturion. 


133. 3. h f Es len g, and u equal to LE— La l 
or to that value of the quantity #3 - px* + 9.x which refults float the ſubſtẽ· : 


tution of — in its terms inſtead of *, is , ! Art: 104, that 
the equation „pri = vil have two roots to wit, dee Re 
and a quantity greater chan 2 * - — I. Now, this latter quantity is | : 
I e 2 — 125. 2 
T.; . 


Nen That this have quantity is greater than = 
” as it is here aſſerted to be, will be demonflrated in Art. 144. 


134. Ir f is leſs than f, and 7 is greater than Tf — — 2 7 12 —, 
or that value of the f the quantity #3 — px* + gx which "reſules from the ſubſti- 
tution 2 ˙ v!J ata of x; it follows from the laſt article, 
and Art. 104, chat the equation * — p® + q#.= r will have only one root, 
and this one root will be greater than L I of etvie—rzy „and 


3. 
may be of any magnitude exceeding that quantity, how great or how ſmall 
ſoever the difference may be: ſo that, in this caſe, the limits of the value of 


x are = 2239, 0 4 — and an infinite magnitude. 


125. Berorxe we determine the 1 of the roots of the att 
a3 — p 4 = r, and their relation to 45 when ꝗ is-leſs than , and r is: 


leſs than 2.—5 = + 2 ET , and the limits of the roots of the 
| equation: 


Tao] 
r and their gelation to ©, tb es an 2, 


S „ 
mo — n will be proper to make 


7 


pry jag is leſs than — 
the following 1 5 


136. In che firſt place, we ll der Nhat at firſt ſight may not ſeem 
20 be paſſible, chat when q is leſs than t, whe quantity £f + . I 
PET us e 11 
5 7755 
is greater than 2 5 or that the guanzity 2 — IVE = ; _ being added to 


either of the quantities ** bf and 2 25 og will make it greater ia the other; and 
conſequently, that the two quantities is — 2 +4 15 .. 


25 — — 4 + — — 2 are N conſiſtent with each other. 
Now, this may be ſhewn 1 5 * following manner. 


If q is leſs than 2 on GS. 2, but greater than =, 2 » *tis evident thar ff 2 lon 


is greater than 2 2 and yet at the 8 th at the quantity 2. 


— err e 
and, 4 fortiort, At — dT. , will be greater than 2 = | 
«0 27 4 Sy 
If giis = 51 0 be = _ nd conſequently 22+ 3 2 1 
— — LM 
wit be greater 6 E, and _ excels will be = 22 — 2 Z or 
1 — 2 88 27 2 7 
51 3 | | 10 
If f is leſs than 0, © alone will 0 leſs than 2g, but , . e 


* 
will be greater thn _ For ſince *£ * is gs es J. Pp will be greater 


than 4 4, and conſequently 27 than 108 3, and 27 pP4q4 than 108 43, and 
208 pp than 108.93 + 812 , and 108 pf 108 45 than 812244, 


and 4 + 108 pp — 108943 than 4 + 81ppgg. Now, ſince: iL is 
greater than 3, it follows that 144 x FE or 36pp, will be greater than 144 4 
and therefore, à fortiori, will be | grenter than 819; conſequently 367 pg. will 
be greater than 8199, and E £ - Eid of 2 than 775 and. therefore the quantity 


ELL ZANE — 22 will be a, poſſible quan or the quantity. 9 may be ſubtracteq 
| | from 


tr Q] ro 


n 


| us 4 
18 Vet, and che excels denoted by 22 gy. Now, By Art: 335 We 

3 this exceſs can . 4 is inerealing from o x0 its 
greateſt magnitude, is equal to the ſquare of half the quantity =, 50 =, or to the 


ſquare of 2872, chat is, to. e or ee a gate 


which it is equal when 4 ivequalito half the quantity 287, er to — X22, or 


222, Therefore: the greateſt magnitude of the quantity agent 74 is. 


* and the greateſt magnitude of 367 — 81 is 475, or that to 


which it is equal when 7 is EY Therefore, in the preſent caſe, in which 


q is ſuppoſed to be leſs 3 755 the quantity 3644 — 812577 will be leſs 


than 406, and conſequently 7 quantit l 657 will be leſs than 405 + 8174. 


But it was before ſhewn, that 4.95 95 5 108 g3 is greater ni 
47 + 81972473 therefore the quantity 4752 559 — 10873 is, 4 for- 
niori, greater than 36p*g. Subtract therefore — 5. from both che quan- 


tities 4 p5 + 108 4 — 10893 and 496 17 7% and the remainder 
45 + 108 ppgg— 108 97 = 3b p*q will be greater than the remainder. 


48 + 812999 — 36ptq 3 chat is, * —98%g +272 7 275 will 


be greater than 425 = 369*q + 81521 or 4 * 37 will Be greater 


than 2 51 957 ; conſequently 2 X PP—3 7¹ will be greater —— 239. 
2nd - TEST will be greater than 2, and * 17 or 


EAR 9x vor= It, pang 9 will be greater 


27 27 
khan 2 — E. = 
That 2 4 > 5s — 2. — . is greater than "7 7, when q.is of any mag: 
nitude ifs than 27 T , may be thus demonſtrated. 
If 9.is leſs than 2 75 — ” alone, and, a 3 fortiori, . 2 5 3 . 


will be greater than 75 | 
If q is equal to i22 = will be equal to wh and conſequently = 5 


42 — = 2 be ener than £ = * the exceſs will be be 


2 þ* X=SEXVLL ILY OL 
27 81 4/3 


IF: 


{ 212 } 
is greater than £2, =£ alone will be leſs than l. but = 
2 t. greater un Ul e 


3 
4, Pp will be greater than 49, and conſequently 27 pp than robe, and 27Ppgg 
than 108 93, and 108 Pp PP11 than 108 93 ＋ 819 24, and 108 ppgg — 108 45 
than 8 125 f, and 4 + 10Bppgg— 1089? than 49 + B81ppgg. Now, 


fince © is greater than 3, it follows that 36 pp will be greater than 144 4. 
and, d fortiori, than 814, and conſequently 320g will be . than 94; 
and therefore the quantity WE 77 is a — quantity, or the Fan, 
27 may be ſubtracted from 25 . A, and the exceſs denoted by 2 — 44. 
Now, by Art. 33, this exceſs is greateſt when gis = = 3th, or 29999 0. 


Iz; therefore the ca ITT — 27 x 81pp, or 611517777 is 
San when 7 is ET, at which time it is equal to 4 Ps. Therefore, in the 


preſent caſe, in which q is ſuppoſed to be greater than =, the quantity 


36 p+q— 819299 will be leſs than 4%, and conſequently 38 705 will be leſs 
than 4 ps — 81 pf. But it was before ſhewn, that 4 p* + 108 ppgg=— 108 43 


is greater 4p* + 819994; therefore the quantity 4p%*4 10894? 10843 
is, à fortiori, greater than I 5g. Subtract therefore 36 g from both che 


quantities 4 + 108 ppqqg— 1089? and 4 + 81 ppgg, and the * 
4 — 365 4 + 108% — 10897 will be greater than the remainder 


49 — 36. ＋ 81724, thatis, 4 * 9 „ will 
be greater than 4 p* — 36 + 812 4. or 4 xPP—314 is greater than 
99g—2p therefore 2 „= 347, or 2 XPP—39XVPP—34, or 
2p* —bqxvVpp—34, is TT 924 — 255, and 2 TASTES ELL 
is greater than 2, or 27 - -, and conſequently — —.— Wh 2 ＋ . 
is greater than yy 2 E. D. | 


137. Tur next thing to be obſerved is, chat when q is = 7, the quantity 


5 —= will be equal to 5. For — , 44 1 55. 
and | © aig H, and 1 = and 
therefore 


kuf 225 = 1 Lb 55 


2 We 3 


” — 


werbe f= 
2, E. D. = | 3 
Ir follows from hence, that, when 6 than 2 88 Va will ll.be 


leſs than 2 75 and when 4 is greater chan 12 QA will be greater 


than ? 7 For as q decreaſes, the quantity ER increaſes, and conſe- | 
ſequently £2 == 2 2 will decreaſe ; ; and when ; increaſes, the quantity 


VPPL—41 1. and conſequently EL W — = will increaſe.” * 


1 «at. In the third place, Ws muſt repeat the oblraniia nds in Ark 118, 
to wit, that when g is 5 2, 352 —9 418 =P. For when 4 is = 2 


we ſhall have 9 = 255 and 35% ran == Hl and 
Vp ===. Conſequently, . Vip 97 
will be leſs 25 p, and therefore may be ſubtracted from i it, and the quantity 


= £ £—2L will be a poſſible quantity: but when q is leſs than 22, 
V 322 — 949 will be greater than P, and therefore cannot be ſubtracted from 


it, and 9 £ 2 will not be a poſſible quantity. 


139. Fourthly, WAEx g's greater than 2 75 SPP, dc V 3PP—94 
is leſs than p, the quantity LD 322 —3 2 =91 5s leſs than E ST EY, £ —=4, For 
Laws — or n ie evidently leſs than 22 * 

2, 7 3 | 


ws 783 X n is greater than VPP—393 and it was ſhewn in 
Art. 105, that 2— 2 As leſs than © =ZU=M _ — ann. 4 um. 


n be leſs than £—L22= +7 9. E. D. 


bAV 227 will be equal to 
3 | 


140. Fifthly, Ir g is = 21. the — 
2 Ai. For, in this caſe, we ſhall have 9q = 2PP, 3ppP— 9 2 2 


3p — 22 =P, V3 pP 94 = p, pLVZ3PP— 9 == DTD = 25. 
| Q and 


ET © ö | 
I, and we ſhall likewiſe have 41 . 2 — 42 
_ 22 =, opt =, 0+ VIE = 
= 2 SY — EYES Ub 


> +. 377 — TH . E. "Fer 
"5 . 


141. Sixthly, Ir g is 8 chan +2 E, the quantity 2 will de 
han 2 4 2 


greater t 


, as may W demonſtrated. Whey 4 is greater than.« 


22, 9q will be 3 than 2pp, and 36 4 than 8 pp, and 99 ＋ 36 than 
9 pP, and pp than 9p — 36g, and p than VIpp—— 36, and 297 than 
2 Þ V 92P— 369, and 1225p — 369 than 102 — 369 5+ 27 Voß? — 357, 
and conſequently 12 p- 36 than p+\/gpp— 36g, and . 
than 3p + V/ 922 — 36, and 2X 2 — than 3 2 


? or 
2 þ+2 Vigp—ar chan 2223 F nts COP —22 ES * =" 
QE. P. EY 


142. "TY Ir g is tf than 85 E, the quantity 2 —— =2 will N 


lefs than * 22 —＋, as may be Ng demonſtrated. wh 7 is leſs than 


= 9 q will be kk than 2 pp, and 362 chan 8 Pp, and pp + 36 q than gp. 
and pp than 92 — 36 f, and p than gp — 369, and 2 p than 
2p * V 9PP— 30g, and 122% — 36 than 1opp— 369 +22 V9 — 36g, 
and . than p | V and 3 


2p +24 3Þp — 
fa 


7 ＋ rr —49 
A QED. 


2 than 323 — A, n , we 


or 


than 


143. IT appears therefore, eighthly, by the foregoing W IInG; and the 
determinations in Art. 104 and 105, that if q is leſs than » but greater 


than 


5 


chat 22 the following ink erin greatertiun/Sefocegeing; 


than the foregoing, when ranged in the following order; to wit, © 


© wit, 2= , 2 2 . 2. l eee 


3 3 
22, —— — and if 4 . , den 22h, * 40 if 


theſe quantities will be impoluble, and the others will be rt one gteatet 
* 4 


teens 


ang LEVIS 


ä —— 
— 7 . A | 
2 * 3 3 


144. Ninthly, Taz MATE * eri, in both 


3 
caſes, greater than all the quantities mentioned in the Jaſt article, whether be 
greater or leſs than * For, if g is greater than > . 2 ill 


be greater 00 rr") and all S mentioned; 


alen tan RT. e 


24 EET — is evidently, in this caſe, greater than . 0 


therefore 
and all the other 72 antities before · mentioned. And if 7 is 1 than A, 


2. 27 is leſs than * + vp = 27 we may dename 


2 and 


conſequently 


that . ps e 7 


3 3 | 
conſequently than all the -reſt of is quantities before · mentioned, in 
the following manner. Whatever be the magnitude of 4, tis evident 
92% + 3699 will be greater than 9%; "therefore 9 g. - 36 f. f + 364 


is greater than 9. — 36 f 9, or pp & 55 364, and conſequently 
372 — 6 is greater than pxy/gpp 36, and 62 — 124 than 
2 V 9PP— 364, and rbpp— 489 than r 367 


therefore / 16 p — 438 J is greater than p N p? — 364, and 
29 + VT6pp — 489 than 3 + Vopp— 364, an * — 
than 2 274. 9 N 2 * 


1 12 — is greater 3 . . 


is, : n 


nr | 
Q 2 145. Tenthly, 


i 


| 
= 
1 
| 
| 
1 
| 

{0 


— — wm . —— , ne 
— —— = a ” „ " 


from 


4260 
145. Tentbly, Ir g is greater than 22, and conſequently Ig is greater thay 
, and x. be equal to either of theſe three quantities, to wit, 2— . 
3 L, ang 4 IIS 24, che quantity * -p + gx will be = | —=; + 
was ſhewn in Ar. 129. 


146. Auv, laſtly, if q is kes than 97. , and conſequently 2 5 is leſs than 


5 and x is equal to either © or rA 85 2 


22, the quantity — 
will be equal to 5 1 For, if a is == , we ſhall have x3 = = „Px 
2 pxt =E = a and qx = = i, and conſequent 0 1 


27 
2 2 If, and f 1b 
27 3 3 


eee P = 


£1 alt hve an = 


12 2 — 277 + ND. 
27 4 


z and conſequently we —x3—qx = 229, 


1 J YES, 
7 


and * = 
VE. H. 


147. THESE things being premiſed, we may determine the limits of the 
values of x, in the equations x3 —px* e =r, and px*— x3 e * 1. 
as follows. 


148. In the firſt place, if q is greater than == - E, the difference of the quan- 
tities p and x3 5g x will vary in the following 9 While x is of any 


magnitude leſs than — — — , the quantity #3 ＋ & will. be greater than 


Px*; while x is of any 35M greater than £2 =L2 — 5 but leſs than 


2 . ha ty + gu will bo fs ham 996 and when x is of 


—— 


any magnitude greater than 7 the quantity x3 + q x will again. 


be greater than px*. While x increaſes from o to * 4 —2 , the quan- 
tity x3 — px* + gx will increaſe from o to 75 —=; ; and while x increaſes 


— — * L239 


27 the quantity x3 — p * + ux will in- 
creaſe 


(p13 


L wo tf — 2 . — . N 1 


eraſe further from 2 — 22 _ 
quantity #3 — * — p x* % 4 * begin to decreaſe and. while x increaſes from 
[Lok 4 JST, 22 55 ==. 2þ* — — 

- to £, it decreaſes from. © 2 — * = to 
* and a n from * 2 4 YL 2 —. it decreaſes further 
from if — 2. to o. Here px* W to be es than x3 + gx; and 


3 — 
while x increaſes from 2 2 to. 1 EEES A, the quantity 


| > —6 7 —3o 
i ra will increaſe from o to 2 +2 Let L, at 


which time it ceaſes to inereaſe, and bene to decreaſe ;- and white x 14 


from f 3 t , it will decreaſe from 2. — tf 


e — to o. Here x3 + gx becomes a ſecond time greater 
etv22=ay -+2 to , the 


than px*; and while x increaſes from 


quantity * -E - qx will increaſe from o to — 2 while x. increaſes 
1 2 — to i 37 the quantity e wil 
increaſe from * = to ah A 27 + 25” — TATE one's while 5 


increaſes from — 5 s ad infinitum, the quantity x3 — p x* + 4x will. 


: 3” — 69qX — 
increaſe from 1 — = + NE IR AE . ad * 


149. Ir follows n that if 2 is greater than 222, and is of any 


magnitude leſs than 4 —, the leaſt value of x in the equation x p 


innen 15 , and may be of any magnitude leſs than 
that quantity, how ſmall ſoever. the difference may be; the ſecond value of x 
in that equation will be greater than *, 3 but leſs than _ ＋, and may 
be of any intermediate magnitude between thoſe quantities; and the greateſt. 


value of x will be greater than r —＋, but leſs than LX. 


and may be of any intermediate magnitude Wan thoſe quantities. Conſe- 
quently; 


T 218 } 


.quently the'leaſt of theſe values of « is leg han f. and the ſecond and greateſt 


values of x.are each of them greater than © f. Dans the limits of the leaſt value 
of x are o "2nd — — 27, ; thoſe Fe the flood ales of x are 5 2 


2 Y, and thoſe of the oreateſt value of x are 22 | 
4 2. E. I. 
150. Anv if 9 is greater than 222, and r is greater than 22 — 2 „ but leſs 


than 4 — . . the leaſt value of x in * equation 


27 — 
ert; will be greater than 22 . bur leſs than 


Ln adi 3s , and may be of any intermediate magnitude between thoſe 


=Y 


quantities; the ſecond value of x will be greater than — — 4, but leſs 


than £ 35 and may be of any intermediate magnitude between thoſe quantities, 


and 4 greateſt value of will be greater than 2+ 1 2 ＋., but leſs than 
e or N=, and may be of any intermediate mag- 


3 
nitude "Wy thoſe quantities. Conſequently the 08 and the middle- 


moſt of theſe values of -x are each of them leſs than £ I and 2 greateſt value 


D 
3 


of x is greater than E: and the limits of the leaſt value of are * 


and == LEY —=35?. thoſe of the fecond value of x are = —＋ and 35 


and thoſe of the greateſt value of x are — — 2 an d Fo nc . 


. Z. I 
151. Tr q is greater chan =, and 7 is of any magnitude leſs than 


2 pi — 5 — — 
27 TT 27 
bee = r will be greater than LT <= 47 but leſs chan 


Was kw 


„the leſſer value of x in the equation 


ay be of any intermediate magnitude between thoſe 
quantities; 


[wo] 


quantities; and the greater value of x. in 5 equation will be greater FONG 
22 75 , but leſs than 2 * 2—£?. and may be of any intermediate 


emagnizude — thoſe quantities. S both theſe values of & will be 
greater than £ ? (for it has been ſhewn, in Art. 137. ha i, in 
the preſent caſe, greater than 5): and the limits of the leſſer value of x are” 
2 n and thoſe of the greater value of x are 


3 
* I and LIN, 2 E. L 


132. an. Ir 7 is =, we ſhall have er = 2 2 27. and conſequently 
4 2 4 iP =iaxv7 Pþ—39 


| « — 2 = = 0; and each of tlie quantities 


and 22 Dy —.＋— . — in Fl : he to 2 E 


— — — — — 6 
e ee pp — Wt Wn [pr 2 = 
22 9985 


e 222 12 77 pn „* 
2 7 W 3 Z - ? wm F 3 
” r ‚ nt — vpp— 39 vill be = e Tad 


= LE x p, and conſequently- £ —— —＋＋ will be = 3! * X 
2+ V= will be = p +7: = D = att . ad en- 


* * 37 will be = — * 3 272 VPp—3q will be = - 


7 ＋ = = aber = 2 = * p, and conſequently == Ls 3 1 will: 
be = *E%3 xp; V= 91 is (by Art. 1380 =p; and confequenty 


+ I CEN 15. — 2 b—=V? 
3 


is (b 
Art. 137.) 35 and, by Art. 140, each of che quantities EI ang 


"OY an 


23 L379 9 is = 2, Therefore the difference of the quantities x9 . 2, 
or x3 4+ 22 ZE _ , and *, will vary in the following manner. While x is of 


any magnitude leſs than. ? >: the quantity * ＋ qa, or x3 + 8 will be 
greater 


[ 120 ] 
3 b: while a is of any magnitude greater than g, but kel than 
f, the quantity 3 15 — 1 will be leſs than 72. and when 7 : 
” «of 25 an tn: oe than - 25 "the quantity x3 +.q x, or +28, | 


will again be greater. than Fl *. While x increaſes from o to . 77 - XP, the 


FIT 03 28 + x, or LE p — 85 =, will N Form o to 


3 and while x increaſes further Om LED x p to — 7, the quantity 


1 7 9 * + —— EE * = will decreaſe from 7 5; to o. Here the es pxæ begins 
to be greater = x3 + EZ - =; and while & increaſes from £ 7 £0 CA * p, 
the quantity * — x3 — ol of hed = will Increaſe from oO to — 27 ; and while in- 
creaſes = —.— xp to Z, the quantity p — * — 2 vill decreaſe 
from g. oh to o. Here 3 125 — 2, becomes a ſecond time RIES than pa; 

and while x increaſes from 4 = 2 x p, the quantity x3 — px* | -£2= 
will increaſe from o to 7 45 - and while x increaſes from . 2+ * p ad in- 

Jnitum, the quantity x — p x* + == vill increaſe from = Fi T7 ad mnfinitum. 5 


153. IT onus therefore, that if q is = = and er is of any magnitude 
leſs than z 5 7 


* — D + ** =7, will be leſs than VE * p, and may be of any 


magnitude leſs than that quantity, how great or how ſmall ſoever the dif- 
ference may be; the ſecond value of x in that equation will be greater than 


2 2 x p, but leſs than £ Ds and may be of any intermediate magnitude be- 


tween thoſe quantities ; and the greateſt value of x will be greater than - 45 but 


the leaſt value of x in che equation #3 —px* gx r, or 


leſs than _— x p, and may be of any intermediate magnitude between 
thoſe quantities. Conſequently the leaſt and the middlemoſt of theſe values of x 
are leſs than 5 and the greateſt value of x is greater than 5 and the limits of 


the leaſt value of x .are o and +? Amend, 2 a= „; thoſe of the ſecond value of x 
| are 


r — 


value of x in the equation pa = x? — WE =7 will be. greater than 


+, 
8. — — 36 14 


164. Treg 45 Lf is of any magnicads lo 5 the l 


2 WS 


leſs than £2+! _—_— may be of any intermediate magnitude —.— ; 
thoſe quantities; and the greater value of 'x in that equation will be greater 
than LIFE x p, bur leſs than 2, and may be; of any intermediate magnitude 
between thoſe quantities. Conſequently both the values of x are greater than 


? : and the limits'of the leſſer value of x are ar are f aid ., * p 3 and thoſe of 


155: 2dly, "As 9 is leſs than 22. the difference of the quantities wy and 
x3 + 4 will vary in the following manner. While 2 is of any magnitude 


leſs than 2 2 dhe quantity xn. . 2x will be greater than 5 while 


at IE * , bur leſs than £ ** , 
the quantity «3 2 will be leſs than 28% and when æ is of any ee 


greater than LA , che quantity menen be Hear than 
p. While x increaſes from o to 2 #7 , the quantity 1 


will increaſe from to 72 r e . and while L in- 

creaſes further from £ LECT to * = ; the quantity x — bat + gs 
—— 

will decreaſe from 22— 22 7 12 = = 2 to 0. Here px* begins ta 

be greater than x3 Ye 4* : ge while æ increaſes from, — VEL 1 to 3, the 


quantity p.42 will increaſe from 0 to Wt, and While * in- 


3 


creaſes from * 0 2 +v/72—37 7 1 quantity px? e — 2 will increaſe 
| 3 
further from to z to 85 — + — =] . at which time 


R "of 


1 122 2] 
ins to decr reaſe ; and While * — 
, the quantity eV 717 vill. Qegreale 


- ceaſes to 1 and 
2 2 * 27 37 HAY ok + * 


ge 2 —_— 54 — Vs 

from 27 — ff + 22 7 AI ta 2 — 5 2, and while * increaſes 
7 . = 11 31 

further 16 ,L 2 to = | the quantity ? * — x3 —4 * 


ad . 111 0 123631 =_- 2 F A* Bf! 73 *£11 7 H. tv 7497 EY 


ae ifs 
will decreaſe from E — 45 10 o. He FI + gx — he) time 
1999339 nine Brit vers: ur ets No Fete 
+4 — 


greater than p nh wok 9 F< 
rden wry ＋ vir increaſe from o to 29.42 2 . 


P SV 725 121 ur 6 . mer 
1 4 e 4 3 5.344 nnr £34.57 VF S449 

and} while. ingroaks from, {== 5 (Af infinitan,, dhe quantity 
; 


x3 — P + 2% will incmaſ® ham ＋ 5 


_ 


2 156. Ir follows therefore, that. i gi is leß than ip, and. r k ay mag- 


nitude les chan f art — 3 & in the 
equatian p r will be leſ and may he of any mag · 


nitude leſs than that; quantity, how ſmall ſoeverithe difference may he: the ſe- 
cond value, of x will be greater than I , bur leſs than t, and 


may be of any intermediate magnitudebetween thoſe quantities; and the reateſt 


value of x will be greater. than, {EYES i but leſs than * 837 2 2 — 


and may be of any intermediate magnitude ns thoſe quantities. Conſe· 
quently, the leaſt and the middlemoſt values of * in this equation are each of 


them leſs than £ 2 (for i it has been ſhewn, in Art. 137, that — is, in 
the preſent aſe leſs than E =); and the greateſt value of * is greater than £ 


and the limis of the leaft value of x are o and 222 1 37 , thoſe of 155 
2 ang 7 ; andthe of thi: 


middlemoſt value of x are 


4 £2" 
* ang 2 = 2. E. 7 


5 157. Ir 


greateſt value of x are 


fm} 


167. Ie 4 i 16 thin 222, md 7 is of ar werde Wenn 22h 
the leſſer value of x in the equation px* * — gf =r will be greater-than 
A but leſß chan 7, and may be of any intermediate magnitude 
between thoſe quantities and the greater value of x in that, equati ation, will be 


greater than K 97 but leſs than ELLE, and may be of any 
intermediate magnitude between thoſe quantities. - Therefore t the greater value 


of # "ih in this-caſe; be greater than 3 2, and the leſſer vnlus of u will be leſs 
than = : and the limits of the leffer A 1s a e — 148 2.44 and 
Cos £1.5 


thoſe is the greater 1 value of x are, 8 „ — 
2, E. J. * 7 f a f —_ ; TE . T's 324149 


158, Ir q is 66 than 222, ad ict . der tes dun 


2 Fo 44 A 2 . the leſſer vstue ef #* in the equation 


px 3 = # will be greater an 3, bur tefs than L ng 
may be of any intermediate | magnitude: between thoſe quantities 3- and the 
greater value of x in that equation vill be greater than -L tun lea. 
chan Ex and may be of any intermediate magnitude between thoſe 
quaritities. 1255 caſe, therefore, both the values of & ae greater" than 4 

and che Fair 7 the leſſer of thoſe values are E ? and 2 EY 3 and hol 


e 


* ang £4 JET] 2E. . 


* the greater. of thoſe values are 


139. Concerxnino _ Or S p =D x; ir wil — 
ſerve, that when 2 1 18 . the value of * is 1 X Bo A — <p for 
8 „„ — — 
if x is LIL . ve Hall have x? 2 . WE - x = 


WIDE x pr; p NL * * | = Auge — | | 
and conſequently x3'+ pz* = 12=$:463; x pF Lien = . | 


Therefore, if 7 is of any magnitude leſs than 2 =, the value of * will be En 
R : than 


1 44“ 


than = I» and may be of any magnitude leſs than that quantity 37 a if * 
. the value of x will be greater than 42, and may be 
of any magnitude greater than that quantity; chat i is, if r is leſs rr „ , the 


fimits of & will be e 40d 2 and if / is greater than , 2 "he nie 


of x will be + —_ —£ and an infinite magnitude. 


7 i "vi the equation e r the value of x 1 is tw greater "chi, 
2, and cherefore, d. Nies chan 2 7? and may e of. any. e greater 
thas P. . 

161. CoxckxxINe che equation p * = 5 or — 4. p =r, it- 
muſt be obſerved, that when x is equal to either 7 or £ * Yr the quan- 


tity piu ig . . For when = 4, ue have 8? =, and px? = 


A* = a, - and: conſequently p — x3 = 72 and when is = 


7 Fo er, or. Ax, we ſhall. have x? = . 


and p = — * 5; A conſequently: & x =: = It follows: 
therefore from EE and from Art. 1 10; that while + increas from o to 55 


the quantity px? — x3 will increaſe from o to 5 and while . inereaſes from 


- to 25 the quantity p — * will increaſe further from . to * here: 
this quantity. ceaſes to * ans begins to decreaſe; and. _ x increaſes- 
from 7 to — — ——= x p, or 77 . it. decreaſes from =— 25 10 K X and while 


x increafes from 2 Sr + ; to K it . further from = T to 0. Therefore, if” 
the quantity 8 or 7, is of any magnitude leſs than 2 = the leſſer value of 
x will be ſeſs than 2 7 and may be of any magnitude wy than that quantity; 


and the greater Tg of x will be greater than 1 1 but leſs than p, and* 
may be of any intermediate magnitude OY thoſe quantities: and if the 
quantity p — x3, or r, is greater than — E, but leſs than i, the leſſer value 


of * will be greater than £ Z, but leſs 3 me and may be by any intermediate. 
magnitude. 


, 


rn}. 


thoſe quantities: nn G vil We 


chan , 2 but leſs than Os and ng be of any intermediate magnitude 
Nabe thoſe quantities 15 a6 is, * 1 is leſs than £4 the limits of the leſſer 
value of x will be. o and. — and thoſe of che greater duo, will be ! 17 | 
and 2 and i if r is greater than 25 but les than , TY the Jimics of th Er 
value of x wil be £ and 5 and thoſe e of the gener vals 11 will be 5 and 


++ "SEL 
ja P » : p 
” L oy x % £7? - W . . 7 * 2A 
FAY | fie cy os 2 50 malt tal. dra ES 


* 4 


11062, Haxing: now Cot the: a of the fcond limits of the! 
ſeveral roots of all the equations of the firſt and ſecond forms, and ſhewn their 


relations 10 . and having thereby prepared theſe equations for their reduction, 


or tranaformation, into equations of the third form, by the extermination of 


their ſecond term, in the manner deſcribed in Art. 116, we now proceed to 
Pee thofe « exterminati ” hi Rate we Bet an end to 20 . — | 


„ : 
— 73 144 210 * 


LS. % 7 


| 0 H A P. NV. 78 | 
163. Fos exterminate >the: ſecond term of che equation ab pw * en 
We. muſt ſuppoſe * to be = = — 42: „ which, tis evident, is. a ſup-; 


poſi 862 that mnſt always be poſſible ; becauſe, whatever be the magnitude of 
& another quantity, as 5, may always be taken, that is ſo much. or. ſo little 


greater than =, E, that their difference may be equal to x; Now, by ſubſtituting, 


the-quantity „2 L inſtead of x in the equation x3 + px T w= =, 1 we. ſhall 
transform it-into the 2255 ene to wit. 


338 * | 1 2110 Tl 5 ; 
kn robs 2 * ＋ 25 ＋ 1 
b 1 2 mY . | 3. | a 


the cube and the cimple power of 7 4 are © involved: 


164. THar. the properties. of this transformed equation are — con 
ſiſtent with thoſe of the original equation x3 + ad equa * Dr, from which it: 
was derived, will eaſiſy 1 by tranſpoſing all the known terms of the 


transformed equation to the. ſame ſide, and comparing them with the equa- 
tions: 


L 126 ] 


tions 40 4. yh 45 d, and ey -= d. crplainde? d C b. XII. 
and 8 by means of che relations of the ſeveral known terms 


2, , and 7, to each WT, the exact Bis, of the 1 We h in che 


following: manner. | 
In the firſt place, If qi is leſs than =Z* 222 and conſequently 22 than 2 ps * 


1 7 


is leſs than ZE — 22, add 22 2 to » both bass ef ih! transformed equation, and 


e +22 = +7; and fince 9+ gy is leſs than 
33 +gy += 22 OL, or 3 the 5 of y3 + 4 and the exceſs of above 
25 ede other de of dhe equation, fubtra& 28 both 


7 £1 4% 


— — 


daes, and we ſhall have = : EU — 2 — . — +7, or 52 — * A= 
e, ail, fince x een 32th, and conſequently 


than the other. fide of the equation, ſubtradt 3 it 3 * both ace and we.ſhall. 
have 1 x y —7 „ or, putting 1 == c, 5 


= == —H_ , which is an equation of the ſame form with cy 3 = < 
cdl of thoſe in Art. 211, and therefore, «an r14, has toi roots; 


. er rl 
whereof the leſſer will be leſs than , 1 or — — IG * =o, or. -_ and 


the greater is greater chan 75 7 or 2 — TH but leſs than Vo, or N 
D a 


Theſe would be the limits of he roots of e, b 2 


BY | a if the A 75 of: it, to wit, 9 — 7, could be 


or 


Ma- to no other limits Wt thoſe of 1 . 4 He hs equation 
cy —y93 =d in Art. 114, which, it-was there — may be of any magni- 


tude between o and LIES but the quantity 2 — fo r 1s confined to leſs 
extenſive limits; for this quantity is evidently leaſt wheh'r is elk, and 
Sreateſt hen is leaſt : that is, it is leaſt when r e hr N 


when r is So; in the former of. which. caſey it, . and i in the latter =, 
1 =; : conſequently che limits of the magnitude of the quantity +: We = 


27 
e 


are b ade, wl back if K 28 22 2 2 EET — 
he k HE. che Lauer part uf TRI Jo ite ulld kale of Re art 
propofirion contained in Art. 1 36. It follows therefore, that the exact limits 


of thb-roors of ü the equation cy —=# 1 STC r are thoſe 5 of che | 
quantity; 9 W iel F mak the” gulntity 3 k either td & or > WH 


Now, when gorge is = ©, the leſſer value . E's. and” av — 
value of y * _ or BEER or. 3 7 3 and 5 cy — 5 or 


IL 5 F - 14 * — A | — 
| tru een is = i, the ie luc af 16 = LE Ez 


n f fe F - COTE => þ 4 70. 
and the greater v value of is = va For if 5 is = - EZ — =, we ſhall 
* 2 —— 


have y# — 2 = — 225 SE | 


. e r — a . , 2; — 2 * Bins 


'3£2 ef * 17 


n bf ert —B / Tus e e 
216 ;- 
4 'Þ f ä 4 


| 82364 71 5 r. And if y is- 
9 — ſhall have 55 =2, 22 2 2 5 ley 5 97 4 — 
e ee he” "Tone en ls 
of che leſſer eis the equation c pyrauyp == — - r are 


6 anlf 221 ,, and the eact limits of the greater Ale or, 8 


equation are? 7 uc . Put the leſter of cheſe values 5 can have no 


relation to the determination of the value of x in the , * ＋ PN 2X 
= 7, hecauſe it was ſuppoſed at firſt that y is greater than * > and their dif- 
ference equal to x; therefore the greater of theſe values is that which is here 


to be conſidered. And of this value of q we have ſhewn the limits to be f and 
— therefore the limits) of 91— £ 7» or x, are (22, or) o and 


s agrerabiy to che detorminations-of Art. 128. itil 


Ae I 4 is der wen gf, 0 . ao conequndy If than F. and rs = 
ff 3 it follows, from the foregolng-de terminat ee ae eee 
equation eeuc 0,8 cont tg 6 = 7 | 
| or VHS 97 1 or c, a " 
which agrees with Art. 11. „ ut 

3uly, If q is leg than 222, and conſequently £2 than 2 , and 7 is greater 
than == — i, ſubtra& = % frm bk gde of the deen eve. 
tion y3 2 77 IS — . =, and we ſhall have +9 2 
e on i we pur ESL a Er, 


which is an equation of the ſame * with 55 f d, or We af of | 
thoſe in Art. 111, and therefore, by Art. 113, has only one root, and this 


one root will be greater than Vc. or LW, «© or COTEITE | Moreover, 
becauſe the value of 9 in this 8 iS Katt when the quantity 575 c, or 

its equal the quantity rH ns IO is leaſt, that is, when is leaſt, or is = 
= — At which ane che dude 14 Lis =6, and Conſequently 
the quantity en is =0, and y = = oC or . N follows chat 


the quantity y may be of any magnitude greater than l how great or 
how ſmall ſoever the difference may be; that is, the limits of the value of y 


17 Ong Kang 


are Lan _ and an infinite magnitude; and N the limits of the 


value of y Is or x, are — | * —— ? and an inflalis- magnitude, agree- 
-ably to Art. 118. Ho x el 
4thly, If q is = TY and conſequently. g is = 25 and 27 47 =0, 


and 11 17 W = 2 — L) =, the transformed, equation 
* 7 — 7 2 75 E x. deres from the equation x3 . P A x 


=-r, by ubſtieuring 17 in its terms inſtead of x, will be converted into 


the following, to wit, 1 = r, or, if we put * „ — r | 
which 


3 | 


88 

which equation of form with the 

1 | Toe in Art , and Mr Di 18 a ase g = 
one root e be greater than J or Z. And, becauſe'7 13 
unlimited in the ſame een the value of 
y in the equation 55 — £5 = may be of any tnagnitude greater than 7c, or 
how grear or how ſmall ſoever the difference may ene ee 
aun FR wry and an WA ite me * We 

ite fn aH ede, ee they e 

Sthly, If 7 is greater than 222 25 bor le than 22, ee 
greater than 2g, and, fene, pr is greater than f, add Ef to both 


ſides of the transformed equation y3 + g — 2 ＋ t * 1 and we 
| Sire) 5 


den have . +99 .f D , and fines g led han v 
and conſequently than the other kide of 1 equation, ſubtract it from- both 
fades, and we ſhall have y7 + gp EP =p + 2 —IN, org if we pot | 
=, == 5+ A , which is an equation of the le, bed Pi 
„ 2A or the ſecond of thoſe in Art. 117, and therefore 1 one 


root; and this one root will be greater than ve or 2 But this is 


| not the erat limit of the value of y, becauſe the abſolute term rofl 2 
cannot ever be equal to o, or lefs than GL 22 for the quantity 25 27 
. that is, A 11 =, as hl 192 — 45: 
is 4 — but when „ ＋ 1 — 2. or 55 — cy, or y3 + =, * 


3 22, S ve f for it yis=t, we ſhall have n = 2%, 20 


ET lev! tv. 
3 
=, &= =£ =, e- . n 


limits of the pk i are 1 and an infinite e and conſequently the 
exact limits of the value 474 or x, are 3— Z, or) o, and an. infinite: 
magnitude; as, tis acts they ought to be, 


— 


e "that 2 in che ere Caſe greater 


” = 
£1 tA iy” ot as ſt — 118 


eee to. che foregoing reaſonings, | has been \ pron in Art. rt, x 10 
Sky. eh nao in be S e ner Wan e "a and, * armen, au will 


dete, . e 4 | 
Dr, will, by Kult ding ff to: beth ſides, and then ſubtiacting . li 
both ſides, be reduced to) — aquation, to wit, 93 er. 
* (becauſe 7 Plis=Exg = lade, e, ane W a 


205 415 25 9 7 = 2 1 . Cont is = E EZ MAR. 
4 11 1155 


Nx - 7» © or *, = V/ . > , agreeably to the determinations in Art, 118, 


Ithly. If 2 is 7 than 2. kong CE. and conſequently : and, 2 fortori 7 7 7 
is greater than +, add 5 Z to both ſides of th transformed equation 
Bt =P ++ =", tre ll ines + K. 
wb if; and dae 25 from both ſides, we ſhall have y3 FL 
ppt , or, putting For HAD, ee 57 


Which is an equation of the ſame form with the equation y* ＋ cy = 4 or the 
firſt of thoſe in Art. 111, and therefore will have only one root. "The exact 


limit of this root may be e by conſidering, that the value of 2,48 Jeaft 
when y3 ＋ , or, its equal, r + — Fr is leaſt, that is, when r is = 0, 


and conſequently v r+U—E, uh ona LEY but when g: ce, 


or 53 4 is * the value of y is 1 for if y is = =, 1 we 


ſhall. have y* => NN 1 = ans. conſequently 


» +92 62 — 2 1 6 . —— 9 therefore 55 is the leaſt poſ- 


ſible value of 3 in the . y 3 þ gy _t2 £2 = rol 5 And tis 
evident this quantity may be of any ern greater than £ 7 how great 


ſoever. Therefore the limits of the. value of in this equation an Ln and an 
A | infinite 


- 131 
ite highs "kt confines limits Ke of 
* in the equation $1 + g EN N A or) 6 and! an nba - 


* 4s, tis evident, they ought to be. 
Ta ke 480 he eu en . the teri of the f 


Ban nn es length, to ſfew the bility and fe Roh 1 25 | 
that have been taken. For dee de being 6 either additions or 
© tractions of certain quantities to, or from, both ſides of an equation, 


att not always poffible 3 bat only; when — 6c are added to-both 
fides of the equation; or, if they are ſubtracted from them, when they 
ate tefs Und b pun toda ln hat 1- The fame 


lacs PALIT in the N ey, ACE me 


«a5 24 7 


we e muſt ſuppoſe x tf be ab to E + » or 12 — Ip = according : as it is OR 
or leſs than 2 = | Now, it was Pol! in Art. = * when 7 is greater than. 
11 + =, ben the values of :x are greater, than 3 „ and when r is leſs than: 
= 555 „ the leſſer value of x is leſs and the 1 value of x is greater than. 


— 


L Therefore when 7 is greater than — 74 A — 2 we muſt ſuppoſe each of the 
values ny x to. > be » ns to 2 and when r is 1 Zh hy 25 „ we muſt 


143 7 


44 5. W R 74 in the ern ofthe quan 4 rr 
* inſtead. of x, we ſhall transform it into | 


Ok: Bs 
+2 7 + — ＋ 
„ 25 — 22 2 en :h3 
only the abun the ample power of y are involved: and, hy ſubſtituting: 
71 — y in the ſame equation inſtead of 8 we ſhall transform It. i into . 


Dr, in Which 


2 — 75 

1 h 5-5 
13 22 ＋ gf ö 
Ep 2 D 


budy the cub cube and the ſimple * y are involved. 
1 166. Ip 


WEE rr rere 


[ 132 ] 
166. Ir r bs greater chan % ++, ſuberact rte from of the 


former of. theſe equations, _—_ ſhall e ＋ — y3. fm 9— mp 


which is an equation of the ſame. form with che equation .c 2555 72 = 
third of thoſe in Art, 411, and theref refore hack roots. The: exact 55 of 
theſe roots may be thus determined: th er value of y in the qyation | 


2 gy . is leaſt, 20 the greater baue of y'is greateſt 
5 . or, its equal, ro, is leaft, that 
18, e or is = = +2, and, conſequently ee = i is =0; 
but when ry — . 0 br. n the le Mor of y is 


29. and che EEE: 525 of ” = _ 1 7 97; therefore the 
leaſt magnitude of the leſſer value of y is o, and che greateſt magnitude of the 


greater value of y is — Yapptog Again, the leſſer value of y in the equation 
-_ ＋ 425 —5 * 1 a — Sy greateſt, and the greater value of y is kel. 
when the quantity 7 — ng n greateſt, that is, when 7 is greateſt, or (by 
Art. 89.) is = 2 25 e A, and imap — 4 —25 
„e but when rH EL, or | =. is = 
22 1 . each of the values of y = HE, by Art. Iz 
— 39 2 þ* 26 +697 69 X LET 


becauſe, 1 1 yy" q, or © „be put S c, the quantity 


or —— = EVE, will be- 3 | Tie nbd "os 


N17 4 of the leſſer value of y, and the aft Ks magnitude of the greater value of 


y, are each of them = LEST Therefore the limits of the leſſer value of 


& 4s Ro L, and thoſe of the greater value of y are — and 


y are o and 


. ay the limits of the leſſer value of + , or x, are 


6 or) 2 ang ELLE A; and thoſe of the greater _ of ? +, or 
* L, agreeably to Art. 119. 


x, are 


167. Ie. 


[ 133 ] 

r, Ii leg than 2 += add y3 to both ſides of the fiſt of the fore- 
going equations, 10 wit, UpL 4 +E—a =, and it will be 
4 7 2 ＋ 27 pes — be 2 1 %% les than 
er 4. 2 Z +22 + 99, and conſequently than the” -oppolice fide of the none 
tion, ſubtract it from both ſides, and we ſhall "have et . WE 


r ＋ =. laſtly, ſince 1 is leſs than 2 3 
than the other ſide of the equation, ſubtract it from both ſides, and we ſhall have 
75 — M HR * or, if we pot EEE = e, „ cy 


1 + = — op , 2 is 2 equation of the fame form with the ſecond of 


chold in in Art. 111, and therefore has only one root. The magnitude of this 
root is beer ea FR or, its equal, Of ＋ , is leaſt, that is, 


when r is greateſt, or 4 * = +D and conſequently ff 3 
and its magnitude is greateſt when Fe — -c y, or, its equal, 2“ TE _ ” is 
— that is, when r is leaſt, or is = 0, and {abt 57 422 = — 

2 +£ 2 but when 2f +27, or y3 — 6. ee 


„2 3 and whe f Lg., or cn, is = 22. 5 =, y is 


3 
— = tv Ore — as will appear upon trial: therefore the limits 2 the 
value 7, in the equation 52 — © — — 752 2 ＋ 2 — 7 on the ſuppoſitions 


ee — 0. . Kat 12 and 


made i in this article are 


2 + * L 1 —55 E, * conſequently the limits of L 2 * v, or the limits of x 


2 
in the equation gx + PN * =, we + YILEFS ang (EYE, 
agreeably to the determinations, of Art. 119, _ : CONF a2 


Note. As the Ta of 2 + — +329 inſtead 45 2 in | the 1 of 


the quantity 2 —2 2 . 99 is performed 1 in ea the ſame manner a as 


the ſubſtiration of — inſtead of 7 in, the terms of the dun 


\ 


© ; 1 Po _— . 


tity 


E +44 3 
E 9 —.— 25 —˙9˙ AR: the, 1 ars the Atittf PelfGribitice" ff ie 
2 * 15 U Re: bp, 8 1 . 
5 545 an of the fea er. Feten that San TIRE, _ = 
i} FTE 227 Bl 5 KS Nei 1 | 
. 2 ma 3 2 22 . 


EG 2, 
* 


R 1055 502 i 224.00; D $1; 8113 4 - 24 
4 42 e 3 E | 
— ar N 0 " us 71 E £47 


i 


168, jo 10 ret er the ſeton at try ee 


3 4 it St 005484 4 WIE 
wit, che equation 22 f. E 5 — gy. Fo, fs mult be uced, i in the 


following manner. Add 32 + 40 to both | des of ir. and. 4 ml Fade 


IR. E! : 
4 ＋ 45 4 2 47 a Pager is leſs than 4 2g . 
ad conſequently than the other ſide of the equation, ſubtract it + Ay, both ſides, 
and we that Fave 5 1. 25 = 4 i, laſtly, ye ys Je thin. 


Ps +5 5 and FAA. Bet, than the other fide of the emi, ſubtract it 
45 bork ſides, and we ſhall have 22 + 99. — —y = . SS — x, or, if 


we put £ ＋ 2, or 2 39 fo — = 24 2 2 — 5 . is an 
7 | TH 

equation of the ſame form with the equation cy — 75 = == d, or the third ey 

2 in Art. 1 12, and therefore has two roots, whereof the leſſer is leſs than 


5 A (or 5h TEST IL x *). or — 2 , and the greater is Freter than L 


or 2 but leſs than /e * LEST - '), or - 2D 27, The exact 

limits of theſe roots are thus determined : the leſſer value of 7 by the equation 

C2 +g -f = + E— 7 is feaſt, and the greiter val of in that 
3 


$4 Galt | J 10 


equation is greateſt | when the quantity 272 L&Fy'= 53, or, its SE The 
quantiry 2 * WL, is leaf that is, * r ir grerteſt, or b = +25, 
and conſequently 22 72 5 ri8=0; and the Heer er value'6f 5 W gere, 


32 — — — — — 


15 d 991 — 


and the greater — af y is leaſt when the 3 oY + 7y >: or 
21 + 2 —, is greateſt, that i is, when r is leaſt, or is. X and "conſequently 
Fr 4 1.895 c : | M : 

= ZE 2 +2 - ay l E Res nh or 0 95, s 


27 
— O, 


7 


= ater value =, 


= Ul dhe leaf value . s 

ood vans. e e . LP 21 * + Minot TD 1 r 

and when © T 7. w ler value olg u = and the 
. 6 3 11829 1 51 97 7 91601 „ . 181 


18 of; 12 27 


ater yalue of 
Bre e LIN EAT 7 17 9! 1918 a 7 att v * 2d and thoſe” gy 2 
Q Ole 
the, wm x ml Hes 29 f, the led 5 e e S 925 1 55 and 16972 of the gear 
977 + 369- 


Y 2 + 2 2 as will 17 upon trial: e 


value of y are LNA and LLEERT. E . 
rok cas dur 7 i. tn han . or d # bs Ef we u 


CTY -— — 


Kreger of | two yaſues'af y i in He le. N 

being greater * (L228, and, a fortiari, chan) can have 8 
0 Abe edusg n- 45. H. f gr. = nes e Wen Fond 
CCC 55 LN 
(£ . or) ee or) eee 0 0. 1 it = 0 585 


3 


169. To exterminate the. ſecopd term of the equation x3 — pat 45 = 
we muſt oppo £9 to be = - PT Js 3 ti 3 is = pyſſible 28 
tion; becauſe it appears by Ale 120 that x is greater than 2 2 By ſubſti- 
tuting £ bh 7 in the terms of this equation, inſteall of wy ve _ transform it 


# 43 -3 TTY + SOT 


- =7, i which on b only 


110 
1 ns 111 e 


che cube and the ſimple power 4 wiped Tt. Denon a gy 


x70. To determine the limits of © the value of 25 zin. 2 7 equatjony add 
= Ep un do ane and ye ſhall have 33 r- rank 


hich i is an eq gon of. the ſame form with the 3 1 — 9 


therefore hae? only one fodt. And tts ro6t is leaſt hen iche hf — 
* orf +2 d Kalt. chat. in, when f wlegſt 8710 Fier 


* 2 15 — 2 
bars d Gabe eck I = 2f SLE ; bur when = > +32 Fa” 


11. 4' 4 w _ ö 


1 — 3 2099 js 50 > Jie =, 


a 'T +36 1 
wel — a3 wn . 5685 4 77 all 1. f 


23 
. 


0 0 =: 


— * a add Enz 


trial: E the jt magnitude of y il + 25 D : And tis evident 


2818 
the value of 3. may be of any magnitude greater than 2+ A 2 E357 7 4 


ſmall or * how's great ſoever 1 difference n may be :" therefor 1 re che cr Han BT | 


che value of y are and an infinite dende y wit et- 


quently the exact limits of £ +3, © or of *, are E + +yY 924 + 357 (or 
242 5 £4 3v/ZE ER), e a and an 1 MSM 


\magnirude 3 agreeably tit. 1303) © 7 ES OB 2649 j ig Aide 


171. To exterminate the ſecond term of the equation 7* — PD * = 6 
we may ſuppoſe x to be = 253. as in Art. 163; and by ſubſtiruring y =" 5 
inſtead of x, in the terms of this equation, we ſhall transform i it into . 


1.9 
35 'T 2 —=£ 
— 22 T E Tay 


only HA cube and the fimple power of 7 are Fe 


172. Tis equation has two roots: for "T7 £f 2 4.20 25 to both ſides of 
it, we ſhall have = Xy —y3 = r +22 += = which i is an equation of 


the ſame form with the equation tp = d, or the third of thoſe in 


Art. 111, and therefore has two roots. The exact limits of f theſe roots are 
thus determined. The leſſer value of y in the equation „ 


== ++ 2 = is leaſt, and the greater greateſt, * the quantity 


£22 . or, its equal, the quantity r+ 01 +52 | is leaſt, that is 
when 7 is leaſt, or 10 and conſequently eli Win =t24-22 


but when yo+ 22 L. or EE xy —_ y3, w=tt +2, he we 


l. . e , as in Art. 168 


therefore 


[ 137 1 


«4% A EB 


Helo er laß n 6 be leer value c is 2, ad che gfeateſ 


asg 0. 12881 ＋ %s #573 £757 4 arti 80 Gal 
magritude” of the greater yalve of 3 * S de | * dhe leſſer 


valug-of & in the equation AN = 35 = 7 +: 27 22 is is proceſs and 
u DER — is g 
2 "= 


nnn W is Mob. 2 * quant 


a + 8 = C, Wy 3 18 = : 82 3 values of y will (by 


a I 14. ) be = J or r LI T39 25 —— 37 therefore the greateſt magnitude of che 
leſſer value of of fy, and the leaſt magnitude of the greater value of , are each of 
them equa] to PTE EIN F Therefore the exact limits of the leſſer value of 5 


DOURMSI 11 30 e199 tat h 


4 and E and thoſe of the greaer value of 5 ar are LEY ang 


Pg 


* 57 X. 17 =. AI the limits of the leſſer value f 2, ot 
of the ens of ia See; „%- en are ( — ee "hath 
o and * n n : and thoſe of the aflaree value pg or of the gr 


WENT An r 
3 


value of x in the ſame equation, are 


—? 
ror t ara #5by 2, art * al: 2 age 5 
At 5 i 
Mate. 


1 e ditortinetidiiiycod lad the ** 


which. is che greateſt magnitude that the greater value of q in the 7 25, 


* * rn” =o pi — Lc could have, 15 che quantity r + bs 1 


„Erb, could be = e. may be rhino, oa 


Git Nack, tis evident that the quantity 4 p ＋ 48 4 + 4845 is 
*; grate than 4 wo 12. 7 5: therefore 227 + 122 8 greater than 


a 0 E | P V 422 + 12 9, | 


L 138 
p NU Ff, and 4p. 24 than n Di d 


 92p + 36 than 3 ＋ 1224 4 22 Vip? * * conſequently 
' opp F369 ts greater than v/ 4p 129 + p, and 3 


than Vipp + I24, and F than 2 | 
1 2 9. N An kritik tie 
— 


G , 
| v 12pp + 369i is. greater than 4/9 pp + 369, and therefore, A. fortiari, 


greater than 5 357 2 therefore AD A =L is greater than 


Tan Lent i r 2LZEEY, CEE Hep tha 
e 2. E. D. 


17 3. To exterminate ee term of the equation ** * — gs = Ray 4 
we may 962 x to be = _ 55 as in Art. 163 and 171 3 and by n 
4 


tuting — 4 . of x, f in the t terms of this equation, we. ſhall transform 
; , 3 Fer? , $44 7% 


7 78 * 
* F 2 


it into 
„er of os TE 
Lopes 22 ＋5 =, or „, „„ n in which, only 
Lo + bl ms By i 


the cube and the fimple power of 9 are involved. 


174. Ir r is ef thi Ph 5 8 2+; qy to both (ex of thisequation 
and we ſhall have 3 42 4 | Ty © þ 275 and, ſince 53 is leſs than 
g3 + 22 + and n than the other ſide of the equation, ſubtract 
it from bo ſides, and we ſhall have — — $i {= + £2 — + gy —y3; laſtly, 
ſince r is leſs than — 2 * ? *, and conequently than the beer ſide of the £qua- 
tion, ſubtract it 2 both ſides, and we ſhall have £2 2 + ay + —_ = 


77 { += 22 „, which is an equation of the ſame form ali the equation 


51 = d, or the third of thoſe in Art. 111, and therefore has two 
roots, 


L390 

png cho leſſer is leſs than 2 and the greater js greater than 
2 dbu les than LIFE IE — 1 Cn ww ths 
Seien The leſſer moves che equation © tad h = = + = 2 — 
is leaſt, and the greater is duke, when che dad 22 + 23 "no Ab hy a 
n the quantity 24 += _— 7, is i is leaſt, that is, when 7. is greateſt, or is 


= +2, and conſequently Lf + = 7 is = os and the leſſer root of 
this? ena is greateſt, and the Selber root F. it is leaf when the quantity 


. e 7 is gredteſt, that is, When F is leit, br 15 S 6, and conſequently 
| 22-422 r . but when 29 . 2. = 75 en 


2% 2, 
is = 0, te lt vitae of yi =b, aaf te greater value of f "I 


7 and hegt E- r, or 2/.gy = Jhjvs — the leſſer value 
of yis =?, and the greater value of y is = "22 1 T, ad in Art: 168 


and 1725 therefor the exact limits of ws leſſer EE: 6 * are 0 and 75 and 
775 TEST 


the xa lime of the greater vidue — are 2 2 may and 
but it was ſuppoſed, in the preſent caſe, that y K . than , or bs x is 
= y — 75 conſequently the leſſer of the two values of y in the equation 


2 * — y3 = +2 = — x. being leſs than f, can have no relation to 
the equation x3 4 P * — = 3. == 5 and a need not be conſidered 
any further. It follows therefore, that the limits of y — 7. or of x, are 


2 36 7 . — .L , (or 222 Þ 2 — or * — 2). or 
of 

i and v3 XZ Z Ht '3 hy to the determinations of 

Art. bas. | 


"© za 5X 


the transformed equation y3 TY 4 u r, and we ſhall have 
T 3 2 


(foe © 5 
au 2 . whitht is an equationiof the Eine 1. 


the equation 53 — cy = NN or the ſecond of thoſe. in Art. 111, and theref 
has 8 6 one root. Now, "ts WR this root you be leaſt when, che quite | 


| 25 +236, eee, 9 2 27 wang amen ene, 


Oey is = o, y is = e ie es de ben kg 
2 EH 3 5 


9 


of the value of 3 * in che equaridn a "3 9 1 — 


31 Pb 7, 1199 


, 1 . 
Ie follows therefore, that the limits of 2, in chis caſes, N i an 
infinite magnitude, and ee the limits of * — 2 or w, are 


— ING — 2 and an infinite magnitude, agrecably, to Art. 122. 2 


176. To exterminate the ſecond term of che equation eb 
ve muſt ſuppoſe & i in ſome caſes to be equal to. Z C3 3 and in others to 
75 — 3, according to the different relations. of the quantities p, 4. andy, to 


each other. By ſubſtiruting ? * 7 inſtead of * in the equation x3 _ he + wry 
= 7, we ſhall transform it into 213 t6 ini a 873 
25 ＋ 1 þpy + 93 i 
— 5 = — r, or 


Ar 75 | | | 
Jubſtituting ? —y inflead of x inthe Game equation, we ſhall banken it in 


of which transformed equations only the cube. and the ſimple power of y are 
involved. 


. 2 * 
: Tf, & £7 
. 
$ 4 { 


177. Ir 


1 * 
. f . bg men . and ri la than ff 28 ſhewn. 
Art. 123 that x will be leſs than 2 „and therefore . 


5 In this caſe therefore, the r the foregoing eq 


whe equation f —2£ — gy + f n in chat which, we are to con- 
fider. Add therefore y3 +97 to Goth fides of this equation, and we ſhall have 


& f * + 933 and, fince 22 is leg than the ſum of ER 


3... F * 3 
and 24 5 — = and conſequently than the other fi of the re baba 


* 27 
ic from both fes. and we hall have kA 3. —L=rÞ5 +g3— 2, "laſtly, 


fince 7 is leſs than 2 — and conſequently than the other fide of the « equa- 


tiov, lebe it Fn bach ſides, and we . ſhall have * 2 


25 — r, which i is an equation of the fame form with the firſt of thoſe i in 
Art. 111, and therefore has only one root. Now, tis evident the magnitude 


of this root will be leaſt when the quantity * 5 , or. its equal, 
22 Wn is beat, that is, when 7 is greateſt, or i= res —=, and 
conſequently 2 45 5 — — — — 1 is. = Oz and the magnitude of this root is Steal 
* ＋ 9 -u bene. that is, when v is leaſt; or 
3 = 6, and conequenty f but when tf . 


rf + gy —t2, is o, yis=0; . 
vn err ho nun of the cee of 5 in N 
1 +932 = — £ —7 are o and £ 35 and conſequently the limits of 
- G- or) o and (how or) . n 20 A led. 


178. IF 7 is = 2 iT, 400 conſequently If — 2 is = 7 9 
2 = 


i lefs than ff — 26, or 25, the equation 97 + gy — = - To" 
obtained in the foregoing article will be converted into the following — 


wo wit, * 77 ; . Therefore y wilt te = # 5 —7, or 


L 242 ] 


and mee 3 — 7. of , will be = | | * 
Ait. a4. | M4 5 


* 


179. Ir 4 babe and f u gert den r 
in Art. 123, that x will bu greater than 5 and therefre may be ſuppoſed 
equal to ? . 5. In this caſe therefore, the transformed equation will be the 


feof that in An 176, to wit, y term i + Subtract 


. 


7 tas 75 — 1 | 1 —45 whith i is . Gln few with 
= firſt of thoſe in Art. 11 bs —_ therefore has only one root. Now, tis evi- 


dent the value of y in this equation is leaſt, when the quantity 547 y—. - 2 
or, its equal, the quantity r 2 25 _— 7, is leaſt, that | is, when r is . or 


— 1 conſequently 7 99 2 —5 is = 0; but when 7 nf 2 MY, 
or y + gy — 2, is = o, is = 0: ef follows therefore, that the limit of 


y in this W FE and o and an infinite magnitude; and conſequently the limits 
of = E + Is or x, are < - Z and an infinite dhe LE: agreeably to _ 12 3: | 


is — 21 


180. Ir 4 is . and conſequently 2a — is 5 and r is greater 
than ££ 1 — , or „the „e — 59 will be 


| 3 
converted into y* = x — - Therefore y will be =- * HM . or 


VIS_V<TZ — 
v — nl 1 or x, will be . E, n, to 


Art. 124. 
181. Ir q is leſs than " but greater than £ 25 and r Is greater chan 


2 me HEAD 2p" —69 SLND IF, it was ſhewn in Art. 127 that the 8 


3 27 7 
#3 — p + A= will have only one root, and that this one root will be 


greater than E it will therefore, a. /ortiori, be e greater than t, 
= 


| [13] 
and therefore mey be ſuppoſed equal wks. ae | 
—— is the firſt of b * . 


2 ＋ . 2 Now, fince r is greater than ff — DATES YL 15 
1 vil, a fertiori, be greater than 29 —3£,, eee te | 
both ſides of the equation,” and we ſhall have 38 4 1. +3 2 77 
or, putting *? —q = r —Y, DE 


the ſame form with the ſeeond of thoſe in Art. 111, and therefore has only one 
root. This root, *tis evident, will be leaſt when the quantity 35 — cy, or, its- 


equal, the quantity r + = is leaſt, that k. when 7 is lea, « or is 


= 2 — . and conſequently 7 T. 2 — E is = 


EE 2L but when 7 ＋ = =, or y3'— cy, or-, 
12 —. 59 XV? FEE, Js a, tr ity 6=2LDED, or- 
27 6 3 — p 5 4 
LETT FR mal have == 2 x76 
mo XML and 6s; that n 
10 ”_—_ nf 1 * 5 
— — — l — 


— Therefore 2 —.— Runs ps al We 
And *tis evident further, that, ſince x may beof any. magnitude greater than- 


2 3 22 X. — 1 
21 1 D LT ATTY, , and conſequently rF+ r 


4 ＋ 9 , —— — 


the quantity y may be of any magnitude greater thay 2.4, How great 
or how ſmall ſoever the difference may be; therefore the limits of the value of 
y, in this caſe, are 2 — 5 EE and an infinite magnitudes and conſequently 


the limits of the quantity 2 - ＋ . or x, are ars 24 S - — — and an infinite mags 


nitude, agreeably to Art. 127. 


[144] 


= =2L, ir appears from Art; 128 that che equation a5 


32K 2 
. 
r wilt have only ons root, and this one root will be leſs than, D3L 


It follows therefore, à fortiori, that this root will be leſs than 3, ne 
mey de ſuppoſed equat to ? —y. Ie this/cd/thetefors; dererauifeait equa 


don is the ſecond of thoſe in Art. 176, Vit Tl 2 „ 
r. To reduce this equation to one of the three forms in Art, 111, add 
5 +97 fo both ſides of it, and we ſhall have 27 — ee 


and ſince 2 js leſs than the ſum of © 2 25 , and conſequently than 
the other lide of the equation, ſubtract it from both 7 mtr wad att 8 
1 = =r+ B+ gy . laſtly, ſince 7 is leſs than 2 — 

Vo e, and therefore, 2 fortiori, than ff — and con- 


* 6. 


ſequently than the other ſide of the equation, ſubtract it from both ſides, and 7 
3 

we ſhall have yi ＋ gy — = K 3 or, putting © 717 =7 

2 — 9 4.1 which is an equation SPATE with the 

ſecond of thoſe in Art. 111, and therefore has only one root. Now this 

root, *tis Ab is greateſt when the quantity 35 — cy, ot, its equal, the 


quantity - 2 fs 27 —7, is greateſt, that is, when the quantity v is leaft, or is. 


. to 1 100 conſequently the quantity 2 — — — * or 3 — 19 == 
5 — 2 ebe 01 — 7 
l #.— COTE TY 
and conſequently the quantity 2 * mar or 5 — , is 


24: — . 1 . 
TH re 1 7 8 „ 


PE 2 eee e 45 WRC 


rt rr rrnrrnnn mmm 
5 2 — £2, -= N = 37 © 


7 


| . 145 g . 
value of y is == — 35, or 5 — eee we 


ſhall have 52 = ir XV ip 7 T1 _ 1 WED 127 
4" 4 ; 2 bo 7 
— 12 — 12 AP 
210 ESTES, ang £2. OLE e ant on 
wen pm 2m ee ee 


therefore £ 2 V A is the leaſt, and £ ; the greateſt, magnitude of the value 


of y; or — 8 B and 2 ape the Eee af the magnitude of y; conſequently 


| . or x, are r t= 
or) o, agreeably to the determinations of Art. 128. | 


183. Ir 4 is leſs than E, but greater than 22, IIS Slee 
2 N EET ? 
YE _ = F< but. 1 chan 22 —22, it appears by 
Art, 129 that the equation jo" — Þ * + qx = will have three roots; 
Hhereof the leaſt will be les than 2, and therefore, 2 fertiori, 


leſs than 5 and conſequently muſt be pet equal to > —y; 2nd the 
exiddlemoſt and greateſt will be greater than f, and therefore nauſt be ſuppoſed 2 


equal to 7 T. It follows therefore, inthe firſt place, that, to determine 
che leaſt value of x, we muſt conſider the ſecond of the transformed equations 


in Art. 176, to wit, the equation = 2 — - 236. Now, let 
179 be added to both ſides 1 equation, and i it will be 62 — 


r+33 +993 and ſince £2 is leſs chan the fum of £2 and 22 =, . 


quently than the other adde of the equation, ſuhtract it Ms hooks "Aides, and we 
ſhall have = 2E=r4533 - . and laſtly, ſince 7 is leſs than £1 — =, 


and conſequently than the other fide of the equation, ſubtradk i it from both 2 
and we ſhall have y3 + gy — — £2 = 7 — 7, Or, putting & _y = 6 


5 c = Le 25 r. which is an equation of the ſame form with the ſecond 


of thoſe in Art. 411. and therefore has only = root. The limits of this root 
8 may 


— 


. 146 ] 
may be thus determined : the magnitude of y in the equation 1 
LET is evidently greateſt when the quantity 5 — cg, or, is equal, 
the dals f, — 7, is greateſt, that is, when 7 is leaſt, or is = 
7 — 2 — * eee 22 —2Z —r, eic. 
is = EST ST, and the magnitude of y in that equation is evi- 
dently leaſt when. the quantity 5 — c, or ME, is leaft, that is, 


when 7 is greateſt or is = — 25 and conſequently £1 — ZE — x, or 


yi cy, is is=0: Ne ae +25 ARS: —— — 


7 is = I as was ſhewn in Art. .. 


=d, yis . e b 


— — 1 6 SLED , or the limits of the 


value of y are —.—. and 3 z and conſequently the limits of 


5 
eee e wat 2, agree- 


ably to Art. 129. 
2dly, The transformed equation for determining the middlemeſt and greateſt 


values of x is the firſt of thoſe in Art 256. to wit, y3 + gy — . — 4 
=. Ada £2 to borh des ofthis equation, and i will be £L— 22 4. 3 9 
2-4 and, becauſe y3 ＋ qy is leſs than the ſum of 53+ 99 and 


275 and conſequently than the other fide of the equation, ſubtract 


it from both ſides of the equation, and we ſhall have 24 — 2 = 


r + e =* laſtly, ſince r is leſs than 2 — L, en 
than the other fide of the equation, ſubtract ir from both ſides, and we ſhall 
have 2—9 — 75 = 3 u which is an equation of the fame form 


with the third of thoſe in Art 331, and therefore has two roots. The limits 
of theſe roots are thus determined. The leſſer value of y in — equation is 


leaſt, and the greater value of y is * when the quantity 2 = yy 
on 


[49]. 
ory its equal, rhe quantity 4% — Er is leaſt, that is, rl 


ok = ＋ — UL, and conſequently. the quantity . — . — r, or 
* 19 A | 
£2 — —1* „is =0; and the leſſer value of is greateſt, and the greater 
14 when the quantity £2 — gy — 9?, ar 5 is greateſt, that 

. * conſe- 


a, when e „„ 2 — , 
S 4 
* 8 =SrxVer=37 


Sent ey nol CER is = 0, 2 


ue et 6 = LIED, and when Cf — gy — yi is = DET 
27 


it appears by Art. 414, chat each of che values of y is e therefore 
the leaſt magnitude of the leſſer value of y ls o, and its greateſt magnitude is 
— and the leaſt magnitude of che greater value of y is L227, 
and its greateſt magnitude is 1257, that is, che limits of che leſſer value 


of O are 0 ang = and the of the rants lg es LO 
ana YEE, contoquady he Yeu of the tft alus of £4 5; oof 
— of 6, ave (£54, ay n and the 
nals of de greater valuo of £45, or of the greaelt yalue of », ce 
2+ HDL . agreedbly to Art. 129. 


| 184. Ir f is 1s chan C2, burigreater than ff. lr ge cent? . 


but les than £2 — —22 + ES —_—_ nene 
the equation :. =7 vill have three roots; whereof the leaſt will 
de leſs than £222 SHE, and ci SE and conſe-. 
quently may be ſuppoſed equal to : — yz and the middlemoſt will alſo be leſs 


an 5. — be ſuppoſed equal 10 2 — 73 and the grearſ 
U 2 will 


1 61 


| will be greater than 7, — £43 It will 


follow therefore, in the firſt It that the transformed equation by which the 
| leaſt and middlemoſt of tho rates are to be inveſtigated, is the ſecond of 


thoſe in Art. 176, to wit, Wl: 2 +12 ow ig) os 2 r. Now, becauſe 


on the pleſent ſuppoſition 15 — == is leſs than 7, and conſequently than the 
other ſide of this + rg ſubtract it from both ſides, and we ſhall have 


£2 —y—y =r + = — 47. which is an equation of the ſame form with 


the third of thoſe in Art. 11 1, and therefore has two roots. The limits of theſe 
roots are thus determined. The leſſer value of y . leit. and the greater is 


greateſt,” when. the quantity £2 — 40 — , or, its equal, the quantity 
1 + — = — is . chat i is, [when r is lepſt, or 1s 4 — 2. and con- 


: ſequent 17 ＋ — — 2 3 5 or 2 — 2 dt is = og N leſſer value of 
.F is greateſt, _ ah Wk leaſt, when the quantity ＋ — 25 — 35%, or 


28 — MM 2£ 
1 + r is * chat is, when 7 is greateſt, or is r 


—=7; 3 
. — —— „ and conſequently 7. .f — 7 or £2 — US 
is = — — — : but when f2=93 — 15 is-= o, 4 leſſer value of. 
y is S o, and the "BN e of. y = 2 4 and when £2 | — 9 _—, 
is == 74 1 , each of che values of y. is = by , as in.the 


laſt article: therefore the limits of the leſſer value of y are o and 2, 
and the limits of the greater value of y are . — and L — 7, andi 


conſequently the limits of the leſſer value of — 5 or of the leaſt value of *. 


2 Its =IT and £= — — 2 and th limits of che greater value of 
5 , or of the middlemoſt value of *, are — - 2 8 — — and 62 —-O, ox) 


71 ; agrecably to Art. 129. | | 
2dly, The transformed equation by which the greateſt value of a y to be 
determined is the firſt of — in Art. 176, to wit, 55. ＋ gy — 22 Ns 2 5 


f 


e "Now," on the preſent ſuppoſition £1 — 2£ is leſ than,#, us 
conſequently than the other {ide of this equation, ſubtra@ it from both ſides, EO 
and we ſhalt have N EH LI hb” of or, putting E —f = 6, 
— rob ech in an equation of che ſame — with the 


f ſecond of thoſe i Art. 431, and ref: bw go'p one root. The ii its of the : 
magnitude of this root may be thus hep The value of 3 y in 2 


re * 4 = ＋ 85 E Wi gy eee. when the quantity j c uri 8 


is equal, the quanity ..- — in greateſt,” that is, _— 
or 2 k. => - L, and conſequently 7 27 


3 5 
— Agot 263 5i > 2 25 uch 27. „ e 
or 93 , or + 22 . — . and — . 


mein N al 4 1 53 141 «mm © w 3 33 9 | 
2 in that eee, is eaſt When the N 2 — — is leaſt, that is, i 
+ Nth 


Then 7 is teaff, or is = = if — —, and CT SORE n += 2 — el or 
2 27 27 
Eg — 2, r der vue. t. pr ne che vale of is 
: 2 7 


24 41 op *r 3 ; 2 1 7 

Zo te 7 7 ER es „ , the 
CE 8 Kee : b 

Sr . * 2 = 7 ig Art 182 . 

ri is % aud, its, gfeateſt magnitude 


, that is, the a — oaks; value Rh are 
2 * EEE : <onfequently* the limit of the magnitude of 


ts. — 4 k Bi 31 * T? ET * 
3 0 : ＋ 9: re 1 ; 


155 ＋ , or & the greateſt, v value * * are.” = == fy = age, 12 3 
agreeably to Art. 129. : kd * You 

eil £05; — 29 . . baa fe $4 8 +3 iw 7 Bas role; 

185. Is 22 | 7 15 greater | , If appears by Art, 31 chat: 

the equation x - DT will have onl nly © one s root. will 


be great maß Se, and Merefore rrruſt be 2 all fe dende 
caſe therefore the trandfortried . 1561 to; wit, 
1 * * & 17 2 —_t RY - "I 1 TF r or 


#2 4+ boy =n. eee * follows d fertiori,. 
that: 


L 250 } 
hr 25 be leſs than 1; and conſequently than. the other fide of the es- 
ton; fubtraft therefore 285 from bbth'fides of the quation, and we all have = 


5 — = . which is an equation af the fame form with the ſecond 
of thoſe in Art. 1115 and therefore has cnly one row, This root, 8 
is leaft when the quantity 53 — £2, or, its equal, tlie quandtiey :. 786 £5 is 
ht, tht, wh 6 ad, rj fp at xnduuny = 
7 — 2 7 FE but when y* A. 55 for if 3 if = 
5 we hall have g3 5 =. K 1 = and conſe- | 
quendy o — © =2h —B =: cherefore © is the leaſt magnirude of 
Conſequently the limits of the magnitude of 5 are — maguirude, 
and the limits of? 37 9. or u, are 4 and an infinite magnitude, agreedbly « to 
Art. £31. | 

486. ie gin =, and v6 16 ha n AA 
equation x3 —pat bgu=n, or n E= will have three 
roots; whereof the leaſt will be left than . — aku be ahi 
equat to 2 — y;/aodiche dagen and greaſe will be greaer than 5. and 


therefore bene to £ . It follows therefore, — 
place, that the transformed equation, by which the leaſt of theſe roots is to be 
determined, is the ſecond of thoſe in Art. 176, to wit, ef -SE+£2 = gy = g8 


1 Now, let 57 be added to boch ſides of cht 
equation, and it will be 70 4 = =r+5; and, fince £2 is leſi than 
. +22, 194 conequnt tha th other ie of the equation, lub ie 
from both Get, and we all have £; = n ; and laſtly, Race 
2 


it from both fides, and we ſhall have y3 — 2 Zr, which is an equa- 
bes of the fume form with the ſecond of tho in Art, , 1 


1 tend 
only one root. This rave, dis evident, is leaſt when 25 — £2, or 18% — 1, 
is leaſt, chat is, when r is greateſt, or is = £5, and conſequently 5 —r is 
=0: but when £5. — r, or g. „ 0. N | 
„ therefore IL is the En magnitude of 5, Again, the magnitude 
— when g0—E2, or £2 —7, is greateſt, that is, when 7 is leaft, 
or is = 0, and conſequently £5 —r is tg: bet when E "or 
Lo 2, is = £5 1 » as was ſhewn. in Art. 18g: therefore the greateſt 
magnitude of y is 2. PUB UENS ES that the limits of the magnitude of 
ave L322 and £1 and conſequently the limits of 5. —5. or x, are (L— ?, 
or) o and 6—2— — 2. or) <p agrecadly to the determinations of 


Art. 132. 
2dly, The transformed equation by which the middlemeRt and greateſt roots 


of the equation x3 —px* + gx =, or x — t are to be de- 
termined, is the firſt of thoſe-in Art. 176, 0 wits . gg 2 K Uh 2. 
2 o yp —2 +£ = #. Now, ler £2 de added? to Both fide of this 


ei 


equation, and it will „ <a and, fince 52 is lefs than 
„Z- and conſequently than the ether fide of the equation, ſußtract it 
from both ſides, and we ſhall have £5 = + £2 — 33, laſtly, fince'r is lf 
than £, and conſequently than the other fide of the equation, fubtratt it from: 
both Se, and we ſhall have £2 — 95 = "2; — which. is an equation of 


the ſarne form with the third of thoſe in Art. $11, and therefore has two-roots.. 
The limits of theſe roots are thus determined. "The lefer value of y in rhis | 


equation leaſt, and the ger is Penk. when the quantry r v. or, 
7 the quantity 27 is leaſt, that is, when 7 is greateſt, or is = 
555 — Bi rs 0 . i on and the leſſer value of 


S& © 74 # + 


7.6 Sea. and the greater yale, of 4s leaſt when the quantity f = 7, 


or 


[ 132] 
of £. , is grenteſt; dit is, ven 122 — and conſequently 
Fred] or L =, is =: but when the quantity; u is, b, 
che leſſer value of n en and che. griater value en ; | 
brd, b d ee * in = 35 17 9 — 
* * = * A- It Blows from An-144 that, each of the two values of 
Dann — 22 5 therefore che leaſt mags; 
nitude of the leſſer value of y is eee and the 


leaſt magnitude of the greater value of y- is g. and ite greateſt magnitude is 
You that is, the limit of the magnitude of the. leſſer value of y are o and 

ned the limits of the magnitude of the greater value of y are 4 and Let; | 
va ne the limits of the ene of the leſſer value of; £ ay 3 or of the 


middlemoſt value of a, are 6 +o, or)! l +2, or) 25 and the ü 
of the es of the he value of 2 5 Y, or of the et value of x, 
ably to 7 "Y : 


t ry pV # 
F3 


187. Ir 4 is = 2h, and 5 is greater than £, | bur ls than, ic appear 


by Art. 132 that the equation x3 — p x +: 1 Fa; Of en eg: 
= . will have three roots; whereof the leaſt and 422 middlemoſt will be Jef 
than 7, and therefore muſt be ſuppoſed equal to : T=y; and che greateſt _ 


be 2 than g. and therefore muſt be ſuppoſed equal to 2 +3. It follows 


therefore, in the firſt lace, that the transformed equation, by which the lea 
and the middlemoſt of theſe roots are to be determined, is the 7 of thoſe 


in Art. 176, 1 to wit, —_ — — - —y=r, or 8 ＋ e. 


Now, ſince £ 2 is leſs 3 r, and conſequently than the cher ſide of the : equa 
| on, my it from both ws and we : ſhall have £7 my we _ 5 - Hh 


[ 133 ] 
and th has two roots, The limits of theſe roots are thus determined. 
The leſſer value of y in this CORNER is leaſt, and the greater value of y is 


greateſt, when che quantity ar , ors y is leaſt, chat is, when r is 

leaſt, or is = £:;, and conſequently r — 2% er 4 9, h =0; and the 
leſſer value of y is greateſt, and the greater leaſt, ben L — 3, e . 
is greateſt, that is, when 7 is greateſt, or is = ©, and conſequently r= 28g — 

or 2 , is (- — =) &: burarhin G2 is = 0, the leſſer 
„„ and when 

{2 x each of che values of y/is =, 85 was ſhewp in the pre- 


ceding article : therefore * leaſt magnitude of the ſeſſer value of y is o, and 
its i magnitude is 55 and the leaſt magnitude of the greater value of y 


is 2 and its greateſt magnitude is 2. that is, the limits of the magnitude 
of the leſſer value of y are o and A and the limits of the magnitude of the 
greater value of y are Z and L: conſequently the limits of the lefler ho 
of £ 3 or of the leaſt value of x, 1 — 2 2 or — or 
—— — 5 xf and 615 5 or f, or) 5 eee 
= of - — y, or of 5 middlemoſt value of x, are (- — 72 or) 6 2 a 


65 — 0, 23 25 3 agreeably to the determinations,of Art. 13 2. 

2dly, The e equation, by which the greateſt root of the l 
** . 4* r, or D e r, is to be determined, i 18 the 
firſt 5 thoſe 25 Art. 276, to wit, 55 xs 20 — £2 ＋ 7 — „ or 
93 — 2 þ 25 r. Now, ſince TAR is leſs than x, and conſequently than 
the es ide "of the equation, ſubtract it from both ſides, and we ſhall have 
„* 2 „z which is an equation of the ſame form with the ſecond 


of thoſe i in Art. 111, and therefore has only one root. The limits of this root 
are thus determined. The value of 4 in this equation is evidently greateſt 


when the quantity q — £2, or 7 £, * greet, that is, when lu groan, 
or 


[154] 
or is =£, and conſequently 2. or 55 —t2, = — ; and the yalge 
of y is leaſt when d leaſt, dons ho hey , and, 
conſequently 7 18 * but when 5 is 


= = = LEE, 2; and when 33 — E is = £, „ =£; for if y.is = 2, 


we ſhall have n = {== 75, and 4 = = x 7 = — tan 


108 12 108 
quently 55 — — 22 =. — — 2. = +: a the ld magnitude of y is 
E, and its e magnitude is 75 or the limits of the magnitude of y 


are L and e. Conſequently the limits of the magnitude of the value of 
- 1 or of the greateſt value of x, are ( + , or 5 _ L, or) 
: 15 2TY3, p and (+ +5 or) 2 2 ; n to the — of Arc I _ | 


188. Ir q is leſs than . 2 , but greater than 2P2 (and een — 1s greater 


chan .). ret 2 + 2 — „it RA 
Art. 134 that the equation x — "pas x4 ex ==1 wk have = one root, and 
this root will be greater than £ * and therefore muſt be ſuppoſed equal to * E + 5. 
The transformed equation therefore by which this root is to be determined is 


the firſt of thoſe in Art. 176, to wit, 5 £2 +2 — — 2 r. Now, 
fince 44 — 4% + = 1 is less than 7. it Tt a fartiori, 


that © — 2 alone will be leſs than 7, and conſequently than the other ſide 
of the equation; ſubtract it therefore from both ſides, and we ſhall have 
y3 + 99 2 == 7+ 71 or, putting LE —=q= = c, 55 —cy = 
r + 2P <9, which is an equation of the Gn form with the ſecond of 
thoſe in Art. 111, and therefore has only one root. This root, *tis evident, | 


is leaft when the quantity y3 — cy, or 1 + DA —, is leaſt, that is, when 7 is 
2 


257 
leaſt, or is = oy — 5 + of - 5 * 2 2 1 conſequently PEGS, 
or 55 — [1,707 74 2 + „„ — . . but when 


FEM 


Tags] 
522 ＋ 9 is S ** — nn 


2 — 39 


27 1 
in Art. 182: therefore the leaſt magnitude of y is —— e N 


evident that, becauſe 7 may be of any magnitude greater than Oo 7 


T I — 
4+ 2 2. L, „ may be of any magnitude greater than EY, 
therefore the limits of the magnitude of y are S223 L and an infinite mag- 
nitude ; and mn” the limits of the magnitude of £ ; + „. or «, are 


2+ YEE and an infinite magnitude, agreeably to Art. 156. 


189. Ir q is equal to, or leſs than, , 57 and conſequently 1 is equal to, 


| 12 | 3 1, 2p —boxVpp—zq . 
or leſs than, 27. and 7 is greater 45 43 2 ＋ it 


follows from Art. 134, that x will be = e as in the foregoing article, 
and the transformed equation will be 53 — 2 ay + 1 — 2 = r. Now, 
let 25 be added to both 8 of * equation, . we ſhall have 
e and, fince id is either equal to, or leſs than, 

. it will evidently be leſs 2 7 4 — and conſequently than the other ſide 
7 the equation 3 r it — from both ſides, and we ſhall have 


om - Z +gy=r += of AR 75 as in the faregoing : article; and conſequently, 
by repeating the very cms realonng as was there made uſe of, it will follow 


that the limits of the value of y are 2 - and an | ond: magnitude, and 


++ 2v?2—39 
3 


_ conſequently that the limits of the value of £ + y, or x, are 
and an infinite magnitude, agreeably to Art. 134. 


290. If q is leſs than £ but greater than <a (and . 4 is 


greater than — 27 =). and r is leſs than o 7 — 25 58 | a by Art. 148 x: 149 
that the equation x3 — px* + gx =r ' will have three roots; ar: the leaſt 


will be leſs than 5 and therefore muſt be ſuppoſed equal to 1— y; and the 
X 2 middlemoſt 


F w56 J 3 
— — 2; ae ties ena do ippales 
equat to:? + y. It follows a. co aig that- the transformed: 
equation, by which the Jeaſt of theſe roots is to be determined, is the ſecond 
of thoſe in. Art. 176, to wit, e — — — EE — 22 1. 2 let 


5 ＋ 45 be added to both: fides of this 0 and it will be £f — 27 2 pts 


= r TV and, fince £2 - 2 is leſs than:the ſum of £2 — 26, and. 
conſequently than the other ſide of the ee, ſubtract it from both Gdes, 
and we 3 5 have 2 — 2 =r +33 +93 —t2 _ laſtly, lince r is leſs than 
= —2£] and * oct than. the other ſide of the equation, ſubtract it 
from du: ſides, and we ſhall have 2 — 2 ＋ 25 = - or, 
putting © — q = - =HL —i2 — 7; which is an equation of the 
ſame fond with the ſecond of thoſe in Art. 111, and therefore has only one 
root. The limits of the magnitude of this root are thus determined. The 


value of y in this equation is leaſt when the quantity y% — cy, or i — 2 — 8. 


is leaſt, that is, when v is greateſt, or is = Hz, and — 
4 2 —7, or or 55 cy, or yõ — 22 + 25, is S o; and the value of y is. 
35 . the quantity 55 — cy, or y3- — 82 + 22. or © a Lo, . 
greateſt, - that is, when 7 is leaſt, or is = o, as 3 2 TIE. — . 


or y3 — EF: but when 5 Caine rh 

i, z and when v4 2 * 20 is. 24 — — „is = £, as was ſhewn: 
3 27 3 

in Art. 182: therefore the 4 magnitude 4 value of y is = £32 - . 

and its greateſt magnitude is 5 3 that is, the limits of the magnitude of the 


value of y are * N and „ and conſequently the limits of the magnitude 


of the value of * 1 or x, are ({?—2, or) o 1 agree 
ably to Art. 149. 
2dly, The transformed equation, by which the middlemoſt and greateſt 


values of x in the equation & — * EY = 7- are to be 9 is the 
firſt 


to both fer of this equation, and ir vii be 3 +a f x _ art 22. 


and, finee. 57 + 92 is eſs than the ſam of 53 + gy and ff > key 
quently than the. other ſide of the equation, ſubtract it. FR both ſides, and 
we ſhall have ff — 2 = =. laſtly, ſince r is leſ chan 


* ; \ 7. 


ty 1 —£, and 'confequenty than hi other ſide of the equation, ſabtract it 


15 both Udes, and we ſhall have * a 2 ee, which 


LY 

is an equation of the fame form with the third of thoſe in Art. 4213 and there- 
fore has two roots. The limits of theſe roots are thus determined. The leſſer 
of theſe values of y in this equation is leaſt, and the greater is greateſt, when. 


the quantity 2 — 9 35 „or, its equal, the quantity = EH — 22 — is 
leaſt, that is, when 7 is greateſt, or is = : * 27 i Wes conſequently 


| M22 5, 22 — 40 7 is o, and the leder won of y i is greateſt, 
and the greater leaſt, when £ 2 — 9 55 , elf omg is greateft, that 
is, when # is leaſt, or is =o, and conſequently Ur, or — gy 33, 


is = if — 27 bot when 2 —47. 1e 18 the lf value of 5 is = 0, 


and 45 Es value of y is = 2 T9 and ——_ 2 g9- —y3 is = 


Eo =, the leſſer value of y is = £22 —.— 4, and the OS you: 


3 

of. y is yer” £10 An 2 # ;. for if y is — „ we Gall have. 

1 aer 

„* EE 108þg— 9pp + 36 2. r 

2265 . 

287 — bt ae —. 27 * *. 2 , 2 Ks FEST: Pon —37 
5 Two 3 10 ö 
1 120 = 12 P N — 4 4 — 3 
— LY 92 = 367 ? and 25 = 1 =4./IEE . 
36pg — 369 v gp? = 36 22 6 
£1 Tv 57 . and conſequently 2 — 5 95 2 —_— — 
= — , and if y is = E we Mall have 35 = — 


FECT Www SES TT 92 WWE  WTT 
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7 5 


— 
— 


2 . 2 e Jpp — 367 x 922 — 7 x1 


E224. Te 


216 


ng hr = and gy =' 2 


216 


and conſequently £2 — 9 — 9 = EI = £2. Wencke = 


216, 
leaſt” magnitude. of the leffer value of y is ©, and its "reach magniti . 


125 =v922—= —.— ETN q and the leaſt magnitude. of the Sreater value of 5 is : 


2+ DIE: 36s, and! its greateſt magnitude is Lazgen 


a the . of che lefler value of re 0 and 2 "he 2 .. andthe 
o (EVITE 


” 0s . 


; that i is the limits 


4} 


Hates of the magnitude of the greater value of y are 
* . 
. 


of E I , or of the middlemoſt value of x, are (5 ＋o, or) © 
6 * 1 2 S —=365 or 2 Pn 


conſequently the limits of the magnitude of Fy leſſer value 


Or 1 6 Or —.— Yrs , 5 


Lg * 1 and the limits of the magnitude of the . value of * 2 +3, 


or of the greateſt value of x, are * ＋ EL CR . r. 9 ＋ OTE — 


2 . ., ar) ESD ad ET 


Fo agrecably to 
* 149. 


191. Ir q is leſs than 2 2 but greater than x and conſequently | 2 -% 


e than - 5 and 1 is — than i an” 1 bur? leſs than ＋— is 


wi 26. N 2, it appears by Art. 148 55 150 that the equation 


. 7 x* +.qx r will have three roots; whereof the leaft and the middle- 
ar will be leſs than 1 and therefore muſt be ſuppoſed equal 0 9. and 


the greateſt will be greater than . and therefore muſt be ſuppoſed equal to 


5 ＋ y. It follows therefore, in * firſt place, that the transformed equation, 
by which the leaſt and the R of — 2 = to be determined, 1s the 
55 ſince 


(259 ] 


ſince £L is leſs than . and canſedventiy chan the other dae of the equa 


tion, — from aan ſides, and! we ſhall, bare £2 — 5 = 


717 2. — — . ; ville B is fa equation 'of the ſame form d with the third of thoſe 


in Ao 111, "ind therefore has two roots. The limits of theſe'roots are thus 
determined. The leſſer. value of y in-this a is leaſt, and the greater 


greateſt, when 42 — gy — 5, or * = „ is deaſt, that is, when 7 is 
leaſt, or 5 1 2 =, and conlfiqueinly i EE , or k, or 2 — 9 1. 
is o; and che leſſer neg of y is greateſt,” and the greater leaſt, when 
e 00e 275 e ys is n FS 5 2 r e or 


2 
ee DT =Iz. eee . 


3 
the lefler value of y is = 0, and een 5 * ; and 


when 2 — 75 a ia — e , each of the two. values of y 


is 2 as in Art. 183 and 184: therefore. the. leaſt magnitude of the 
leſſer a of y is o, and its greateſt magnitude i is 2—＋, and the leaſt 
magnitude of the greater value of * is , and its greateſt magnitude 

L that is, the limics of the magnitude of the leſſer value of y are 
o and 22 , and the limits of the magnitude of che greater value of y are 


3 2 * 2: conſequently the limits of the magnitiide: of the 


3 
leſſer value of 3 — 9, or of the leaſt value of &, are * ang 


23 1 por £22, and the limits of the magnitude of the greater value of © 4 =). 


| ——— 
or of the middlemof value of 10 B08; ede and a 


agreeably to Art. 130. 
2dly, The transformed equation by which the greateſt value of x is to = 


determined, is the firſt of thoſe 1 in Art, 1 76, to wit, 5 SET 1 1. 17 . — 


i 


[ 160 
= Wow, fince ff £1, on de preſent ſuppotition leſs than 5, and 
conſsquenthy than t ie-otheri Rde of / tlie equation, ſubtract ic from. bon fides,. 
and we ſhall have 38 — 22+ gy = + Z , or, putting © —q=0 


A r 3-ths which is * ſame form vich the 


ſecond of thoſe in Att. 117, and cherefore has only one root. The limits ef 
this ront ure thus determined. The value af y in this equation is evidently 


leaſt when the quantity ? e. or, its equal, the quantity r yp _ pA, is 
leaft, that is, when 7 is leaſt, - and conſequently on * 

of 3 — c or 9 — 2 Þ+ 99, is is =0; and the yalue of y 6 greateſt whey 
„ + 93, or ny 2. — 24, is grearet, that is, when f TRY 
or is =21 — 22. 2 pa Par VS] 2, and conſequently «4 + _ 


e. * Ev En, but when 5 jb. 


So, „eee — £2 +27 6 =D SEES 
C] H AE as was ſhewn in Art. 182: therefore the leaſt T 


that is, the . 43 are 2 2 | 


TT the limits of the magnitude of 2 7 +, or of the greateſt value of 
ae 3322 =97 att! . 


* Art. 150. 


; agrocably to the determinations 


193. 17 f is l, and v is of any magnitude lefs than 57 75 , it appears 


by Art. 132 and 153 that the equation x3 D 44K =, or x3 —˖ 
r, will have three roots; whereof the leaſt _ the middlemoſt will be leſs ® 
7, and therefore muſt: be ſuppoſed equal to 2 3 and che greateſt will be 


1 than 2, 75 and therefore muſt be ſuppoſed equal to + y. It follows 


therefore, in the firſt place, that the transformed equation by which the leaſt 
ant the middlemoſt of theſe roots are to be detgrmined is the ſecond of thoſe 
in 


I 1611 
in Art. 1565 to wit, 2 nr 11 4e FIT Get 
22, and 3 a ==/oy a 4 15 


£m 2 — 227 65 £2. 8 e 
fs FLAP "hc! the third of 1 in Art. 111, and therefore has 


to roots. 
The limits of theſe roots are thus determined. The leſſer value of y in this 
equation is leaſt, and the greater value of is greateſt,” hen the quantity 


2-55 or, its equal, the quantity r, is leaſt, that is, when 7 is == 0, and 
. conſequently £2 — 93 is = 03 and the leder value of y is greateſt, and the 


| „ when £2 —g3 or r. is greateſt, that is, when ris = gg. 
PP but when n is o, the lefler 
value of 9: dn ne n= and when £2 — 93 is 


= 87 5. , it follows from Art. 114 that each of the two values en will be = 
27 0 therefore the leaft magnitude of the leſſer value of 7 is o, and its 


greateſt magnitude 1 is 18 z and the leaſt magnitude of the greater value of y 


is 7 and its greateſt PR is t that is, the limits of the magnitude 
of we leder value of. fy are 0 and — Fra) "ana the Net imirs of the magnitude of the 
greater value of , are 7555 and! 7 25 conſequently the limics of the magnitude 
of the leſſer value of? er. =), or of the leaſt yalue of . are (2- — 7 or) o and 
8 3 725 or nt — ts Foot or ) 79 x2z and the limits of the magnt- 
rude of the 2 2 of 2 5, or of the middlemöfk valle of x, ate 


*. and 15 —0, or) 3. agreay a th n 


J 


| p70 2 

$- 3 175 - or) 2 3 3 3: 

tions of Art. 1 /; et 
adly, The transformed equation bsc the great W of x is to os 


determined, is the firſt of thoſe in Art. 176, to wit, 35 — = 22 2 +4 +22 — 
rx, or 53 — 55 Dr; which is an equation of che 55 form wich as . 


cond of thoſe in bn. 111, and therefore has only one root. The limits of 


this root are-thus * The * of y in this equatjon is Tot 
Wnen 


C262 0 


ten che get 50 — 22, , i its equal, the quantity #, ib laſt, hat ts, 
when 7 16 S enen * is =0z and the magninade 9 
15 gry wha — eee en N. char is, v ben r.i5 = 
in MN 5 r — N 2 5 * 5 for if y s N 
n , 24 ne- = 
—— n 8 
> 4 2 4 N 244 WI, 
mor and Sequently 93 nn = = * V4. =; / dee the 
leaſt magritride'6F'y is 45 and he RG magnituce 1d . * 4 
of die tnagnitufte of 5 = Za 2; — the bud er de gn 
tude of 5 +5, @ Urte rad vie df >" we {2 +?, or) Tons 1 . 


3 
e Fer e vs a. 55 


wh 


193. * 9 is lf than 222 1 conſequently 2 27 22 f is ; leſs chan 22. 25). and' r is 


of any magnitude leſs = 7 — 5 ＋ * r ee 24, it appears * 


Art. 156 and 156 that Fits equation x3 - + Dr will have three 
roots; whereof the leaſt and the middlemoſt will be leſs than Z * therefo A 


muſt be ſuppoſed equal to 2 2 3; ; and the greateſt will be greater than 2 c 35 and 


therefore muſt de le equal to: ＋ y. It follows therefore, in Fs firſt 


place, that the transformed equation, y which the Tealt and the middlemoſt 
of theſe roots are to be determined, is the ſecond of thoſe in Art. 156, to wit, 


a -r Now, let 2 be added oo both ſides of this 
wen and it wil be H= 4 DB, and, aner BY is Jef 
chan E, and therefore, ; Fertiori, leſs than + þ- 11 Wis eohleytently than 
the da ide of the * fubtract it From both Ades, and we thall have 
Og eyp =r+p£ if, which is an equation of the ſame form with 


3 
the third of thoſe in __ 111, and therefore has two roots. The limits ef 


theſe roots are thus ard The leſter value of is leaſt, and . 
value 


© [6a * A 
A en great, when th anti — 97 Pres ub, the, 


quantity = 35 = {7 , is leaſt, that is, whine 6 but or iy =, and con- 


ſequently- the quantity r+ 22 25 ol2 —g3 gb, IG 
and the leſſer value oF 5 a and the greater value of J 


10 880 * nb in greateſt, that is, wheo, 3.18 gp ” 
1.) And b, and conſequently r ＋. 25 — 1 "6p 


f2 — Tou is = — ES, but when f jo ** 
9 24. the leſſer value of „ is . : and the greater 
Moy E | > 4 
value. «3 is 2 ; for if y is = j 4 2, w we ſhall nk, * = 
92p — 3f 1 3 — 28 108279 — 22. 92 6 


N 2 put "367 = 2g + , 2 = 22 FFF V7 * 


. eee nd 94 = => 1 
wav ee and conſtquentiy + 2 9 = es 
= 3 4a nia ſer þ. ns ha hrs hem =) ov 1 
75 34, 4nd 4 . and cunſequently © Sama (Se 
nt ood ain {=o i; ii appeays. 
by Art. 1 14 that each of the valueg of — therefore the leaſt 
magnitude of the leffer value of » is L rente 
mrude is L229, and the leaſt magnitade. of the greater value: of 2 U 
VEST. ant is grant ee eo 
tude of the leſſer value of e ED Thee! wa LEED, ant he lan. 


of the magaitude of the greater value of are * Tur conſequently 
thc limits of the, lefles value. of 5 c, erer ha us af rl 


or) 


or) 0 and —— 7, and 15 limits of 4. greater value of * 
of the middlemoſt value of * ant L TEM and „ 


E i 


agrecably 1 to * 1 of wh I wha ty | 
"2dly, The transformed equation, by which the ent value of x is to be 


determined. is the firſt of thoſe in Art. 176, to wit, 51 — e N 
r. 42 = to both ſides of this equation, and ic will be 22 — pA 42) + * 
=r +=; AY ſince E is leſs than , and therefore, 2 fort, leſs than 
r + if, la 3 chan the other ſide of the equation, ſubrradt it from 


both ide and we ſhall have y3 — +9 =r+ ME 7 which is an 


equation of the ſame form with the ſecond of thoſe in Art. 11 1, and therefore 
has only one root. The limits of this _ are thus determined. The magni- 


tude of y is leaſt when the quantity y3 — 3 205 or, its equal, the quantity 
1 + 2 — . is leaſt, that is, e is 1 or is o, and conſequently 
r+ 4. or 55 — 22 ＋ 55, is 1 and the magnitude of y 
is greateſt when y3 — 2 4. 95. or ＋ 2 -.! | is greateſt; chat is, when 


7 is greateſt, or is 358 2 1 220 , and conſequently | 


3 3 — 6 * 
rb 9 5 2 +93, is = © e : but when 3 mY 
is , u is 2 ĩ —-309 ; for KH 4 , we 
JETT! . 

* 216 
eee, 22 = 22 


216 


— Eee vor 21; . * 


21 


6 369X492 — 3 pA 
3 24473 LE — 36 2; e 10 7 =p 
=, and when 55 — 2 ＋ 27 is= 2ppþ — —— „ ig 


1 wt 
37] a6 ene thien 1; in 1 : - therefore the leaſt magnitude of y 


3 . 
18 


2 
” 
. * 
- .- 1 0 
— ? 2 — 
2 
16 + 


VILE, ds ts re e * that 3 i, a" 
limits of oe ns f are — = 2 We * 1. conſe- 
quently the limits of the magnitade of £ +3, oro the ne oft, 
ae (2 + LE EH = {+ ED 1 
e 3 agreeabl to Art . 


* * 4 


Y 194. To exterminate the 8 term e = r, 
we muſt ſuppoſe x in ſome caſes to be equal to 5 ＋ y, and in others to 


£ — y, according to the different relations of « quantities p, q, and r, to 


4 By ſubſtituting £ + infead of , in the equa pub gra 
= 7, we ſhall transform it into * Vene bt. 


3 98 9 

5 ＋ +256 a 
. 27 3 =, 

3 19 FMS "3 Wo . nd, by 
ſubſtituting £ ZE — y inſtead of x in the fume equation. we ſhall Sen it into 

gs „ 

2 3 +22 | 2 2 $3 eee es 
„ Der, or 25 Dr: ch 


& Thc rransformed equations, 34 he beide d He erk bore ity we 
involved. | 2 ome ef OS : 3 
195. 15 7 is leſ than??, ? but greater than 2 (and — is greater 


| wan 22), nnd of ny ent ch * 
it appears by Art. 148 and 151 that 323 pot — Xx — pe Dr will 
have two roots, which will both be greater than 7 and therefore muſt be ſup- 


poſed equal to? 1 +3." Therefere 4. e by which theſe 
roots 


| L 
roots are to be determioed, is the firſt of the 
27 ———_—— == Sr. ow, let el — 


— 5 be added to = "OY 


Fa equation, and we mall have! x SE. "a 1 ＋ 2 — 22 1 


is an equation of the ſame form with the third of thoſe in Ark: 111, n 
fore has two roots. The limits of theſe roots are thus determined. The leſſer 


value of y in this equation is leaſt, and the greater r e . when 


the quantity 2 — $7 * or, its equal, the quantity r + fs n leaſt, 
that i is, when 7 is leaſt, or is = o, and conſequently the Hin +25 Ro 2. 


or # ov nd -q y— , 28 = = tf — = 3 and the leder value of 3 yin "ths equation 


219. it : i * 
is 1 and the greater value of FJ is leaſt, when the quantity 2 mans | y —, 
or rb HEL, is greateſt, that, i is, when r is greateſt, or is = —tt 


3x A: $5 
— 6 
a 25" — of —— 4, and conſequently 7 ＋ 4 * org. — 45 — 1 
ES A: : bur when 2 — —955 is = — 2 the leſſer 


value of y is = 2 . and * greater value of y is = EY Ir 


==; 
{ = 
as was ſhewn in Lee. 190; and when Z — Jy — — y3 is = D 


each of the two values of E will, by Al 114, be = — therefore the 


leaſt mad: of the leſſer value of 9 is (= or — — ? and its greateſt 


magnitude is 2. and the laſh magnitude of the greater value of * is 


„ . that is, the Umits 


of the magnitude of the leſſer value of y are = =LW% — — and 2 2 2 


and the limits of the magnitude of the greater value of y are — and 
24 Te conſequently the limits of the magnitude of the leſſer value 


OL: 
of J T. or. ol the leſſer value of x, are (5 + — — 2 


9fp — 35 bn ER =. EE a LEED, 


and 


Lay 

and the. 125 of the maghjrade of che gremer value of £ 2 | 
Frenter vilde of k, "ure eee 4. n 
1 eee eee COTS 
terminations of Art. 131. A N 45 

196. 1 geht (ade onſequently i is i is 

and r is of any magnitude leſs than; _ it appears by Art. 152, and 154 
that the equation. Pu- -- (om Grey or p. en will have 
tio #oots, Which witl boch be gester than 8, and cheresvre mlt de fippoled 
quits 24: 5; Therefore the 2 by wich theke robe ate 
l the firſt of thole in Art. 494, to wit, . 4+. 2 
29 ae 93 u, of (broauſe SE — WL is = o, E . is £ 4 


u x ; ene e e 


with the third of thoſe in Art. 141, and therefore has two roots. The limits 
of theſe roots are thus determined. The leſſer value of y in = 5 is 


leaſt, and the greater value of 7 is ; greateſt, when the quantity 2 - een 55, or, 
= equal, the 8 7 is leaft, chat is, when 7 s == So, and conſequently 
Gy | —y is =©0; an I'the lefter val of y is greateſt, and the greater is leaſt, 


wen e. or % in grad chat is, when r is = =, and conſe- 
Seesen 5 es bs = go: ee che leſſer val c of » 
bs . die greater Waste 35 and when 2 — 5e 1755 
it follows from Art. 114 chat each of = two values ae * 


therefore the leaſt magnitude of the leffer value of fy is o, and its S XY 


nitude is ow and the leaſt magnitude of the g greater value of y is ———- T7 Vn, and 
its greateſt pups is F ; chat is, the limits of the rhagnirude of the leſter 


value of y ate o and — 2, 5 and che limits Ku magnitude of the greater value 


3 are 5 a. — the Vmirs of the magnitude of the lefler 
; value 


I 68 
value of f 5, or of the leder value of x, are (£404.91) f and 6 a 


| 4 * 
e ö 


79. or of the greater value of «, are (+747 * 
4 or) 7; agrecably to the determinations of Art. £84 e an 


197. 1fqi is leſs than 222 (and atv ty n 


of any magnitude leſs than 21x, it appears by Art. 155 and 157 chat the 
ee, eee een 


leſs than £, and therefore muſt be ſuppoſed equal to 3 —. y and the greater 


will be greater than 4, and therefore muſt 1 equal to 3 F. t 


follows therefore, in the firſt place, that the transformed uation, by me 
the leſſer of theſe roots is to be determined, is the ſecond of thoſe in Art. 194, 


to wit, 2. — 21 — eee Now, let £2 be added to boch fle 
of this equation, and ie will be 2£ I =p + EZ, and, lee, 


' BF 97 is leſs than the ſum 4 and _ _ and conſequently than 
the other fide of the equation, ſubtract it from both ſides, and we ſhall have 
_ A = r +22 — gy — 3; laſtly, ſince 7 is leſs than 2 —?L, and 
conſequently than the other ſide of the equation, ſubtract it from bock fi ides, | 
and we ſhall have *Z * A which is an equation of 


the ſame form with the third of thoſe in Art. 111, and therefore has two roots. 
The limits of theſe roots are thus determined. The leſſer value of y in this 
equation is leaſt, and the greater value of y is greateſt, when the quantity 


22 -N. or, its equal, the quantity 37 — 2 ＋ n. that is, 
be r is gremeſt, or is equal 27 — * and confequertly 2£ wat y , be 
225 A, is o; and the leſſer value of y is greateſt and the greater 


is leaſt, when the quantity £7 £ — gy — I", or, its equal, the quantity 


_ fy, is S. 7 is, when r is leaſt, or is A and conſe- 


quently 27 — 7 — 7, or 25 —555 11 = = 2. — 55 : but when _ 
— 2 the leſſer value ot a = ©, and the greater value of y is 


—_— 


2 


[ x69 
E, and when 2 = 5 * is 47. — - 24, the bert v of 


7 is , and the greater value oe" is = 2 2, as was ſhewn in 
Art. 193: therefore the leaſt magnitude of the leſſer value of y is o, and its 
greateſt magnitude is —— — — z and gens. e a Sage greater: 


value of y is 7, and its Jn magnitude is Arn ; that is, the limits 
of the magnitude of the lefler value of y are o and VEE and the 
— ofthe gremer wake of 5 ae Land LIZESIT: but: 


it was ſuppoſed in the preſent caſe, that. y is leſs chan 2, 5 
Ly conſequently the greater of the two values of y in 5 foregoing tranſ- 


: a equation, being greater than E, can have no relation to the equation 
Px* - A - KM r, and therefore need _ be conſidered any further : con- 


ſequently the limits of the magnitude of 3 2 — yy, or of the leſſer value of x, 


= —— 22 2 — LDL = 
7 — and (5 0, or) =; agreeably to Art. 157. 


FE eg The transformed 3 by which the greater value of x is to be 


225 


determined, is the firſt of thoſe in Art. 194, to wit, F ff RT 2 —7 y —5 


= r. Add y3 + 49 to both ſides of this equation, and ir will be — 2 — 
Ef 172 =r +33 +qy; and, ſince 221 is leſs than the ſum of £2 and — 7 77 | 
and conſequently than the Were Gde of the 8 ſubtract it from both 
ſides, 3 we ſhall have - _ — = r + yi) —t2 A. 203 laſtly, ſince 7 is 


leſs than = nd — and 9 than the waer ſide of the equation, ſub- 


tract it "a 5 ſides, and we ſhall have y? — 2 5 


which is an equation of the ſame form with the Gone of thoſe in Art. 121, 
and therefore has only one root. The limits of this root are thus determined. 


The magnitude of y in this 5 is leaſt when the quantity y3 — * 70 


or, its equal, the quantity = 5 — x, is leaſt, that is, when 7 is greateſt, 
1 or 


[ 270 ] 

or is = 77 — 75 and confequently 2. — 7 —1 art . Fc 
and -the magnitude of y is greateſt ne is quantity * —£2 +192, or 

24 — „ is greateſt, that is, when r is leaſt, or 3 and 3 
e "5 f or v 2 ＋ ar inn tf: but when 33 — 52 
+ gy 1s = o, is = LL 22, — K 
5 = H=, as was ſhewn in Art. 193: therefore the leaſh mag 
nitude of y is VALE, and its greateſt magnitude is l — 
is, the limits of the magnitude of y are — and 22 


conſequently the limits of the magnitude of +, , or of the greater value of 


x, ate 33 7 and 2 * ＋ LOTT. PD 


1 Ea 5 A8. —— '; agreeably to Art. 267. 


198. Ir f is leſs than 2 (and conſequently E is leſs than -), ind + is 


greater than — . — but leſs than E + z pf NEED, 6 
appears by Art. 155 and 158, that the Rr we p 9 — * r will 


have two roots, which will both be greater than £ 5 and. therefore muſt be ſup- 
poſed equal to * TP 5. Therefore the transformed equation, by which theſe 


roots are to be 3 is the firſt 0 thoſe in Art. 194, to wit, — 2 — 27 4 


+22 2 9 — r. Now, ſince - = — 1 is here ſuppoſed to be ik than 
r, P. conſequently than N other ſide of che "I ſubtract it from both 


ades, and we ſhall have £2 7 — 75 — 5 =r ＋ — 2 


tion of the ſame form with the third of thoſe in Art. TIT, and therefore will 
have two roots. The limits of theſe roots are thus determined. The leſſer of 
the values of y in this equation is leaſt, and the greater is oa when. the 


quantity 72 — 5 — 53, or, its _— the quantity r += — E, is leaſt, 


3 Which is an equa- 


7, 
that is, Ws 55 is leaſt, or is = _ — and conſquendy r +* — 4 — 52. 


or 


or £2 = E 0; „ 
„Ang ür) K Eik, when £2 — 4 9, or 7 HL, is greateſt, chat is, 
when r is greateſt eee rer 
＋ 4 or ui, is = 1 1. but when 2 


— 95 5 is So, the leſſer value of y.is = 0, ud the gre rl of 


— — FEAT and when EZ — gy —18 is = — 59 — 7 it fol- 


lows from Art. 114 that each of the two valües of y will be = t 
therefore the leaſt magnitude of · the leſſer value of y is o, and its greateſt 


magnitude is LL —- M and the leaſt magnitude of the greater value of y is 
— and its gang magnitude is LILLY? & that is, the limits of the 


3 of the leſſer value of y are o and 2 and the limits of the 
2222— 27 
ry 


magnitude of the greater value of y are 2. —. and = : conſe- 


| quently the limits of the magnitude of the leſſer value of e 2 + , or of the leſſer 


value of x, are (5 + o, or) 2 ang (LEED A, ent nt fem 
nitude of the greater value 'of Z 8 3, or of the greater value of , 
and l agreeably to the determinations of 
Art. 158. 7 | 
199. To exterminate thy ſoopaed tran WER x3 ＋ px* = 7, we 
muſt ſuppoſe x to be equal toy ©, which is evidently, as has been before 


obſerved in Art. 163, a poſſible . and, — <5 ihe 
the terms ONS . we ſhall transform it into 


— py* * 322 2— 2 Fs | 
=, or y3 — LIE which only the 
EE 2. a 5 Es 
cube and the ſimple Mk of y are involved. 
| Ze 200. Ir 


— EC ———2[w 32 
5 


C12] 
200. Ir r is leſs than 25 2dd 22 to both ſides of this transformed q 12: 
tion, and we ſhall have y3 + 47 =r +* - and ſince y is leſs chan the ſum 
of yr and 2, and — than the other fide of the equation, ſubtract 


it from both $5 and.we ſhall have — = = * — n laſtiy, ſince # is: 
leſs than =, and conſequently than the other ſide of the equation, ſubtract i it 


from both ſides, and we ſhall have — 2 — y} = .- ods -7; Which is an equa- 


tion of the ſame form with the third-of thoſe in. Art. 111, and therefore will. 
have two roots. The limits of theſe roots are thus determined. The leſſer 
value of y in 4 equation is leaſt, and the greater value of y is greateſt, whien. 


tlie quantity ©2 — 3, or, its equal,. the quantity . r.. is leaft, that is, 


when 7 1s ates = 2 E, and conſequently 22 — r. or £2 — 55 is 


==03 __ co leſſer value of y is greateſt, and the greater is leaſt, when the 
quantity = £2 55, or 25 „, is greateſt, that is, when 7 is al or is o. 


and Was 2 — 7, or 75 —y3, is = = but when f - — —9 is is = 0, 


the leſſer value of 4 is So, and the greater 3 5 of y 8 == . ; and when 


2 | a 1 == =, it follows —— Art. 1 14 that each of the two values of 
71 = 4 : therefore the leaft magnitude of the leſſer value of y y is S o, and its 
„ magnitude is 1 and the leaſt magnitude of the greater value of y 


18 2 5. and its greateſt magnitude is +1 that is, the limits of the magnitude of 


Nb leſſer value of y are © and £ „and the limits of the magnitude of the greater 
value of y are * and : . the leſſer of theſe values of y can have no rela- 
tion to the determination of the value of x in the equation x3 ＋ p x* r, be- 
cauſe it was ſuppoſed at firſt that y is greater than Z, and their difference equal 
3 ; 
to x: therefore the greater. of theſe values is that. which is here »4, be. wah 
ſidered : and of this value of y we have ſhewn that its limits are - z and —- - "2 


n the limits of the value of Jo - or x, are 0 E 0 o and 


77 a Gy agreeably to Art. 159. 


15 


2 or == 2 is leſs han r, it will allb be leſs thaw 


* other ſide of the ana ik in Art. 199, . and/conſequently may 
be ſubtracted from both ſides; ſubtract it therefore from both ſides of 7 — 


equation, and we thall have E 22 2 = 2 which i is an equation of 


the ſame form with the ſecond of thoſe i in Art. 11 1, and therefore will have only 
one root. The limits of this root are thus determined: The magnitude of the value 


of y in 5 is evidently leaſt when the quantity y3— £2, or, its equal, 
the quantity 7 — 25 is leaſt, that is, when r is leaſt, *. and con- 
ſequently — . . i enn YEE of 7 creaſes tis | 


evident, 3 as the quantity 71 — &, pos 1 — 5 increaſes, and con- 
ſequently as the quantity r increaſes; and therefore, as 1 may be of any mag- 
nitude, how great ſoever, exceeding - 275 and conſequently r — £, or 75 


— ., may be of any magnitude, bes or how ſmall ſoever, it follows | 


N y may be of any magnitude greater than that which it has when 55 — £2 
is leaſt, or is = = o, how _ or how ſmall ſoever the difference may be: but 


when 7*— * is = 0, 1 is x therefore the value of y may. be of any mag-- 


nitude greater than £- 755 how great or how ſmall ſoever wad difference may be; 


that is, the limits of the magnitude of y are 575 and an "infinite magnitude : 7 


conſequently the limits of the magnitude of youu - 7, Or or of x, are ob _ ? and: 


an infinite magnitude ; agreeably to Art. 159. 


202. To exterminate the ſecond term of the equation 3 — px* r, we 
muſt ſuppoſe x to be equal to - + y, which, *tis evident, is a poſſible ſuppo- 
ſition,. becauſe x is, in _ preſent caſe, _— greater than p, and therefore, 
d fortiori, greater than £ * By ſubſticuting £ A y inſtead of x, in = 3 
this equation, we ſhall transform it into 5 


5 ＋ Hoy ＋ * 
Bk | 222 y 2 
1 OY | 
the cube and the ſimple power of y are involved. 


n d — 52 — 27 Dr, in which only 


203. LET 55 


[1794] 
203. Ler g be added to both ſides of this equation, and i: will be £2 


=r + 27 which is an equation of the ſame form with the ſecond of thoſe 


in Art. = and therefore: will have onl one root. The limits of this root 
are thus determined. The magnitude of I in this uation is leaſt when the 


quantity 5 — 22, or, its equal, the quantity f . . is least, that is, when 
1 is leaſt, or is So, and conſequently ＋ . or 53 - . and, 
tis evident, that ꝙ increaſes continually as the quantity y3 - —t2, or . 


increaſes, and therefore as the 7 increaſes; and ones as r 2 
creaſes ad infinitum, the — 5: 1 increaſe ad infinitum likewiſe: but when 


e e 2 bor ifo i , NEE 


ER 2. . — 2 2. 22 — — 99 — 2 
„ eee, = Og: 


therefore the leaſt magnitude of y is 77. and its E v2 ? and an infinite 
magnitude : conſequently the limits of £ +, or , are (42 or) _ 
an infinite magnitude ; agreeably to Art. 160. 


204. To exterminate the ſecond term of the equation — x3 4 p r, or 
the firſt term of the equation * 42 , we muſt ſuppoſe * in ſome caſes 


to be equal to 2 Sas y, and in others to £ = % according to the different. rela- 


tions of the . p and 7 to each a By ſubſtituting - Fg y inſtead of 


x, in the terms of this equation, we ſhall transform it into the following equa- 
tion, to wit, | 


— — — 
— Pi | 25 
e ir, aotf s and, by us. 


tuting © — y — me of hs Sos ca, we ſhall trans- 
form it into 


* ER +.) 4 2 
1 
— — 2 — 7 3 
r 
transformed equations, only the cube and the ſimple power of y are involved. 


r, or 7 2 5 2 r: in each of which 


205. Ir 


[ 195 ] 
204. Ir y is leſs than , ir appears by Art. 16: vat cer dee gene | 
= 7 #0 tie be 6 whereof the leſſer vil be left than , and therefore 


muſt be ſuppoſed equal to 5 — y; and the greater will be —.— than £ s Ld 


therefore muſt be 4 . to 5 + 5. It follows therefore, in 14 firſt 


place. that the transformed equation, by which the leſſer of cheſe roots is to 
be determined, is the ſecond of thoſe in the foregoing article, to wit, 22 — £2 


+3 = 1. Now, let £2 be added to Both ſides of this equation, bl we 


Mall have 2 elk. nd, fince y* is lefs than the ſum of E and 
CER and conlquenty ham the other fd of th equation ſubtract ir from boch 
fades, and we ſhall have g == 7 + £2 > — ; laſtly, fince r is leſs than g., 
and conſequently than the other fide of the equation, ſubtract it from both 
ſides, and we ſhall have £2 — ys = —rz which is an equation of the 


fame form with the third of thoſe im Art: 111, and therefore has two roots. 
The limits of theſe roots are thus determined. The lefler value of y in- this 


equation is. leaſt, and the greater * of y is greateſt, when the quantity 
22 — 95, ee e Lo, is leaſt, that is, when r is greateſt, 
ex i3-=z 25 and conſequently = 3 8 or 22 — 5, is = 0; and the leſſer 
value of wy is — and the 0 is leaſt, when the quantity 2 . or 
= — 7, is greateſt, that is, when 7 is leaſt, or is = o, and 8 
2 — « 7, Or _ — y3, is = 2 but when 2 — * == o, 835 leſſer value 
be”, = 0, and the greater value of „ is = > 


2 — it follows, from Art. 114, that each of the two values of y will be : 
therefore the leaſt magnitude of the leſſer value of y is o, and its pede 
magnitude is? and the leaſt magnitude of the greater value of y is? „ and 


its greateſt aw is 2 1 that is, the limits of the magaitude ef Glems 
value of y are o and g, and che limits of the magnitude of the greater value of . 
y are ? and wry - but it was ſuppoſed, in tlie preſent caſe, that y is leſs than E, 
and the difference equal to x ; conſequently the greater of the two values of » 


and when £2 5 2—575 bo 


47761 


in the equation = 2—52 = 2 5. being greater than g. n ieee ets: 
tion to the poſing e and the leſſer of choſe values is that which is 
here to be conſidered : conſequently the limits of 5 — . or of the leſſer value 


of x, are 0 —2, or) o and ( —5. or) 3 eee to the determina- 


tions of Ate: 161. 
2dly, The transformed equation by which the greater of the two roots of 
the equation p #* — #3 = 5 is to be determined, is the firſt of thoſe, in the 


foregoing article, to wit, 27 + - —2 — 3 = r. Now, let y3 be added to both 
ſides of this equation, wo k will be 22 95 75 ＋ 22 == =r +93; and ſince — - 2 j is leſs 
than the ſum of 2 and 2 = and Ri than the 15 ſide of ce qu | 
tion, ſubtract it Rom both ſides, and we ſhall have *£ 17 * 72 — * 
laſtly, lince r is leſs than =, and conſequently chan the . K. ſide of the 


equation, ſubtract it from at ſides, and we ſhall 1 53 — 2 er: 


which is an equation of the ſame form with the ſecond of thoſe in Art. 171, 
and therefore has only one root. The limits of this root are thus determined. 


The value of y in this _—_— is evidently leaſt, when the quantity 5 — . 

or, its equal, the quantity . — 7, is leaſt, that is, when r is 3 or 
is = . and conſequently 5 e Y-- 7 5 is =0; and the value of 
is greateſt when the quantity y3 — —2 1 or 25 — 7, is greateſt, that is, when 
1 is leaſt, or is = 0, and 8 + - — , or 25 — 1 is = 27 but when 
93 — £2 is = o, the value of y is = 1 and when y3 — is = E, the 


' v3 4 
value of A is = 25 as was ſhewn in Art. 20 33 therefore * leaſt magnitude 


of y is "A and its greateſt magnitude is 7 ; that i is, the limits of the magni- 
tude of y are 7 and 5 : conſequently the limits of the magnitude of 5 + 5. 
or of the 1 ind of x, are? 7 ＋ and (5+ * or) 2; agreeably 8 


the determinations of Art. 161. 


206, Ir 


| l 
— bs 2 he 
the equation pat = , 1 2 — two e will both pron 
than fo and therefore muſt. both be ſuppoſed equal to £ + 7-:. Therefore the 
transformed equation, 'by which theſe en are to be deterimigedy; is the firſt of 
thoſe. in Art. 204, to wit, 2 +22 AT *r. "Now, fince = is, on the 
preſent ſuppoſition, leſs than r, and conſequentiy chan the te ſide of che 
equation, ſubtract it from both fides, and we ſhall have #233 = 7 — =; ; 
which is an equation of the ſame form with the third Gf hols in Art. i, 


and therefore has two roots. The limits, of theſe roots are thus determined. 
The leſſer value of y in r Ne is leaſt, and the greater value of 7 is 


greateſt. when che quantity g cr *, or, its equal, the quantity r — = is 
leaſt, that is, when r is lealt, or is = te 2. and conſequently r= — 4 * 

ee is Soße ad. the leſſer value of is Sreateſt, and the greater is leaſt 
when 122 — — 0 or r — dc is greateſt; that is," when r is greateſt, or is 
225 , and conſequently . or or £2 -u, is = 2 — — = ==: ho 


when 22 is = * the leſſer 185 is = o, and the ROS Dy of y i is 
= 453 and when £2 Arn ED it follows from Art. rt. 114 chat each of the 
two values of y wilt be = £ u therefore the leaſt magnitude of the leſſer value 


of Y is o, e ge ae tw and the leaſt magnitude of che 


greater value ꝙ is 4, and its greateſt magnitude i is 77+. that is, the limits of 
the magnitude of the lefler value of y are o and 7, _ the limits of the mag- 
nitude of the greater valoe of: y are © * E and + 2 Nate e tle limits of the 
magnitude of che leſſer value of 2 * y, or of the leſſer value of x, are (£+ o, 
or) Z and 0 2 TH L, or) 71 3 44 the limits of the magnitude of the "—— 
_ of 2 ＋ y, or _ 45 greater value of , are i ＋ 2 2 7? or) =; 2 2 7 ＋ 75 So 
agreeably to the determinations of Art. 161. © 


207. Having now gone through all the caſes of cubic equations of the firſt 


and ſecond forms, and ſhewn how they may be transformed into thoſe of the 
A a | third 
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third form, in which the ſecond term, or term involving the ſquare of the 
unknown quantity, is wanting, by ſuppoſing x to be equal to one of the three 
quantities, ) — f, 'E + 5, and —5, and ſubſtituting that quantity inſtead of 
+ in the terms of the original equation; and having alſo demonſtrated that the 
limits bf the roots of the tranformed equations have a perfect agreement with 
the limits of the roots of the original equations from which they are derived, 
determined in Chap. XIII. it remains that we explain the uſual methods of re- 
folving all cubic equations of the third form, or ſuch as involve only the cube 
and the ſimple power of the unknown quantity. This therefore will be the 

. fubject of the following chapter. a | ; 


HI of - of. th 200 « 7 
E are now to give a ſolution to the three following 


209. W 8 | ems; to 
| wit; firſt, to reſolve the equation y3 + cy = d; 2dly, to reſolve 
the equation y}— cy = d; and 3dly, to reſolve the equation cy— 5 = d. 


20g. In order to ſolve the firſt of theſe problems, we muſt premiſe the fol- 

lowing very evident principle; to wit, that if there be taken any two numbers 
whatſoever, or any line and rectangle whatſoever, denoted. by the. letters & and. 
J, it is poſſible for two other numbers, or two lines, te exiſt, which call @ and 
b, whereof let à be the greater, that are of ſuch a magnitude that their dif- 
ference 2 — 3 ſhall be equal to t, and their product, or rectangle, to 7. 
For let z and v be two variable lines, or numbers, of which let z be the 
greater, whoſe difference z — v is equal to the given quantity k. Tis evident 
tnat the leſſer of theſe quantities, to wit, v, may be as nearly equal to nothing. 
as we pleaſe, and yet differ from the greater by the given quantity ł; tis evi- 
dent likewiſe, that it may he as large as we pleaſe, and yet the greater mar 
exceed it by the ſame given difference: therefore the reangle, or product ⁊ v, 
may be as ſmall or as great as we pleafe, and yet the quantities = and v have 
the ſame given difference æ: conſequently 2 v may be equal to /, at the ſame 
time that æ — vis &; or, z and v may be taken of ſuch magnitudes, which 
call @ and &, that their difference z — u, or 4 — &, ſhall be equal to k, and 
their rectangle zv, or ab, equal to J. Q, E. D. 

This being premiſed, the problem itſelf may be ſolved as follows. 


|  PRODLEM I. 
210. To reſolve the equation y3 ＋ cy = d. 


S&LUTION. 
Let 4 and & be two quantities of ſuch magnitudes that their difference 4 1 
ſhall be equal to. y, and their rectangle, or product, 4b ſhall be = 5 Then, 
. "ris 


5270 


4i.evidenty-we\ Mall haye 3 aye. 34% Ac, v D ere 
—32 = a3 -b3=3abxa—h, cy c = and a3 -bi-gghxa—b6 
+ioxa—b=y* +cy d, or (OR ER = But 


becauſe c is = 3 4b, it follows that 5 will be = —, Ars there- 


aa 


fore a3 — 5x is =4, an of > £19 = 40d ute, bing £ hho 

kides of the equation, 45 „eb ning 6; harp hotk 
ſides of the eee 85 Gall have 40 da == 75 and, "adding = to both 
Hes, 4 — 44. ＋ 275 = u hem charefore * quare > root 
adi + il o d. cc cr 3 


«= + z, conſequently .g3 is =; — ct and @ is = 


{FP +/ 2 ＋ . e * is 


e rein] ESL 


211. We may alſo expreſs the value of y % 


as follows. Since 4 Bis =, and as =1+/(5 -< as ap- 


peared in the courſe of the foregoing ſolution, we ſhall hive b3 -A 
7 | 8 
LS 5 -1= ⏑, and confequently þ = 


„* ** 


f Lee 
Aj EXT J [-{+/E+E 227 


44 To abridge theſe tedious and intricate expreſſions, we may put 
=+== = $5, and we ſhall have, inſtead of the firſt of the foregoing ex- 


1 9 [+= = 3 and, inſtead of the ſecond of the 
= Te Wi . 


A a 2 | foregoing 


— ä—ä—ßñ 


PrzonLEn Tn | 
213. To ate, thi egit he ey „ · ·rL¹ 4 2.4 woe tam 


214. PxEviousLy to the ſolution of this ſecond problem, it ie vil be _ 


to premiſe the two following obſervations. 


Ons. 1. Since 7 increaſes at the ſame time chat 71 — — Fo increaſes, as was 


obſerved in Art. 113, and when y is = 555, 2 — is 3 * 


— 6 e — = — 
= — 710 = th it follows, that if 53 c, Or d, is greater 


r and if d is leſs than 35 FOE 


* 
E e 1 Kol: $7) 
Oss, 2. When d is greater PER 8 and conſequently y is greater than 


5 , yy will be greater than? 7 and 22 chan; =, But, becauſe Z 2 * is the ſquare 


of half y, it follows (by El. 2. 5, Funny Art. 16 and 34.) that y ** be divided 
in fuch a proportion that the product, or rectangle, under its parts, ſhall be 


equal to any quantity that is leſs than 2 2 : therefore, in the preſent caſe, 3 
may be divided into two _—_— * of ſuch W that their product, or 
rectangle, may be equal to 2 

Hence, if the problem be divided into two a according as d is greater 
or leſs than == we may ſolve the firſt of theſe caſes in the following 


manner. 


SOLUTION of CASE I. 


215. WEN 4d is greater than e and conſequently == is greater than _ 


let y be ſuppoſed to be divided into two unequal parts a and 5, (whereof let a be 

ſuppoſed to be the greater) of ſuch magnitudes that their product a b ſhall be 
ce? 

27 a3? 


3 =D = +30 ＋ 3 4b +65 4 +833 + 3abxaF8, and 
cy = 


equal to I Then, *tis evident, we ſhall have 386 , b= ==> 53 = 


| I: 167 1 =p = - : 
cy =cx FF. Therefore 4 = e | | 
—CXaFb=0® + 4 + = : conſequently do = 4 ＋ S and 
4. g Bux hee i has ben bern that 4h Sei +37 N 


U 


ſuppoſed to be greater than h, and Ne 2 38 is greater than 33, it fol- 


* 


lows that a3 will be greater chan 2 „ and or veritly the quantities 4 43 
and 43 will be unequal parts 4 the quantity 6 3: therefore their product 
dai — 46, and conſequently its equal = will be leſs than = 2 the ſquare * 


the Te: of d: ſubtract therefore both ſides of the equation Jas . = — 
from © ” ee e therefore the ſquare 


root of 4 + as is = to the ſquare root 2 - mg the ſquare 


root of © LIME + as is the . of the quantities — * and a3, and there- 


fore, en a3 1s greater than £ „is = a3 — - : therefore a3 — — 22 


4 


2. and Romer. pn, 2 — < op 2 dd 65 and 2 is — 
6 s meu 9 . == 


E. J. 


7 = 2 | CER Pe 
Wore: TD 


216. Wx may alſo expreſs the value of y. 
as follows. Since a3 + 53 is = d, and a3 is = 1+ [£5 as has 
been ſhewn in the courſe of the foregoing ſolution, it follows that 83 will be 


＋ d 43 = 4 2 -A = = £ = [7 —S5 and conſe- 
- quently 5 will be = E . ens is = (a 44h = 
SE c3 <3 4 
SR =+/ EY ee 2 E. I. 
217. THESE expreſſions may be made more ſimple, by putting 2 bob == — 


55, For, if this be done, we ſhall have, inſtead of the firſt of the foregoing 
| expreſſions, 


228 
N * ee _ 
4+ a > ed he * "IF . * * IH 4 . 9 Parks & 9 oak —_ _ _ l ; 
5 2 5 * 1 „ „ CC —_— n * * R * 3 W 3 IP FR Iv * 8 5 * : * 
A 25.6 She de Fro SARS. £4 EC , . R 3 * 9 N 2 r e s N bo 
vx l We Oh NY WA 5 * Vs l 8 - 2 [4 - 
4 "RET; 5 SY E:; F- 4% 7 S2 * * 5 W 2 A \ * as." 4 3 
_—__ N 3 ee 4 N 1 pl 5 * 5 - 
« 3 SR P + a 8 * 1 er N > 12 2 
OG EN Ins 1 9 4 2% ? — S - a J 
: | : . g q 4 * 4% o 
F : 8 of k £ 1 1 
ma * ” 
l 4 , - a - 
4 £# * 
0 
1 — 
4 
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** —— 1 


3 . 2 +; + 7 and, inſtead of te cond of de 
3 


e e ne mall have y = .F. / =, 


Note. Theſe two ſolutions are uſually known by the name of 8 
rules, becauſe they were firſt publiſhed by him in his treatiſe of Algebra, 

' mtituled, Ars magna quam vuigò Coſſam vocant, ſex regulas Mpebraicas, in 
the year 1545, _—_— as he himſelf informs us, they were firſt found 
out by one Scipio FERBREVUS nd ** See WarLLts's Algebra, 


chap. xii. 


218. Tux ea or the method of te- 
ſolving che equation 55 — cy = d. when & is leſs than 225, depends upon 


the reſolution of the equation cy —y3 = d; as may be 3 in the 


following manner. 
Since, by Art. 114, the quantity cy — y3 may be of any magnitude not 


greater than =, it follows that, when 4 is not greater than . the 
quantities y3 — cy and r y — may both of them be equal to the ſame quan- 


tity d, or to each other: and, becauſe when d is leſs than 755 the equa- 
tion cy — 5 = d has (as appears by the ſame article) two roots, whereof the 


leſſer is leſs than 95 and the greater is greater than 95 , but leſs than . 


follows that when 4 is leſs than < _ „ which is the caſe we are now conſider- 
ing, there are always two Amtes, the one leſs than 955 and the other 
greater than 755 but leſs than Vc, either of which being ſubſtituted inſtead 


of y in the quantity cy — y3, will make it equal to the quantity y3 — cy. 
Now, the ſum of thoſe two values of y in the quantity cy — y3 is equal to the 
value of y in the quantity 35 — cy; or, if, for the ſake of avoiding intricacy, 
we denote the value of y in the equation y3 — cy d by x, the greater value 
of y in the equation cy — y3 = @ by 7, and the leſſer value of y in the ſame 
equation by v, 1 + v will be equal to 2. 

For, fince cf — 13 is = co— 93, add 73 to both ſides, and we ſhall have 
ct =cv +3 —93; and ſince v is leſs than 7, and conſequently cv is leſs 
than ct, and confequently than the other ſide of the equation, ſubtract it from 
both ſides, and we ſhall have cf — cv = 33 — 93; and, dividing both ſides 
by 1— 2 tt+itv+vv; and, ſubtracting v v from both ſides, r ＋ v: 


= C 


p [183 ] 
Seer: therefore 12 Ev EE - b 122 = 


D422, and . 2 is = 2 2 


* 


been 9 Conſe· 
q ly 7 ; 
| D * Ye "ENS. ofa * 


7 8 


e and z--o2 t+v —_ FT is = 


= Conſequently f + v is = 2, 2E. D. 


219. Tat reſolution of the equation cy — 93 « 5 d is performed by triſect- 
ing a circular arc, or by finding from the chord of a given are that of an arc 
equal to its third part; the relation 3 which chords is inveſtigated in 


the aun lemma. 


8 C — 8a _ 


21 


220. Tus arc ABD being triple of the arc A B, in Fig. XIII. and XIV. 
W between the chords between AD, ABB. 


F. - 


 Fis. XIII. Fro. XIV. 


In each of theſe figures, in the firſt of which . arc ABD; is oy. and in 
the ſecond 3 than a ſemicircle, let the arch BD be biſected in C 


i 


the chords BC, C D, AC; and, producing AD to E, ſo that DE ſhall 
be equal to CD or AB, draw the line CE; alſo, through B draw BG 
at right * to AC; through A draw the diameter A F; and join the 
. | „„ | Wine 
Then, ſmce AB is = BC, ABgq will be =DC 6s and ABq—BGg= 
BCq— BG; that is, (by El. 1. 47.) AGq = GCg: therefore AG = 
GC, and AC = 2AG. But (by $212] the angle ABF is a right 
angle, and therefore equal to AGB; and (by El. 3. 35 the angle A F B is 
equal to the angle B AC: therefore the triangles AB F, AB G are equi- 
angular, and conſequently (by El. 6. 4.) ſimilar: therefore AF: BF:: AB 
: AG, and conſequently, becauſe (by El. 1. 47.) BF is =AFq— ABg, 


AF: VAFq— ABgq:: AB: AG; that is, if AF be put = f, and A B 


=» F: V D: AG; therefore AG is 22. and AC 


=2AG is = 2X . Bur becauſe DC, DE, are equal to each 


other, and likewiſe to BC, BA, and the angle EDC, is = (by El. 1. 32.) 
El. 3. 27.) DCA + BCA = DCB = CBA, 
it follows (by El. 1. 4.) that EC is = CA: therefore (by El. 1. f.) the 
angle CEA is = CAE = (by El. 3. 27.) BAC or BCA: conſequently 
the iſoſceles triangles ABC, ACE are equiangular, and therefore ſimilar : 
therefore AB: AC: AC: AE, or (becauſe AE is = APT DE = 
AD + AB) AB: AC:: AC: AD+AB; or, putting AD = kh, 


. 23Vff=39 5 22 
3 f 7 


: k + 5; conſequently ky + yy is = 


499 — = . Eby is = LDL, and Lis = [4 
—y = L2L=D — 2 = LL, or 3ffy — 4 y3 is = f fk. 
2. Z. J. | | 


221. Thus it appears that the equation expreſſing the relation between * 
and y, or between the chord of any. given arc and the chord of its third part, 
in a circle whoſe diameter is 7, is 2ffy — 49 = ffk; and this, of whatever 
magnitude leſs than the whole circle the greater arc is taken. To free y3 from 
its coefficient 4, divide both ſides of the equation 3 ffy — 493 = ffk by 4; 


and we ſhall have 2 — y3 =, or, if a be put = A or to the radius of 

the circle, 3 42 4 — 33 = aak, which equation, *tis evident, will ſtill expreſs 

the relation between y and E. 7 : 

R: We come now to the ſolution of the third problem itſelf; which is as fol- 
Ws. 0 8 


PROBLEM 


eee en OT. PR OBI * III. 5 / 
222. To reſolve the equation cy —y3 = d. 


| SOLUTION. | | 5 2 
Let us ſuppoſe the are ABD to increaſe from o till it becomes equal to the 


whole circumference of the circle: then *tis evident its chord A D, or K, will 


continually increaſe till it equals the diameter A E, or 2A, or till the arch 


ABD becomes a ſemicircle; and afterwards it will decreaſe again from 2 a 


to o, while the arch A BD increaſes further from being a ſemicircle, till it 
equals the whole circumference. It follows therefore, that the chord &, and 
conſequently the quantity 4 4 &, or, its equal, the quantity 3 4245 —53, will, 
at two different inſtants of time, the one when ABD is leſs than a ſemi- 
circle, and the other when ABD is as much greater than a ſemicircle, be 
equal to the ſame quantity; that is, of whatever magnitude leſs than 2 4 the 


chord & be taken, or of whatever magnitude leſs than 2 a3 the quantity 


aak, or 3a 45 — 55, be ſuppoſed to be, there will always be two arches 
in a circle whoſe radius is a, the one leſs, and the other as much greater, 


than a ſemicircle, whoſe common chord is x, or Jer, either of which 
arches being triſected, and the chord of the third part called y, will make 


34aay — y3 equal to the propoſed quantity. Whenever therefore we have an 


equation of this form, to wit, 3aay — 3 = d,' or, putting c = 34a, 
cy —y3 = and d is of any magnitude leſs than 2 43, or : c 22 —.— 


reſolve it in this manner. With a, or _ as a radius, deſcribe a circle AB F 


(Fig. XIII.); and in this circle inſcribe the two chords AD, Ad, making 
each of them equal to 55 or 3, and taking the arches AB, AK, re- 


ſpectively equal to the third parts of the arches ABD, A B F d, draw the 
chords AB, AK: theſe chords AB and AK will be the two roots of the 
equation propoſed, or will be the two quantities, either of which being ſub- 
ſtituted inſtead of y, in the quantity 3 44 — 33, will make it equal to the 
given quantity d. Q. E. J. | 


223. Note. By confidering the two values of y as the chords of circular arcs, 
we may find their limits in the following manner. Since the leſſer of the two 
arcs ABD, AB Fd, whoſe chords AD, Ad are each of them equal to &, or 


2.4 , may be of any magnitude leſs, but never can be greater, than a ſemicircle, 
it follows that its third part A B may be of any magnitude lefs, but never can 
be greater, than the third part of a ſemicircle, or than 60® : therefore the 
chord of AB, that is, the leſſer value of y, may be of any magnitude leſs, 

| but 


_ r ̃ : e nr en nn 


but never can be greater, than the chord of 60, or than the radius a, or 
95 and becauſe the greater of the two arcs ABD, AB Fd, to wit, AB 


F 1, may be of any magnitude greater than a ſemicircle, and leſs than the 
whole circle, but never can be leſs than a ſemicircle, it follows, that its third 
part A K may be of any magnitude greater than the third part of a ſemicircle, 
or 60, and leſs than the third part of the whole circle, or 120, but never can 
be leſs than 60 . therefore the chord of AK, or the greater value. of 75 may 
be of any magnitude greater than the chord of 60,5 or than the radius a; or 


975 and leſs than the chord of 1209, or than / * 4, or He, but never can 
| Hy 


be leſs than the chord of 609, or the radius a, or Te Therefore the limits. 
of the magnitude of the leſſer value of y are o and 95 and the limits of the 
*. 


magnitude of the greater value of y are 75 and c; agreeably to the deter- 
minations of Art. 114, | 


224. TxzsE limits may likewiſe be determined as follows. Tis evident, 
by Art. 114, that as the quantity 3 ay — 53 increaſes, the leſſer value of y_ 
increaſes, and the greater decreaſes : conſequently the leſſer value of y will be 
leaſt, and the greater value of y will be greateſt, when the quantity 3 a ay — 5, 
or, its equal, the quantity a 4 |, is leaſt, that is, when the chord & is leaſt, or 
is equal to nothing, and conſequently a@k, or 3aay —33, is o; and the 
leſſer value of y is greateſt, and the greater is leaſt, when the quantity 3 a 45 
— 53, or, its equal, the quantity 4 4 K, is greateſt, that is, when the chord & 
is greateſt, or is equal to the diameter of the circle, or 2 4, and conſequently 
aak, or 3aay — y3, is = 243: but when gaay — 93 is =o, the leſſer 
value of y is = o, and the greater value of y is = / x a, or Vc; and 
when 343 ay —33 is = 283, it follows from Art. 114 that each of the two 


values of y is = A4, or 15 therefore the leaſt magnitude of the leſſer value of. 


y is o, and its greateſt magnitude is a, or _ ; and the leaſt magnitude of the 
e 


greater value of is a, or , and its greateſt magnitude is ,/ 3 x a, or Vc; 


v3 


that is, the limits of the magnitude of the leſſer value of y are o and _ and. 
* | | 


the limits of the magnitude of the greater value of y are — and Vc; agree- 
| 3 8 v3 | 
ably to the determinations of the laſt article and Art. 114. 


225. As to the manner of triſecting a circular arc arithmetically, or of 
finding in numbers the value of the chord of the third part of a circular arc, 
whoſe chord, together with the diameter, or radius, of the circle, are given in 

= , numbers, 


[ 1871 


numbers, it may be done either by a table of ſines, or by the means of infinite 
ſerieſes expreſſing the relation between the chord of a circular arc and the arc 


itſelf. 


226. TRE former of theſe methods of triſecting a circular arc, to wit, that 
which performs it by the help of a table of ſines, may be explained as follows. 
Let F be the diameter, and à the radius, of any circle, and & the chord of any 
arc in that circle, expreſſed in numbers. Then, if the arc whereof & is the 
chord is ſuppoſed to be lefs than a ſemicircle, we muſt proceed as follows. 


Since the chord of a circular arc is always double of the fine of half the arc, 


*tis evident that : will be-the ſine of half the arc whoſe chord is &. Say there- 


fore, as the given radius 2 or a, is to the ſine > ſo is the. tabular radius, or - 


2? 
1, to the tabular ſine of half the arc whoſe chord is æ; and therefore the arc 
found in the tables correſponding to this tabular ſine will be the value of half 
the arc whoſe chord is &, expreſſed in degrees and minutes. Divide this arc 
by 3, and look out the fine of its third part, which, tis evident, will be the 


ſixth part of the arc whoſe chord is &, in a table of fines; and having found 
this ſine, make the following proportion, to wit, as the tabular radius, or 


1, is to the tabular {ine of the laſt- mentioned are, ſo is the radius à to the 


{ine of the ſame arc in a circle whoſe radius is a, or to the ſine of the ſixth 


part of the arc whoſe chord is & in a circle whoſe radius is 4; conſequently, by 
doubling this ſine ſo found, we ſhall obtain the chord of the third part of the 
arc whoſe chord is & in the circle whoſe radius is 2; which is the quantity 
that it was required to find, 


2dly, If the are whereof & is the chord is ſuppoſed to be greater than a ſemi- 
circle, we muſt proceed as follows. As every chord in a circle belongs equally” 
to two arcs in it, whereof the one is greater than a ſemicircle, and the other is 


the complement. of the former to a whole circle; and therefore is leſs than a 
ſemicircle, 'tis evident that the chord & will not only be the chord of the arc 


which is here to be triſected, and which is greater than a ſemicirele, but alſs © 
of its complement to a whole circle, which is lefs than a ſemicircle. Find 
therefore, by the proceſſes in the beginning of the foregoing caſe, the' value in 
degrees and minutes of half this complement, or of half the leſſer of the two 


arcs whereof the chord & is the common chord, and ſubtract the double of it, 
that is, the whole leſſer are belonging to the chord x, from 360, or the 
whole circumference of the circle; and the remainder will be the greater of the 


two arcs whereof the chord & is the common chord, or will be the arc which 
is here to be triſected, expreſſed in degrees and minutes. Divide therefore this 


arc by 6, and find by the tables of ſines the ſine of its ſixth part; and then 
ſay, as the tabular radius, or 1, is to the tabular ſine of the are laſt- mentioned, 
ſo is the radius à to the ſine of the ſame are in a circle whoſe radius is az and by 
this proportion we ſhall obtain the ſine of this are in a circle whoſe radius is 2, 
or the ſine of the ſixth part of the greater of the * arcs Whoſe common chord 

8 | B b 2 18 


[288 ] 


is E in a circle whoſe radius is a :- conſequently = doubling this fine we ſhalt 
obtain the chord of the third part of the greater of the two arcs whoſe common 
chord is & in a circle whoſe radius is a; which is the quantity that was here to 

be determined. 1 3 e eee e 
As an inſtance of this method of triſecting a circular arc arithmetically, let 
it be required to find the chords of the third parts of the two circular arcs whoſe 
common chord is = .8 in a circle whoſe radius is =,4/5. . 5 

In the firſt place, To find the chord of the third part of the leſſer of theſe 

arcs, we mult proceed as follows. Since the chord of a circular arc is al- 
ways double of the fine of half the arc, it follows that . 4 will be the fine of 
half the leſſer of the fore-mentioned arcs in a circle whoſe radius is ,/ 5. Say 
therefore, as 4/5 : 4 :: 1: 77 * ——— = 178, 885,5 and. 178,883, f 
will be the tabular ſine of half the leſſer of the two fore - mentioned ares: there- 
fore half that arc is 10% 19“; and the third part of half that are, or the ſixth 
part of the whole leſſer are, is 3, 20, the ſine of whieh appears by the tables 
to be . 059, 887, 1. Say therefore, as 1: . 069, 887, 1:: 4/5 = 2. 236,067 
. 039, 887, 1 x 2.2 36, 067 = .133,911,5; and the fourth term of this propo- 
ſition, to wit, . 133,911, l, Will be the ſine of 3, 26, or of the ſixth part of 
the leſſer of the two arcs whoſe chord is. 8 in a circle whoſe radius is / 5, and 
conſequently 2 K. 133,911, 3, or . 267, 823, o, will be the chord of the third part 
of that leſſer arc in the ſame circle; which is the firſt of the two quantities that 
were to be found. | | 

⁊2dly, Since half the leſſer of the two arcs. whereof .8 is the common chord has: 
been found to be 10®, 19“, it follows that the whole leſſer arc will be 20®, 38', 
and conſequently the greater arc will be = 360 — 20%, 38' = 339, 22'; 
therefore the ſixth part of the greater arc is 56®, 33“, the ſine of which is found 
by the tables to be .834,367,2. Say therefore, as 1 : . 834, 367, 2:: 5 = 
2.236,067 : .834,367,2 x 2.236,067 = 1.865,700,9; and this laſt term, to 
wit, 1.865,700,9, will be the ſine of 56, 33', or of the ſixth part of the greater 
of the two arcs of which .8 is the common chord, in a circle whoſe radius is 
y/ 5; and conſequently 2 x 1.865,700,9, or 3.731,401,8, will be the chord of 
the third part of that greater arc in a circle whoſe radius is / 5 ; which is the 
latter of the two quantities that were to be found. 


227. Br theſe proceſſes, or others equivalent to them, we may find the chord 
of the third part of a circular arc whoſe chord is given, to a ſufficient degree of 
exactneſs for common occaſions : but, if a great degree of accuracy is required, 
this method of obtaining the quantity ſought will be inſufficient for the purpoſe, 
on account of the ſmall number of figures to which the ſines are computed in.the 
tables, and the ſmall number of parts into which the circle is there divided: for, 
to give the chord of the third part of an arc, whoſe chord is known, exact to fix 
or ſeven places of figures, the fines of at leaſt every ſecond, if not of every third 
and fourth minute, ought to be computed exactly to ſeven places; and, to give 

: > "ui. 


5 R 
it to more than ſeven places, they ought to be computed to more than ſeven | 
places. To determine the chord of the third part of an arc, whoſe chord is : 
given to as great a degree of exactneſs as we pleaſe,” we muſt have recourſe to 
the latter of the two methods of triſecting a circular are mentioned in Art. 225, 
to wit, that which performs it by the means of infinite ſerieſes; which we there- 
fore now proceed to explain. | OY es a „„ 


228. Tax method of triſecting a circular are by the means of infinite ſerieſes 
may be deſcribed as follows. 8 | 

Sir Isaac NEwrox has invented the two following infinite ſerieſes for 
expreſſing the relation between the chord of a circular arc, and the arc itſelf; 
to wit, if F be put for the diameter of any circle, g for any arc in it, not 
greater than a ſemicircle, and & for the chord of the arc g, we ſhall have for 


2 We . ER - ' bo y, 
RT ＋ Ec. the coefficients of the terms of which ſeries ariſe by the con- 
tinual multiplication of the fractions 25 a, $5 Sc. into one another; and 


for the ſecond ſeries we ſhall have K — 975 * — = = by ＋ Sc. or 
2 OY 


5 3 I - 
5 23.75 2 23 eg 7⁵ + Oc. in which the law of continuation. 
is very manifeſt. 

But theſe ferieſes I muſt deſire the reader to take for granted, as the inveſti- 
gation of them would be both too long, and too foreign to the ſubject under 
conſideration, to be here inſerted. | oe.” | | 

Let it now be required, in the firſt place, to find by the help of theſe ſerieſes 

the chord of the third part of the leſſer of the two arcs whereof the chord E 
is the common chord in a circle whoſe diametef is f. Compute the ſeries 
k + — + —=— Rn + Sc. to any degree of exactneſs that ſhall 
be propoſed, and the reſult will be the leſſer of the two arcs whereof the given 
chord & is the common chord. Divide therefore this arc by 3, and pur its 

| . g 3 5 "Je 7 
third part = g, and compute the ſeries g — rs + TT . 8. 

＋ Sc. and the reſult will be the chord of the arc g, or of the third part of the 

lefſer of the two arcs whereof the given chord & is the common chord in the 
circle whoſe diameter is F. Q; E. 1. | 

2dly, Let it be required to find, by the help of theſe ſerieſes, the chord of the 
third part of the greater of the two arcs whereof the given chord & is the com- 


mon chord in the circle whoſe diameter is F. Having found, by means of the = 
; „ | 1 
ſeries * + —— — — f Cc. the leſſer of the two arcs whereof 
I: 2.37 DIE 2.4.6.7. f.5 I OP 27 5 5 
the given chord & is the common chord, we muſt compute the value of the whole 
7 | circumference, 
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eircumference, by the help of the following propoſition ; to wit, as 1 to 
3.141, 592, 663,589,793, or, as the diameter of a circle is to its circumference, 
ſo is the diameter / to the circumference of the circle of which F is the diameter; 
and having found this circumference, we muſt ſubtract from it the leſſer of the 
two arcs of which the given chord æx is the common chord; and the remainder 
will be the greater of thoſe two arcs. Divide therefore this remainder by 3, 

e ere 


and put its third part = G, and compute the ſeries G — ITS + —— 
_ 2.3.7 2.3.4575 


D 47 fu ＋ c. the reſult of this computation will be the chord of the arc 


5 


G, or of the third part of the greater of the two arcs whereof the given chord & 


is the common chord in the circle whoſe diameter is F. Q. E. J. 


229. BEFORE we proceed to give an inſtance of this latter method of triſecting 
4 circular arc by the means of infinite ſerieſes, it will be proper to obſerve, that 
it is by no means neceſſary, in the application of either this or the former method 
of triſecting a circular arc (to wit, that which performs it by the help of a table 
of ſines) to the reſolution of the cubic equation cy — y3 = 4, to find the chords 


of the third parts of both the arcs whereof the given chord x, or 25, is the com- 


mon chord; becauſe, when either of the two roots of this equation is known, 


the equation may be reduced to a quadratic equation, by the reſolution of which 
the other root may be diſcovered. For it was ſhewn in Art. 218, that if f be 
put for the greater value of y in the equation cy — y3 = 4d, and v be put for the 
leſſer value of y in the ſame equation, and conſequently ct — 3 is = cov — 93, 
we ſhall have 77 + 70 + vv==c, by the refolution of which ? may be found 
when v is known, and v-may be found when 7 is known or, if general ex- 
preſſions of the values of theſe roots be required, we may reſolve the general 
40 — 3 — 3 
2 


equation u ＋ v c, and we ſhall find ; = ? (as in 


© es WT me 
Art. 218.), and v = . — — 


220. IT follows, from the foregoing obſervation, that in the reſolution of the 
cubic equation cy — 93 = d there may poſſibly be cafes in which it will be con- 
venient not to find the chords of the third parts of both the arcs whereof 34 

| LEY : 3 „ . Jie 
is the common chord, or both the roots of the equation cy -i = d, by either 
of the foregoing methods of triſecting a circular are, but to find only one of 
thoſe roots, to wit, the leſſer (for *tis evident that in both the foregoing me- 
thods *tis eaſier to find the chord of the third part of the leſſer of the two arcs 
whereof & is the common chord, than the chord of the third part of the greater 
of thoſe arcs), by one of thoſe methods, and then to find the other, or greater, 
root, by computing the expreſſior — , for this method of pro- 


2 Els 
ceeding 


3 


—— * 
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eeeding will, 'tis evident, be better than finding both the roots of the equation 
cy —33,= d by either of the foregoing methods of triſecting a circular arc, as 

often as it happens, if it ever can happen, that, after having computed the leſſer” 
root of this equation by one of the foregoing methods, the trouble of finding 
the greater value of y, or the chord of the third part of the greater of the two 


arcs whereof — is the common chord, by the ſame method is greater than that 


ati 5 ep I $50 IG NO 
of computing the expreſſion ——— ——— * entul 
affirm, never is the caſe in the application of the former of the two foregoing me- 
thods, and always is ſo in the application of .the latter of thoſe methods : for: 


as in finding the greater value of y by means of the expreſſion - SARI cs 


. & £4 . 5 b - R - 
it is neceſſary to perform both a multiplication and an extraction of the ſquare 


root, to wit, to ſquare or multiply into itſelf the quantity v, or the leſſer value 


of y, and. to extract the ſquare root of 4c — 3 v; and in finding the ſame 
quantity, to wit, the greater value of y, by the ſecond part of the firſt of the 
foregoing methods of triſecting a circular arc, deſcribed in Art. 226, there is 


only a multiplication to be performed, to wit, the multiplication of the radius 


a, or = into the tabular ſine of the ſixth part of the greater of the two arcs 
45 | 5 | 1 
whereof the chord x, or , is the common chord, tis evident that the trouble 


of finding the greater value of y by the firſt of the two foregoing methods of 
triſecting a cireular arc can never be greater, but on the contrary muſt always: 


be leſs, than the trouble of computing the expreſſion 1 —: and, 
on the other hand, as in finding the greater value of y by the ſecond part of the 
ſecond of the two foregoing methods of triſecting a circular are, explained in: 
Art. 228, it is neceſſary to perform a great number of laborious multiplications and 


diviſions, to wit, firſt to multiply the diameter f, or =, into the long number. 
G3 


3.141, 92,633, Cc. and afterwards to compute the ſeries 8. — 3 

G5 — GG? | | . i | 
— — — x e e a 
1 ＋ Sc. or to raiſe ſeveral of 10 odd powers of G, 
and of the even powers of /, and then to divide the former by the products 


which ariſe by multiplying the latter into the numbers 2.3, 2.3.4.5, 2.3.4. 5.6.7, 
Sc. all which operations are extremely laborious, *tis evident that the trouble 
of finding the greater value of y by this latter method will always be without 


— ——— — 


4 - 3v¹uů — 


compariſon greater than that of computing the expreſſion 5 : 


We may therefore conclude, that whenever the cubic equation cy — y* = d 
is 


=, Now this, we may venture to 
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is to be reſolved by the firſt of the foregoing methods of triſecting a circular 
arc, or by the help of a table of ſines (as it ought indeed always to be, wien 
very great exactneſs is not required, on account of the very great eaſe with 
which it may be reſolved by this method in compariſon of the other method), 
it will always be moſt convenient to find both its roots by that method : bur, 
on the contrary, when that equation is to be reſolved by the latter of the two 
foregoing methods of triſecting a circular arc, or by the means of infinite ſe- 
rieſes, it will be moſt convenient to find only the leſſer of the two roots of the 
equation by that method, and then to determine the greater root by computing 
V4c—3vv — | | 
2 


the expreſſion 


231. We now proceed to give an inſtance or two of the latter of the two 
foregoing methods of triſecting a circular arc, to wit, of that which performs 
it by the means of infinite ſerieſes. ate | 5 

And firſt, we will make choice of the ſame example that was brought in 
Art. 226 to illuſtrate the former of the two foregoing methods of triſecting a 
circular arc. Let it therefore be required to find, by the means of the infinite 
ſerieſes deſcribed in Art. 228, the chord of the third part of the leſſer of the 
two arcs whereof . 8 is the common chord in a circle whoſe radius is = 4/5, 
or diameter = 24/5 neglecting the chord of the third part of the greater of 
thoſe arcs, for the reaſons mentioned in the laſt article. 2p | 

Here f is =24/5, and & = .8; and conſequently 


T6 == 4X5 = 20, 
33 
FFC 
„ 3280080, 
and f** is = 64,000,000, 
and #3 is = .512 and e is = .004,266,666,66 
ks A 27,68 | 7075 == .o, O61, 440, oo 
| 4 = . 20, 713, 2 57 = . Coo, o0 1, 170, 28 
4 1421,28 5 1827 = ,000,000,02 3, 47 
k't = 083, 899, 345,92 GENES = .000,000,000,60 
3 ==.054,975,581,366,8, 11775 = ooo, ooo, ooo, o1; 
and conſequently the value of the ſeries & ＋ — 2 + Sc. computed. to 
ſeven terms, or the value of the leſſer of the two arcs whereof . 8 is the 2 


[ 
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chord, is . 804, 329, 303, 2. Therefore the third part of the leſſer are is = 
2868, 109, 76), 67, which we mult therefore put = g, and we ſhall have 

g* 2.01, 882, 84,2: „ 


g3 = . 019, 272, 493,6 and 5 A000 160,604. 11 
23 001, 385, 361,7 B 12 | = .000,000,028,86 
gꝰ = . ooo, 51, 383,63 1 far = -000,000,000,00 ; 


—_— — 7 
9. T2345: 
* 44 to five terms, or the chord of the arc g, will be = .267,949,192,40. 


and conſequently the value of the ſeries — + 


232. As a ſecond inſtance to this method of triſeQing a circular arc, let the 


given diameter F be = 6, and the given chord & be = or 5 + 5, or 
wy 11,111,111, 11, and let it be required to find the foo r the third? 


of the leſſer of the two arcs whereof the chord & is the common chord. Here 


we ſhall have A = 36 
h f*. =: 1,296 
1 46,656 
FE. == 1,679,616 
e = 60,466,176 
f** = 2,176,782,336 
F 78, 364, 164, 096 
J. = 2,821,109,907,456 
F = 101, 559,986, 668,416 
and 43 =  133-519,890,260,631,001 
ks — _ 3-488.001,083,845,619,729 . 
k = 91,118.645,597,744-831,439 
kh — 2,380, 334-001,047,260,041,048 
4 62, 182, 552.422, 419, 780, 82 f, 402 | 


47 = 1,624,423,221.306,669,829,957,415 
* = 42,435»549-830-677,942,718,393,705 
47 = 1, 108, 363, 252, 366.846, 009, 779, 272, 589 
49 23, 989,496, 8 14,9 16.619, 218, 431, 367, 880 


and ©; . 618, 147,640, 5.513 5 
. = . 201, 851,914, 374,399 
arenen, 
- "WA : 


— — 
2.3. 5.6.7. _ Sc. 
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br by 33 yon br oO: 
77 =.:9431056,969,7944905 | 
. 023, oo), 209, 112, 666 


n = 012,949,495·69 2,117 
A 2 004, 539, 314,729,922 

5 2 — = . o02, 783, 200, 872, 881. 
Therefore the leſſer of the two arcs whereof g. 111 Sc. is the common chord 
will be = 6. 112, 196,062, 710, 438; which, notwithſtanding we have com- 
puted the ſeries expreſſing its value to no lefs than ten terms, is true only to 
three places of figures, the fourth figure 2 being leſs than the truth: to obtain 
the value of this arc exact to fourteen, or fifteen. figures, it would be neceſſary 
to compute the feries to between fifty and fixty terms, which would be im- 
menſely tedious and laborious. To remedy therefore this inconvenience, and: 
to compute the fore-mentioned arc to a conſiderable number of figures with 
_ tolerable expedition, we may make uſe of one of the following artifices. 


233. Fixs r, we may transform the ſeries * + &=+ 5 ＋ Sc. into an- 


other ſeries that converges more ſwiftly by the methods delivered in Mr. SrIR- 
LIN G's learned and ingenious treatiſe de ſummatione ſerierum : but as the prin- 
ciples on which theſe methods are founded are ſomewhat abſtruſe, and ſuch as 
every mathematical reader cannot be ſuppoſed to be acquainted with, I ſhall 
content myſelf with having barely mentioned them, and paſs on to other me- 
thods which are of eaſier inveſtigation. | 


234. Now, the fecond method I would propoſe for abridging the foregoing 
computation, is, by biſecting the arc ſought two, three, or more, times ſuc- 
ceſſively, till we come to an arc that is ſufficiently ſmall, to be eaſily computed 
by the foregoing ſeries : this may be performed by the reſolution of quadratic 
equations; for if æ be put for the given chord whoſe arc is ſought, and x for 
the chord of half that arc, it appears in the courſe of the demonſtration of 
Art. 220, that the relation of & and x will be expreſſed by the equation æ = 


: 2xXYV ff—xx 


, or 4f*x* — 4x* f=, or (putting rx = 2,. and 7 or 


the radius of the circle, a) 16 R - 42 N 4a aH, or (dividing both 
fdes by 4) 44a - zz= aakk, This equation, tis evident, has two roots: 
but, as the greater of theſe roots is equal to the ſquare of the chord of half the 
greater of the two arcs whereof & is the common chord, and the leſſer of theſe 
roots is equal to the ſquare of the chord of half the leſſer of thoſe arcs, * 

EE” eller 
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leſſer arc is chat we want to compute, the leſſer root » is che only 
one we are concerned to find. When we have found the chord x belonging to half 
the arc ſought, we may, by reſolving a ſecond: quadratic. equation * 1 exactly 8 > 
the ſame kind with the 2 find the chord of a fourth part of the arc ſought : a | 
and when this is done, we 0 915 the reſolution, of a third quadratic equa- | 
tion, find the chord of the ei — 5 the arc Jought; dy in like manner | 
we may find the chords of a — hirty-ſecong, a ſixty- fourth, &c. part 
of the arc ſought. Then, from the chord fo nr nt of a certain known part of 
the arc ſought, we may, by the foregoing ſeries, compute the value of this 
part, and the reſult multiplied by 2, a proper number of times, will give the 


value of the arc ſought. Thus, in the prefent caſe, fis = 6, £, or , is = | 


3, K is = =/3 +4 1 u =2 ends e ade nb 33.= 
235.11, e an the equation 1225 = aakk is 362 — 2 
235.1 1, Sc. therefore 324 — 36 F 82; is (= 324 - 235-411, Sc.) = 
88.888,888, -Sc. conſequently 18 — E is ==: 9.428,090,415,820,03, and = 


_ og, 684, 179, 3 22 uentiy / x, or x, is = 2.92, 782,3 
3 of bal kg Seve: this chord I, and compute the ſeries 


54 08 25 += __ 2 4 Sc. and the * of this computation will be the value 


of half the pa. oa - But if this ſeries alſo be thought to converge too 
Nowly, and a ſecond biſection of the arc be thou ught neceſſary, it may be per- 
formed as follows. Call the ſquare of the chord of a fourth part of the arc 
ſought v; and the relation between & and v will be expreſſed by the equation 
F x8.571,909,584,179,37 
= 1477186, 257,614,333 therefore 324 — 36 v ＋ vv is (= 324 
— 77.147,186,257,014,33) = 246. $52.81 3,712,385,07 3 and conſequently 
18 — v is = 15.741,559,3, and v == n and / is = 1.5127 
= the chord of the fourth part of the arc ſought 3 cal therefore this chord e, 


and compute the ſeries „Le +25 + Ge. and the whit of this con. 1 if 


putation will be the value of the * _ of the are Tough. © | "Now, moe e | | 
is = 1.5127, we ſhall have de 1909950 aft =: | 


— 


= — i.! . ce En er or rt IEA At ag on — —_—_——— — — — 
= —— ——— es > —_ = _ = 


483 3.4617 wa 789 . 2 . 0160 
21 | 1 3 14 

es 7.9217 | = 

16.4260 e o 


and conſequently the value of the ſeries e+7; += —. + &c. or of the 


fourth part of the arc ſought, is 1.52913 and conſequently the whole arc 
2 is 6.1164. | 
Sen Note. 


Note. *Tis evident from hence, that; in the application of this method, 
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ttrill in moſt caſes be ſufficient to reſolve only two quadratic equations 

or to quadriſect the arc ſought, or find the chord of its fourth part: for 

the caſe before us is one of the moſt difficult that can happen, the chord 

5. 111,111, Sc. of the given arc being nearly equal to the diameter 6; and 

yet, even in this caſe, the ſeries ＋ or T 77 ＋ Ge. converges with: 
tolerable ſwiftnefs. 9 8 3 5 

235. *Tis eaſy to obſerye, from the foregoing proceſſes, that if the arc 

ſought is to be quadriſected, and the chord of its fourth part is to be obtained 

exact to any particular number of figures, the value of z in the firſt of the two 


quadratic equations made uſe offi that purpoſe, muſt; be computed to about 
four times that number of figutes, on account of the two extractions: of the 


| ſquare root, by which thoſe equations are reſolved: for that the value ef e may 


be exact to any number of figures, its ſquare ee, or v, muſt be exact to about 
twice that number; conſequently @ 4 5 ö, or, in this caſe, 9 55, which is equal 
to the ſquare of 18 — v, muſt be exact to about four times that number of 
figures; and conſequently 55, or z, muſt be computed to about four times 
that number of figures. In the foregoing inſtance æ was computed to fifteen 
4&5 * . 1 
figures, and e and the ſeries e- T2 ＋ — Sc. to five figures; of which 
only the four firſt are exact, the laſt figure 1 being; leſs than the truth: but if 
it had been intended to compute e to ten places of. figures, z muſt have 


been computed to about forty figures: this would have been pretty laborious 


(though vaſtly leſs ſo than computing, the original ſeries k -- =+ = TR 
Sc.), and therefore it may perhaps be thought that, when the computation is 
to be carried to ten or more places of figures, *twill be beſt to make uſe of only 
one quadratic equation, or only to biſect the arc ſought, and. find the value 


of half the arc, by computing the ſeries þ + = + 7875 Sc. That we may 


therefore be the better able to judge of the degree of ſwiftneſs with which this 
ſeries converges in the moſt difficult caſes, and thereby to determine whether it 
is moſt convenient to biſect or to quadriſect the arc ſought, we will here com- 
pute the value of the ſeries. 3 + 5 + 7575 
to about ſeven places of figures. Now, & is = 2.92, 782, 3, and bb = 
8.571, 909, 58; therefore Tp” 


+ &c. in the foregoing inſtance 


33 is = 25.096,685,14 3 134,495.065,937,66 
33 — 216.1265815, 17 2˙¹ 1, 192, 879.544, 173,75 
55 = 1,844.045,035,78 45 = 9,882,379.209,289,00- 
. = 84.7 10, 807.017, 297, 20 


155806. 987, 308, 15 657 "4 
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and . is = .116,188,35 a ES 
"7 = 01,44%, 1 E gg, 19 
2 map? N 001, 64.4 5 * or a . FF -000,001,76 
3 = . ="600,000,34, 
and the ſeries 5 + 75 + 1575 + Se. o hel oh oe Kok, is = 


.058,531,54, and conſequently the whole arc fought is'= 6.117063, 8. 
5 rom this calculation I think tis evident that, in this inſtance, and therefore 
in other caſes of nearly the ſame degree of difficulty, or in which the given 


chord is not much leſs than he the diameter, *twould be more convenient to 


quadriſect the arc ſought (or find the chord e of its fourth part), and compute 


the ſeries e + 57 + = + Se. to. ſeven or eight, or any other propoſed' 


number of figures, and for that purpoſe to extract the root of 23.111111, 


Sc. and obtain the value of z, to four times that number of figures, than to 


biſect the arc ſought, and compute the ſeries „Er Sc. As to-a 


general rule for determining in what caſes it is beſt to biſect, and in what to- 
e the arc ſought, twould be extremely difficult to find one; this. 
erefore muſt be left intirely to the reader's own judgment and experience. 


236. A TriRD method of e this computation, is by finding the 
chord of the ſupplement of the arc whoſe chord is given to a ſemicircle (which 
may be done by extracting the ſquare root of the difference of the ſquares of 
the diameter and given chord), and computing therefrom the value of that 
fupplement by a ſeries; and then finding the' circumference of the circle by 
— — its diameter F into 3. 141, 392, Sc. and ſubtracting from the 
ſemicircumference the foreſaid ſupplement : for the remainder, tis evident, 
will be the value of the arc whoſe chord is given. Thus, in the preſent in- 
ſtance, from 36, the ſquare of the diameter 6, take 26 + 42, the ſquare of 
the given chord 5 + 4, and the remainder 9 + {+ will be the ſquare of the 
chord of the ſupplement required; therefore the {quare root of 9 + 21 is 
the value of this chord, which if we put = +, and compute the ſeries 
b + = + 207 + &e. we ſhall obtain the value of the ſupplement itſelf : 
having found this ſupplement, we muſt compute the circumference of the 
circle by multiplying its diameter 6 by 3.141,592, Sc. and, ſubtrafting the 
fupplement from the ſemicircumference, the remainder will be the value of the 

arc whoſe chord is the given quantity 5 +. ah 
But this method 'is, in a great meaſure, ſuperſeded by the following, or 
fourth method; which is, I think, upon the whole the moſt convenient of 
| ay 
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any 1 know for the purpoſe, when the given chord is very nearly equal to the 
Y — 3 N 'S SN y 2 _ 1. 7 n 


diameter. © 


237. Tits fourth method is derived from the following propoſition, the 
demonſtration of which, as it may be found in moſt books ” 208 treat of Tri- 
gonometry, we ſhall here omit; to wit, that the difference between the dia- 
meter of any circle, and the chord of any arc in it, the chord of half the ſup- 
plement of that arc to a ſemicircle, and the radius of the circle, are continual 
Proportionals. „ A be. 1 nie he oem == of . 8% bog 
By multiplying therefore the difference of the diameter and given chord 
into the radius, and extracting the ſquare root of the product, we ſhall obtain 
the chord of half the ſupplement, from which it will be tolerably eaſy to 
compute, by a ſeries, the value of half that ſupplement, the double of which 
being ſubtracted from the ſemicircumference, will leave the value of the arc 
whoſe chord is given. In the preſent inſtance, the diameter of F being = 6, 
and the given chord x 5. 111,111, Sc. the radius will be = g, the dif- 
ference between the diameter and the given chord will be . 888, 888,888, 
Sc. the product of the radius into that difference will be = 2.666, 666, 666, 
Sc. and the ſquare root of that product, or the chord of half the ſupplement 
of the arc ſought, will be = 1.632, 993, 161, 835, 452. Put this chord = 4, 
and we ſhall have  _ | 


$3 = 4+354+048,431,014,538, 
#5 =  11.612,395,817,638,768, 
5 — 30.966, 388,847,030,715, 
bY = _.82.577,036,92 5,431,240, 
Tod 220. 203, 431, 80 1, 149,973, 
5 387.214.484, 803, o66, 595, 
vr = 1, 365.903, 292, 808, 177, 387, 
bi = 4, 178.747, 447, 488, 473, 565, 
5¹9 = 11, 135.3 26,526, 635,929, 507, 
4** 2, 694.204, 07 1, 029, 145,352, | 
| $33 = 79, 184.544, 189, 411,054, 27a, 1 
and 7 = . 020, 160, 409, 405, 62 2, DR % 
2555 = 000,672,013,646,854, 
12 = 00, 029,6 30, 23 1, 342, . 
9 8 
f 5 875 = 00, O01, 493 „og, oy 8, 
A 14 
= : Fs = -000,000,081,474,822, 
1 r 5 
7527 = 000, ooo, oo4, 68 l, 127. 101 
. 143 433 


[ | ö | 
U — 
"FF $ 


10 = PM = ooo, ooo, Oo, 27000 ft, 5 
85 eee eee gen r 

NT SIO = .000,009,000,001,070z: / 
F eee, 


d ee ee. ee eee 
: | : = = > ; 3 ces 35 ; i 1 E „ 5 4 . xe | 
| and the ſeries 5 __ + 7x + Ge. or half the ſupplement of tlie are 


whoſe chord is 5 ＋ 5 to a ſemicircle, is = 1.633,86, 793,99, 688; there-- 
fore the whole ſupplement is = 3.307, 713,90, 595, 176. Find no the ſemi· 
circumference of this eirele, by multiplying the diameter 6 into the number 
3-141,5924653,589,793» and dividing, the product by 23 or by multiplying. 
the radius 3 into the number 3. 141, 592, 663,589, 7933 and from the refult, to- 
wit, e 9. ſubtrack the ſupplement 3. 307. 7 eos. 
and the remainder 6. 1 17, 064, 370, 174, 203 will be the value of the arc whoſe 
chord 5 ＋- was giyen; which. number (if no miſtakes have been made in the 
calculation) is true to at leaſt fourteen figures. It appears therefore that, in the 
preſent. inſtance, in which the given chord is about + of the diameter, the ſeries 
24 — + == = + &c. for finding the half ſupplement, converges tolerably 
quick, ſince twelve terms of it give the value of the whole exact to-fourteen« 
places of figures: and *tis evident that the greater the given chord is, the ſwifter 
this ſeries will converge : therefore when, the given chord is more than I of the 
diameter, this ſeries will converge with a conſiderable degree of fwifrnets; and 
when the given chord is extremely near to an equality with the diameter, as, for 
inſtance, when it is equal to. of it, the ſwiftneſs of the convergency of this 
ſeries will be prodigious. We may conclude therefore, that when the given 
chord is nearly equal to the diameter, this laſt method is preferable to the ſe- 
cond; but when its difference from tlie diameter is pretty conſiderable (as, for 
inſtance, if it be equal to only half, or 2, of the diameter), the ſecond method, 
by biſecting or quadriſecting the arc whoſe chord is given, is better than the- 
laſt. i 78 | | | 


238. Havins thus found the arc whoſe chord is 5 +43 or 5. 11,111 
Sc. to be = 6.117,064,370,1742,. we may proceed to find the chord of its 
third part in the fallowing manner. Divide 1 — foregoing arc by 3, and the 
quotient will be 2.039, 02 1, 456, 724, 7, which we 4 „ put = g; and 
we ſhall have g = 4. 157, 608, 500, 983,7 5 | 

and g = 8.477, 452,942, 16, 1 9 146.538, 364, 170, 27, 
85. 33.245830, 418, o4, 8 F609. 249, 149, 394, 59, 


a, 


[200]. 
and +: = 039,247,462 N —— = ooo, ooo, 623, 17, 
/ 5 r : 5 yo, . 


120% 8 Oc 1 * | = ooo, ooo, ooo, 99 5 


therefore the ſeries 2 — & -- — —.— ＋ &c. or the chord of the arc 


2, or of the third part of the arc 6. 117, 064, 370, 174, 2, whoſe chord 5 + + 

was given, is = 1.999, 999, 999, 36; which is true to ten places of _ 
the error being in the eleventh figure 3, which ought to be a 9, becauſe the ac- 
curate value of that chord is 2, as will appear upon examinarion. 2, E. J. 


362, 8807 


239. Hav now completed the ſolution of che three problems mentioned 
in Art. 208, or the reſolution of the three cubic equations of the third kind, to 
wit, 53 +ry = d, y — cy = d, and cy — 5 = d, we ſhall here put an end 
to this chapter: and, in the following chapter, we ſhall draw up a table of rules 
for reſolving all the caſes of all the kinds of cubic equations, extracted from this 
and the foregoing chapters, and expreffed as conciſely as they well can be con- 
ſiſtently with perſpicuity ; that the reader may be able to find readily, as in a 
dictionary, the number of the roots of any propoſed cubic equation that he has 
occaſion to conſider, the ſeveral limits of the magnitudes of thoſe roots, and the 
manner of reſolving it by the rules delivered in the three foregoing problems, if 
it is of the third kind, or involves only the cube and the ſimple power of the un- 
known quantity, or of transforming it into one of the third kind, if it is an 
equation of the firſt or ſecond kind, and then of reſolving it when ſo trans- 
formed ; without being obliged to refer tothe articles themſelves in which theſe 
things are demonſtrated ; which, by reaſon of the great variety and length 
(which however was unavoidable) of thoſe articles and demonſtrations, would 
be extremely tedious and troubleſome. 


. CHAP. XVI. 


A Table of the ſeveral Caſes of Cubic Equations, with the neceſſary Rules 
3 bor reſolving tbem. en 


240. K 8, by the methods that have been explained in the foregoing chapters, 

all cubic equations of the firſt and ſecond kinds are to be reſolved by 
the mediation of thoſe of the third kind, to wit, by firſt transforming them into 
thoſe of the third kind, and then reſolving them when ſo transformed, it will be 
convenient in compoſing the following table of cafes, to vary a little from the 
order in which thoſe ſeveral kinds of cubic equations have hitherto been treated 
of, and to begin with thoſe of the third kind. 


241. Axp firſt, let the cubic equation 933 + cy d be propoſed. This 
equation is always poſſible, whatever be the magnitude of d, and never has 
more 


1 


dots chunt De reve x und, if we put = en this oor vin beequal to 


<ither of the two Tallowing e meer to owe. 575 l- T — —— or 
+ Fart! 111 7 28 a . f 4 + 4 wy 
3 Fr Re: A * , —_ > Arlt 267 1013 1 ; 2 2 


upon e the moſt convenient in practice, for a reaſon that ſhall be men- 
d hereafter, and therefore ſhall make uſe & ic in TER articles, | in pre- 


tione 


ference to gs nn See Art; 268. 
2 2 1 7 8 — 9 = = „ 


18 ry + » 


. 


% . £3 


poſe when — e ieee <3 0 vit, if 77 —55 
TE. — 3 7 2 — 
be put = , to / +5 +_ 157 r. / 2 +: 4 2 > 


of which expreſſions I take the former to be, upon the whole, rather prefer- 
able to the latter, and 2 ſhall make uſe of it in the following articles, 
See AR., 68. 

When the abſolute term Si is exactly equal o h, F 


tion „ che. 
And when the abſolute term 4 is leſs than : Hs the root of che equation 


3 - cy is equal to the ſutn of the two roots of the equation — =d&; 
or, if the leſſer of thoſe roots is called v, and the greater t, the value of 
vin the equation y3 — cy =:4 will be = — or (by Art. 218.) = 


2 | 


2 


of ;he Equation 6 — == > 
243. Taz: equation cy — 93 = 4d is poſſible _ when 4 is not greater alk 
2c 25 of s: | 


393 | . | 
When di is = — __ this equation has only one root, to wit, 2 


JV : 
| TS Dd Anek 


And when d is less chan 2K 


leſſer is leſs than 25. and the greater is « groater than 2 . 8 leſs eke 


Theſe roots are found by the wiſeRion of a circular are; which may be 
done either by a table of ſines, or by infinite ſerieſes. If only a moderate de- 
gree of exactneſs is required, twill he- proper to make uſe K. a table of ſines; 
and, in this caſe, it will be convenient to find both the roots of the equation 
dy a table of ſines, or to 1 by ſuch a table the chords of the third Parts of 


both the arcs, whereof == ? is the common chord in a circle whoſe radius. is 


= If very great eee he required, it will de neceſſary to make uſe of 


infinite ſerieſes ; and, i in this caſe, *twill. be moſt convenient to find only the leſſer 
root of the equation, or the wn of the chord, of the third part of only the 


lefler of the two arcs, whereof — 2 is the common chord in a eircle Whoſe radius 
is 75 by thoſe ſerieſes, and hls determine the greater root of the equa- 


Vac — 3% — 
* 


, to which the greater root is equal. 


Qfiche Bytes af 4- p02 ben 


244. Tur equation x3 ＋ px* + qx = 7, is always poſſible, Aber be 
the magnitude of x, and never has more than one root. This root muſt be 


always ſuppoſed equal to y — 35 and the transformed equation thence reſult- 


enen r; which being properly reduced, 


by tranſpoſing all 1 to one ſide of the equation, and all the 
known terms to the other, will come ſometimes under one of the three fore- 

going forms, and ſometimes under another, according to the different relations 
of the quantities p, 2, and r, to each other. Theſe caſes are as follows. 


Cas iſt. If ꝗ is leſs than 3 and conſequently of than e, and r is leſs 


| os „„ Put 


when properly reduced, will be 1 


therefore — c, and 2 — ds, and reſolve the equation 


953 71 = 1 by the niſetion of a . arc in the manner deſcribed in 
Art. 


{ 206 
Art. 2431 and the exceſs of the greater of che to roots of this equation above : 
e „ 


os 4 10 
& 
* 


— If 11 ves chan 222, — chan 25. — . an ris 
equal to 2£ —24, 2 che vlioſ + in the en f bir Dr will be 


4 30Þ= 992 =— "x 


- | 
Cask 3d. H 2 is leſs than =, and conſequently 2 is leſs than *. and 
2 7 2 — 4, the e equation 8 hen £242 5 
—＋ n — be - 4 25 

Put therefore S. — 2 4 and ro if — = d. and — — 

C02 4 by * methods preſcribed ho Fr ORE of Prob. II. arid the exceſs of 


the root of this equation above 4 will be equal to the value of x that was re- 
quired. | 


Cas 55 I's Bb = 2h, þ the foregoing transformed — will, when 
properly reduced, become ” — 7 = 7, or* (putting - Sc, and r 
3 — c d; which equation being reſolved by Prob. 1. and 7 ſubtracted 
from its root, the remainder wil be the value of x "harwas required 4 


Cas ER 5th. If 3 is greater than 2 E, but leſs than _ 2 the transformed equa- 
tion, when properly reduced, will e T ̃ 2 or 
(putting F — 2 =, and r + — = =4) 512A. which uni 


tion being reſolved by Prob. II. wat Z fabrrafted from its root, the remainder - 
will be the Wr of x that was requir 3 8 | 


Cas 6th. LEST hn he cuts * L if 
* ＋55 at — by Art. 118. 950 i 
Dd 2 casa — 


[ 204 1 | 
Cap th. If q is greater than 2 2, the above-mentioned amd equas 
tion, when ua reduced, will be 55 * 25 — 2. = 1 or 
(putting 2 — E. = 6 and n+ ££—= a) ohio d. Pur therfre 


27 
fo; 5 


eee ultar (ox n N Fo 5 
55 SEL 


Of the Equation q x + 26 — * 
245: Tux equation 2 p — 33 r is not always poffible; but le; bat o 
when r is not greater than the quantity £1 + 2 — 2 . A or 
that value of the compound quantity q* T PN x3” which ariſes by ſabſti- 


tuting — £7: 2 "a... in its terms inſtead of *. If r is equat to that quantity, 


— — . 


the equation * + px* xx will have * one root, to wit, 


But if 1 is leſs than that quantity, this equation will have two roots; 2 
the one will be leſs than 2 CL =, and the other will be greater than. 
2 4, bus leg than EL 


This equation is transformed into another that wants the * term, by 
ſuppoſing x to be equal ſometimes to ? * y; and ſometimes to I wy accord- 


ing as the value of x is greater or 12 than 2. The transformed. equation 


ariſing from the _ of theſe ſuppoſitions, to wit, that x is = > *+ . 


2 ＋ 5 2 - + 75 ＋ 5 252 —= 7; and the transformed equation — 


from 6 latter . to wit, that x is = 7 — 9, is * 22 hey: 
g 7 7 2 


22 2 + 93 r. The caſes in which theſe transformed equations are re- 
ſpectively to be * uſe of may be deſcribed as follows. 


1 CasE 


L 205 ] 
Cas rſt. I ine quantity is leſs chan Ef + ZE + 2£ E: N 


{OF |, 
* 3 18. : I * . 


7 will be greater than t, an therefore muſt. be ſuppoſed equal to. +, and! 
the transformed _— that i is in this caſe to: be conſidered is e422 E + 47 


+ £2. 39 =";"which, being properly reduced, vt Wap eye 


Ae - 2 Put therefore L- 7 + * e and. —4— — and 
reſolve the equation cy — y = 4 — Prob. III. and the two roots of this equa-- 


tion increaſed by the e quantity f will be f the two values of x that. were to be 


„ 4 1 4 1 th: 
1 


found. | f 
einc I the quantity ris E Lp 1 „ the equation qu + Pan 125 


r will have two roots And 2 are 2 1 tang 14/2 _ 2 . . "Þ 


Casz 3d: If the quantity'y is leſs than A+ =, f e ns of the- 
equation gx + px? - X = will be greater than 25 and therefore muſt be 
Man equal'to © Eo; Y, and the leſſer root of chat 4 will be leſs than 

55 , and therefore mar be ſuppoſed equal to £ Py. Therefore the transformed 
equation by which the greater root. is to be dme is = ef 45 = 2 + ay * by 4 C2 2 


— y = == Fo. Are. being properly reduced, becomes, in FRY caſe, y3 — £ 5 


— gy = wy += = — 7: and the r 1 by which the leſſer ; 


root is to ya W is ££ 7 ＋ 75 — 4 1 93 r, which, when. 


properly reduced, becomes 2 PE 9 — * > 22 7 14 2 TXT To find there- 


fore the greater root of the equation q* + * Ay — x3 =r, we n muſt put Z — = + 7 
=c, and bf of — 7 = d, and reſolve * 1 EE”, by. 
Prob. II. 5 the value of y ſo found being added to = - Z will be the greater: 


value of x that was required; and to find the leſſer root of the equation: 


q x: 


bur greazer than 2f + 22 do the roors of the equation 45 Hp 


| 
| 
| 
| 


[266] 


FFF 
=4, and reſolve the equation c y— 51 = — A by Prob. II. and the lefler of the 


two roots of this re ier ſubtraied | from ? ? will be the leſſer value of r 


POT | * 
or 'the'Bquation r | 


246. Tux equation x3 — px* — gx r is always poſſible, whatever be 
the magnitude of r, and never has more than one root: and this root is always 


greater than evi) + er 24. Further, to exterminate che ſecond term of this 
equation, we muſt ok.” x to be aqua to £ 7 + J. and the transformed equa- 
tion thence reſulting will be 3 — 2 — 3 rag =", which, when: 
properly reduced, becomes y3 — £2 — 9 =r +2 ? 1+ put therefore 
C 1 ＋27 2 = c, and i +. 2+ ap and reſolve e o- d 
by Prob. H. and the — of y thereby obtained being added to - L will ve the 


root of the equation #3 . — * r. & E. I. 


Of the Equatiou qu p — $3 r. 


247. THE equation qu —px* —x* =7 is not always poſſible, but. only. 


when 7 is not greater than the quantity == CATED 7 2 t, or 


7 27 3 
that value of the compound quantity qx — px* — x3 which reſults from the 


ſubſtitution of 22 2 Ain its terms inſtead of v. If r 1s equal to that 
3 the equation q x - - = will have only one root, to wit, 


* EE : but if 2 is leſs than that quantity, this equation will have two 


roots, 4 the one will be leſs than 2 £ = 1 * and the other will be 


*I but leſs than i 


greater than 
To N as ſecond term of this SR we muſt ſuppoſe x to be- 
equal to — 4. and the transformed equation thence reſulting will be 2 2 : 


+2 25 —5 — = — 4 6 r, which, when properly reduced, becomes C2 2 
* 5 


7 
Te- E . Fut therefore f ff =, and FL r . 2 
d, and reſolve * 5 cy - 2 Prob. III. and . rooms 
of this equation diminiſhed by the quad TOs the two values of x in 
the equation - 5b. — #9 . SEL 12 ml nase ant 
[Of Abe Equation rig 2g ok gs BH 


248. Tux equation x3 + px* — * r is always poſſible, ae be 
the magnitude of 7, and never has more chan one root: and this root is always 


greater than 22 2 Further, to exterminate the ſecond term of this 
equation, we Lunt ſuppoſe x to be equal to y 5 and the transforttied 
equation thence reſulting will be 3 — £2 — 9x + 2 ef =, which, 


being properly reduced, will appear * different e according as 1 is . 
greater or leſs than 2 ＋ K. ene D 


Casz rf. If > is leſs than than 2 2 ?, the foregoing transformed equation, 


when properly reduced, will Wy 2 + gy —9 = 24 * — 7, In this caſe 


therefore we muſt put © 4 D c, i d, and reſolve the 
equation cy —y® d by Prob. IIT. and the <= of the greater of the two 
roots of this equation above * will be the root of the equation ie 
= r that was required. | 7 


Casx 2d. r +2, th 2 * ＋ —gu 


r „- 2E 7 


Casz 3d. IH # is greater than 22 +2, the foregoing transformed eus 


tion, when properly reduced, will be y* — 22 — 2 . — 25 In. 


this caſe therefore we muſt put i —+4q = ec, and TED = =6, and re- 


folve the equation y3 c = 4 by Prob. II. and as 2 of the root of 
this - 


1.44266. L6G 0t — — a 


(983 


this equation above the quantity? L will be the; root of Ib equation ** + 2 * 
—gx= r that was required. 1 C 


14 * 623 
* - . o 


f ibe Equation 11 od 5 ab 003570 wid 10 


249. Tur enuaticn ** -D ＋ 4 riis al ways poſſible, whatever be the 
magnitude of r, and has one, two, or three roots, according to the different 
relations of the quantities p, 9. and r to each other. Theſe caſes may be de- 


ſcribed as „ 


CasE rk. If y is greater An ee. 40 * is leſs ik 92 — 


I = "the 2 5 


| x3 t gx r will have ouly one root, and this one root will be'lefs 


than g, and muſt be 15-0 equal to En 5; and the transformed equation 
Ln reſulting will be © — 2 _ 79 + = — 9 =, which, when pro- 
perly reduced. becomes 15 +47 —tL= * — 5 Put therefore 
q — 5 c, and ai — Sa, wal reſolve the equation y* {cy = 4 
'by Prob. I. and "a Ty of! £ above the root of this equation will be the raot 
.of the equation xs * + qx r. 2 E. D. 


Cazz 24. If 7 is greater than 22 . , and 7 is equal to 708 —- the equation 


—7 5 + qx r will have 5 one roat, and this root will be = = 2. 


CaAsE 3d. If 2 is greater than *? 25 and r is greater than 2 — 2, the 
equation x3 -D + qx=r will have only one root, and this root will be 
greater than g 3 and muſt be ſuppoſed equal to 2 TR ; and the transformed 


equation thence reſulting will be 55 + gy — — ＋ £ = 7, which, 
when TY _— becomes y* + 4 z—22 —x 5 22 „ Put 
7 I 


therefore q — © e 1 = ry 1 = z and reſolve the equation 


33 þiy=d by Prob. I. and "Wl root of this equation added to ? ; will be 
wo to the value of x in the equation x3 I + r = r. & E. Z 


CASE 


[209 ] 


Cas E 4th. If f igequalto . and 7 is Jeſs than 2 the equation.x? — p x* 
p = 7 SP = 277 


hogs = 7 will have only one root; and this root will be = 


— 


2 E. I. 


Casz 5th. If q is equal to i, he che equation x3 -p 
+ 9x =7r will b Sah ü 8 cd tät rest ul b =. 9. E. » aug 


 Cass 6th. If 2 is equal to 2 and 7 is greater than. 45 the equation x3 - p x* 
2 
3 


＋ qx =-7 will have only one root; and this root will be = 
2 E. 1. 
CAsE yth. If 4 is les chan Z 25 but greater chan 2 25 and 7 is greater than 


25 — LL + 8 — — - the equation 2 gx r will 
2 = . Further, 


have only one root; = this root will be greater than * 
to exterminate the ſecond term of this equation, we muſt, - this caſe, ſup- 


poſe x to be equal to : 2 and the transformed equation thence reſulting 


will be 2 + gy — —_ _ A r { — r, which, when properly reduced, be- 


comes y3 7 4 0 Put therefore £ 2 — 2 2 and 


ge: > 25 — 2 =4, and reſolve the equation 35 — cy = d by Prob. II. and 


the value 4 thereby obtained being added to : Z will be equal to the root of 
the equation æ —Dx* ＋ qx =. 2 E. J. 


_ Case 8th. If 2 is leſs than E, but greater than 24 25 , and r is equal to 


Biggs the Neg * SE «£5 will 


a7 27 
have two roots; and theſe roots are * — . =, 
2 E. I. 


Ee Cas 


Tar] 
Cast ih. 1 2 is less than 22, but greater chan Le, and r is leſs than 


4 rertErr the equation & pix? Sos => wt 
DIL —IF Fas. 


. ks * one root; and this one root will be lefs than * 
ther, to Fe the ſecond term af this equation, we muſt ſuppaſe x to be 
equal to i — yz and the transformed equation thence reſulting will be 
24. — + 72 — ay — 5 =r, which, being properly reduced, becomes 
y3 Blyth nr, Tut therefore © — f = 6, an and 4 — 27 
— rd, and reſolve the equation 3 e 4 Prob. II. and the ws 
of y thereby obtained being ſubtracted from £ : will be equal to the root of the 


equation x3 - +6: and by E. Z 


* 


Cask roth. If q is leſs than © 75 , but greater than E, ang r is equal to 


. che equation ö SG 


I 27 
3 941292 2 — => 2Vpp — 2. E. 7 
3 : : . 


two roots; and theſe roots are N 


Cask rith. If q is leſs than 2 , but greater than 2 - E, and 7 is greater than 


16 * —.—— 57 — = but leſs than —— the equation x3 
. P*. + 2 + gx = r will have three roots; whereof the leaſt is les than 


p—=v 32 —99 - , and muſt be ſuppoſed equal to 5 5, and the middlemoſt 


and e are greater than ? 35 and muſt be d equal to £ * y. 
It follows therefore, in the firſt place, that the 3 equation, by 
which the leaſt root of this equation is to be determined, is = - Þ = 2 


— 0 —9 =r, which, being properly reduced, becomes „ — 224 705 
= 1 * „ therefore . — q = c, and 25 . r = &, and 
27 3 3 27 


5 reſolve the equation Af — cy = 4 by Prob. II. and ſubtract the value of y 
thereby obtained from £ 1 the remainder will be equal to the leaſt root of the 


| equation x 3 —p&* ＋ :* r. 9. . 
| 2dly, 


— 
—— — ͤ ů——ͤ —— cen ena 


. 211 . 

_ 2dly, The transformed equation by which the middlemoſt ala greateſt 
roots of che 8 x3 — px* r are to be determined, is 5 — 2 
19 27 ＋ r, which, being properly reduced, becomes 1 = 5 

ts a ich Put therefore .f = e, : and 22 5522 ob 
and reſolve the es cy - = by Prob. III. and the two "values of y 


thereby obtained being added to the quantity £ will be equal to the middlemoſt 
and greateſt roots of the equation x3 — px* r. Q. E. 7 | 


Cass 12th, If q is leſs than 7, but greater 1 i and r is equal to 
Ho =, the equation x3 — p #* 4 gx r will have three roots, whereof 


n equal to * , the middlemoſt will be cquat to 


5 and the greateft to 2 * 2 E. IJ. 


Cask 13th, If g is lefs than 3 P but greater than 22 25 8 1 is greater than 


22 22 n * — 

2 but leſs than 2 nnd hs 22, the equation 
* — * + 9x =r will hit three roots; ; . the leaſt is leſs than 
— EE — „ and therefore, à  fortiori, than £ 5 and muſt be rocked equal 


to E Oy and the middlemoſt i is alſo leſs than £ = and muſt be ſuppoſed equal 


to — y; and the greateſt is greater than? 35 and muſt be ſuppoſed 8 to 
5 0 y. | 

1 follows therefore, in the firſt place, that the transformed equation, by which 
the middlemoſt and leaſt roots of this equation are to be determined, is the equa- 


om — 2 +2 2— gy —95 r, which, being properly reduced, becomes 
eee td, Put therefore & == ge, ndr . 2L; 2; wolf 


d, and reſolve the ——__ ; yz —33 d by Prob. III. and ſubtract hots 
values of y thereby obtained from 75 and the remainders will be the leaſt and 


middlemoſt roots of the equation x3 — Pi + Z r. E. I. 
E 2dly, 


— ob * pb 


f 2142 
2dly, The transformed equation, by which the pg root 7 as equation 
* —px* R is to be determined, is N NN = ＋ 95 — n 


which, being properly reduced, becomes gh — 7 + 7 = en: 27 Ef, 
Put therefore - — = and 7 + Io n i noe 4 and reſolve the equation 


33 — cy d by Prob. II. and the root od this equation being added to £ will 
be equal to the en root of the equation x3 — p A ＋2* r. 2. E. D. 


Cask 14th. If q is equal to 2 hy ad 1 Is greater than £ 5 the equation 
x3 — * D r, or * W + i =, will have only one root ; 
and this root wilt be greater than * Further, to exterminate the ſecond 
term of this equation, we muſt ſuppoſe x to be equal to & + y; and the trans- 
formed equation thence reſulting. will be y3 — £2 — LAN = 1, which, being 


Are reduced, becomes 53 — 2 = r — 28. Put therefore by c, and 
3 22 = 6, and reſolve the e JI 9 5 2 Ai and 5 IF of y 
thereby obtained, being, added to £ 35 will be equal to the root of the en 


gr or x3 — LA 2E. £ 
Casr 15th, If 2 is =, and r is = - „the equation x3 —fpx* +qs 


= 85 or & — px* + = AJ = Fs will. Kaye two roots; and. thoſe roots are 3 


and = 
2 


Cask 16th. If 2 is = 275 and r is leſs than 555 but greater than 25. the 


9 * — . f r, or xi — p + —— Sr, will have three 
roots; whereof the leaſt and the middlemoſt will Ta leſs than £ : „and muſt be 


ſuppoſed equal to 2 —y; and the greateſt will be greater than 2 5 and muſt be 


ſuppoſed equal to = + Lo 
* 


— errno — ne 
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It follows. therefore, in. the firſt place, that the transformed equation, by 
"_ o middlemoſt and leaſt roots of this equation are to be determined, is 


7 2 2 — * ' which, being properly reduced, becomes £ — — n= : 
- Put therefore & c, and r — 2 == * and reſolve the equation | 


7 — — 


108 | 12 108 | 
6 - A by Prob. III. and the two values of y thereby obtained, being 


ſubtracted from £ E, will be equal to the leaſt and middlemoſt roots of the eq 
A Ff or * p E r. 2E. T | 
2dly, The transformed equation, by which ths greateſt root of the equation 
don! te + qz = 7 or x3 — p * 142 = r, is to be determined, will be 


* — 2 ＋ H= which, being properly reduced, becomes y3 £ 2 = 
7 — 2. | Put therefore 8 = C0 and 5 — — d, * reſolve hs: equation 


353 —cy d by Prob. IE and the value of y thereby obtained being added to 
ee 29 ho gag res of hs ape 6 


fl — . f r. 2 E. I. 


Casz 17th. If 4 is E, and / i L, the equation x3 — p x* + qs 5 


= r. or x3 D + = * = r, will have Hel roots; and theſe roots are 5 


v, and = 5 Dr VET 


Cas: 18th. If 4 is . and r is leſs than Eg, che equation #3 = 


** 
will be leſs than 7 and muſt be ſuppoſed equal to 3 — ; and the middlemoſt 
and greateſt will be greater than 35 and muſt be ſuppoſed equal to? 317. 

It follows therefore, in the 1 place, that the 7 uation, by 


which the leaſt root of this equation is to be determined, is 7055 _ __ —y =7, 


which, being progerly reduced, becomes y— £2 = i 3 therefore 


2 = c, and £ 3 — — rA, and reſolve the equation y3 — cy d by Prob. IR 
| VO 5 


, or & — px* ＋ SY Dr, will have three roots; whereof the leaſt 
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and the valuo of y thereby obtained being ſubtracted from 5, the remainder 
will be equal to the leaſt of the three roots of the equation ha — 39 55s * 

1, or & e oF Sr. N E. I. | | 
2dly, The cransformed equation, by which the mien and greateſt roots 
of the equation | &3 7 ＋ * r, or x3 — — P + 2 rn arg to be 
determined, is y3 — + + 1723 = 7, which, being properly * becomes 
72 5 Put therefore 1 6, and 5 r. and reſolve 


4 equation cy — 4s = d by Prob. HI. and the two pi of y thereby ob- 
tained being added to = ? will be equal to the middlemoſt and gar roots of 


the equation „ 9, E. * 0 


Cask 19th, If q is leſs than i but greater than 2, and 7 is greater 


1 » 1 2p*—69X pp — n n 
than 1 — 175 + 2 : LL 4 = the equation x3 — P A ＋ 2 
will have only one root; and this root will be greater than 7 3 and muſt be 


ſuppoſed equal to : + , and the transformed equation thence reſulting will 
be y3 — 235 + gy — 25 —+ 17 == 7, which, being properly reduced, becomes 
y3 HL =-. Put therefore 5 —q=c, and r + —£L 


7 
— d, and reſolve the equation y3 — cy = d by Prob. II. and the value of y 


thereby obtained being added to : will be equal to the root of the equation 


* — pit g * = r. 2. E. J. 
Cas 20th. If q is leſs than . dut greater than zz, and r is equal to 
2 — 25 * — — the equation x3 gr will have 


i woys ore ©— — — ang ESTES, L E7 


3 


Cas 2ſt. If 7 is leſs than © 5 „but greater chen 515 and y is leſs than 


26. 238 1 i\p* n "OF 


+ 1a 5 27 


greater than 1. — . the equation 


43 
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x3 2 5 gf r will have three roots; whereof the leaſt and middlemoſt 
will be leſs than 3, and muſt be ſuppoſed equal to  — y, and the greateſt will 
de greater khan 9, and muſt be ſuppoſed — | 

It follows 3 in the firſt place, that che een equation, by 
which the leaſt and middlemoſt of theſe roots are to be determined, 1 . — 77 2 


+ £2 — gy - = #, which, being properly reduced, becomes £2 — 77 
pb + itn oh e © ON and 7 ＋ —— — 1. . 

* reſolve the ponies — ey —y3 . d by Prab. III. and the wh values of x 

thereby obtained, being ſubtracted from . 5 will be equal to the leaſt and mid- 


dlemoſt roots of the equation x3 —px* + qza=#*s, . E. I. 
2dly, The transformed equation, by which the greateſt root of the equation 


x? —pa* + gx=r is to be determined, is y? — £2 ＋ + —L=r, 


which, being * reduced, becomes „2 „ = += e | 
Put therefore . — Dc, and r + 2 — . d, and reſolve the equation 


5 — cy d by Prob. II. and the value of y thereby obtained, being added 
to 7s will be equal to the greateſt root of the equation #* — p + qu =r. 

Cask 22d. If q is leſs than 7 but greater than — 2 > and 7 is equal to 
Os —2, the equation x3 „„ will have * and theſe 


— U 2, an 2. E. T. 


roots are 


Cas 23d. If q is leſs than L » but greater than Hh and 7 1s leſs than: 


oy e. IT the equation #3 — * ks * r will * three roots; whereof 


the leaſt will be leſs than ?, „and muſt be ſuppoſed equal to £ — y, and the 
middlemoſt and greateſt will be greater than *. 3˙ and muſt be e — to 


A | 
Ir 


Ick follows therefore, in the firſt place, that the transformed equation, by 
which the leaſt of theſe roots is to be determined, is 4% — . £2 gy 
— y3 r, which, being properly reduced, becomes 5 — 2 + „ K 
1 —— Put therefore £ — 2 e, and FE — Ma ag and jeſolve ; 
the equalidh Jy Ad by Prob. II. and the vis of y thereby obtained, 
being ſubtracted from £ 3 will be equal to the leaſt root of the equation 


x3 — P pk gx r. SE: 
 2dly, The transformed equation, by which te middlemoſt and greateſt 


roots of this equation are to be determined, is y3 — F 70 + *. — a ., 

which, being properly reduced, becomes 2 — 70 —55 = T LP 25 — r. 

Put therefore Dc, and © Pf 22 _; —4, and reſolve the equation 
3 27 | 


cy — y3 d by Prob. III. a, the two values of y thereby obtained, being 
added to - will be equal to the middlemoſt and greateſt roots of the equation 


x3 — px* , = . & E. I. 

Cas 2. If q iy = * —=, ander is greater than ——— ns =; ——, the equation 
& — x7 — go — 7, or x3 * © 2 = _ 7, will have only one "_—_; 
and this root will be greater than - and muſt be ſuppoſed equal to ; + yz; 
and the transformed equation thence reſulting will be y3 — 7 + 93 + of 
— = 7 or 53 — 2 Dr. Put therefore 5 = c, and 1 =d, and re- 
ſolve the equation y3 — c d by Prob. II. and the value of y thereby ob- 
tained, being added to 5 „ will be equal to the root of the equation x3 — p * 


+ r. (5. 


222 


Cask 25th. If 4 is * and r is = . equation * = px* + gx 


7775 I 
r, or #3 —px* + e wi have two roots; and theſe roots are 


3 = 2 +3 
2 2 -x P — xp. &. E. J. 


CAs 


[ 2x7 J 


CasR 26th; If qis = 225 and r is leſs than rg = the equation x — ge- 


* 5 


+ =, or af —pxf + r, will haye three roots; whereof the 
leaſt and middlemoſt will be leſs than 2 75 and muſt de ſuppoſed equal to 75 
and the greateſt will be greater than a boy muſt be ſuppoſed equal to ? + v. 

It follows therefore, in the firſt Ride: that the transformed Ws by 
which the leaſt and middlemoſt of theſe roots are to be determined, is f. — 25 
+= — gy 95 r, or 22 — H. Put therefore =. . , did 
and lbs: the equation c —4 by Prob. III. and che. two values of » 
thereby obtained, being ſubtracted from A 55 will be equal to the middlemoſt 
and leaſt roots of the equation x3 ED a =. 2 E. {4 enn 

⁊2dly, The transformed equation, by which the greateſt root of ths equarion 
#3 = Pf, 4 is to be determined, is y * — 2 gy IE = jo bf 


=", gre. Put therefore . = c, and 1: W 
equation A —y=d by. Prob. II. and the value of * thereby obtained, being 


added 994 5 , will be equal to the greateſt _ 55 che W 220 * 7 x + — 5 


Ia L385; , 


25 1 
N ht 1 q is leſs than OY 44 7 is (greater than 5 — 25 
7. — 57 — — e n de « 8 
+1 2 2 the equation ** — ge +gx=r will have Uh one root 


and this r root will be greater than, [os and muſt be ſuppoſed equal to 2 2 55 ; 


and the transformed equation thence reſulting will be 75 . 252 95 7 2 225 
＋ 22 r, which, being e reduced, becomes W's _£ 15 Pl gy; = 


r + 2 — 75 Put therefore © - — =c, and r + —_ 8 and re- 
ſolve the equation y3 — c * = 4 by Prob. II. and the value of y thereby ob- 


tained, being added to ? 3 will be equal to the root of the equation #3 — D 
+ 25 =r. 2. E. * 


Pf | Cask 


GT 


[ 2x8 } 
c "2866.14 15 166 than 22, ind Fis E 364 — is 
3. 
the equation S pe ie dn have two Toes; ind he ae 


n eee Ame rr $08-174 


17 3 
11211 1102 i 


yen: . If 4 is leſs hen. ids: ade rs. | hol Ry 245 | — 
D be equation „ ger wilt . 
roots; whereof the 1 and che middlemoſt will be leis than 3, and muſt be 
fuppoſed 8 ts 2 E 5. and the greareft i is Ed than 85 0 and inuſt be wich 


2 


„ a 4 * 4 
— 2 4 FF c * I 51 531. 2 3 2 49 4 "30:5 03 £541 3 } 
w 


| poſed ——5 0 . 5. 


It follows Klees in the firſt | Jace, that the transformed equation, dy 
which the leaſt and the middlemeſt of theſe roots are to be determined, is 


2 — 2 +247; 77 — .. 15 which, being properly reduced, 9 
2 e Fu * 7 — 5 Put therefore =; and r 
2 — 4, and reſolve 1 A c y — 55 WE by Prob. III. and the two: 


values bf 7 thereby obtained, "being ſubtracted from 2 7. will be equal to the 


middlemoſt and leaſt roots of equation x3 — px* + qo =r. Q E. I. 7 
2dly, The transformed equation, by which the greateſt root of. the equation 


* —px* : r is to be determined, ht Es 1 2 r, 


which, being property reduced, becomes y3 — 2 ＋ qy =? 25 =. ) — 17 
Put therefore £ - — 7 c, and r += 2 — 77 1 Wh and e the equation 
4 — cy =d by Prob. II. and the Dias of y Wd obtained, being added to 
5 will be equal to the greateſt root of the equation ** — px* + 2 r. 
2. E. J. 

Of the Equation p u — * — 91 7. 


250. THE = p X —- & r is 3 always poſſible, but only 
tg 1 26 —69XvVpp=39 


when q is leſs than L and 7 is not greater chan 
or 


* 


[a9] 
or that value of the Rs e p * — * — * which reſults from 
the ſubſtirution of — ES — — — in its terms, inſtead of x. £ r is equal to 


| that reſult, the equation DP ** — 11 —2* r will have only « one root, to wit, ' 


2EL : — 32, if ri is leſs than chat reſult, the | equation Pan ee qu =r 


will 3 two roots; whereof the leſſer will be greater than 2< —vir—22 2 x 7 


but les than 2 Li. —— 


put lefs than E | 
To exterminate op ſecond term of this . we muſt fuppoſe x to be 
equal ſometimes to — Cf y, and ſometimes to; 2 according as the value 


of x 1s Beater or leſs FI IF Theſe caſes may be deſcribed as follows. 


CasE ft. W bur greater than 222, bo of any mag 


nitude 140 than =<- iS + . . — , the equation * mm K 
a ax = = # will have 8 roots, both of which will be greater than 7 , and 
therefore muſt be ſuppoſed equal to 2 7 + y. Therefore the mum 45 ation, 


by which theſe roots are to be determined! will be = — TY 2 — 75 — y* 


— =", which, being properly. reduced, becomes £2 2— — 1 n =” er a 


Put therefore 7 — = al e and reſolve the equation 
cy - A by Prob. III. and the two mis of y thereby obtained, being 
added to © „will be equal to the two roots. of the —— 2 = — SW _— 
ome 2 E. 14. | 

"Dn 1 If 3 is = 5 nd * in.== =; the equation er — * 45 
=7, or p — * — 2255 =7, will have only one root; 3 and this root will 


Mt $5» Tres 
be eng. 2 2 7 [3 1 Dt 


1 7 6 3 


Via © © ca 


— — —— — 
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I Cas? zd. If 4 is = 2 , and ris of any magnitude leſs than; Tr. the 


equation ” e ** e, or p —* — WE r, in have two 


Toots, both of which will be greater than 2 374 and therefore muſt be ſuppoſed 


equal to 7 ory y. Therefore we transformed equation, by which theſe roots are 


to . will be 5 n (eb phax . 
Put therefore = c, andr=4, -and reſolve the equation cy — 93 d by 


Prob. III. and the two values of y thereby obtained, being added to 1 will be 


equal to the two roots of the equation P -* — * Sr, or 22. — x3 


— r. 9. F. 
CASE 4th. If 4 is leſs than „ ind r is leſs than 2 * Ar 
pany SS | | N 

THY”, 7 7 , but greater than 2 — 42, the equation PR — x3 


— * r will have two roots, both of which will be greater than £ br and 


therefore muſt be ſuppoſed equal to = 2 2 5 v. Tre the transformed edu. | 


tion, by which theſe roots are to be 3 is — 2 ts 4 7 . = AVER 45 — y3 


=, which, being = Ji reduced, becomes i — 7 he bot _ + 2 
— = Put therefore 4 - ec, and r + = c 2— — 2 = FI nail reſolve - 
equation c — 2 — 4 * Prob. III. and the _ values of y thereby obtained, 
being added to £ "5 will be equal to the two roots of the equation my — * —qx 
r. : E.. | 
Cast >| If q is lefs than 272 = and r is equal to == = _k Es equation 
p — x3 — gx = r will i two roots ; * theſe two 0 will be £ : and 


ib 9. Z. I. 


Case 6th, If 4 is leſs than 222 - E, and 7 is leſs chan 22 —22, W 
P * — X — qx r will have two roots; whereof the leffer will be — 


1 221 7 
than > and muſt therefore be. ſuppoſed equal to ho 5 and the greater will be 
ET than ? 1 and therefore muſt be ſuppoſed hb to 2 * 9. 


It -follows thereforty in the firſt place, that the mama equation, * 
which the leſſer of theſe roots is to be determined, is = gs OL | Hl —22+ 7y 


+x which, being properly reduced, becomes 2 ** ee — 52 = 27 
— 22 "© Put therefore * = and . = 4, and reſolve 
the equation cy —3* =d by Prob. III. and the leſſer of the two values of y 
thereby obtained, being ſubtracted from ? 5 will be equal to the leſſer of the 


two roots of the equation P* — x3 — 42 * =. 2 E. J. 
2dly, The transformed equation, by which the greater of the two roots of 


the equation p * — #3 —qx r is to be determined, is 2 EE 


—7 y — py = r, which, being properly reduced, becomes y3 — _ + 95 = 
= _ — r. Put therefore _— 2 2c, and 25 oe Of —r.=4d, and re- 
ſolve the equation 5 — 7 d by Prob. II. and the value of y thereby ob- 


tained, being added to £ 7 „vill be equal to the greater of the two roots of the 
equation Px* — x3 g r. Q. E. I. 


„ „ een Equation * ppt r. 


251. Tux equation x3 ＋ px* r, is always poſſible, whatever be the 
magnitude of 7, and never has more than one root. F urther, to exterminate 


the ſecond term of this equation, we muſt ſuppoſe x to be = to y — 5 


and the transformed equation thence reſulting will be 55 — REPS 2 


which, being properly reduced, will appear under different 3 . 


as r is e than, equal 15 or leſs than = Theſe caſes are as follows. 


Fre Cast ft. If vis greater chan 2, hu transformet] IG when pro- 


Fan | £448 
perly- reduced, will "= 93 —2 = =” — ==> Put therefore? 5 =c, and rf — — 


22 = and reſolve the equation 33 = cy =d by Prob. II. and the exceſs of the 


value 


& 
— — 4 A Coe 
A —— _— 
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value 27 y er obtained above ,. will be equal to the root of nates 
x3 r. E. £ 


CASE 2d. E 26. the . „ vill be 
* xp. ww | 


Cas E 3d. If 7 1s leſs than - 27 the transformed e when properly 


reduced, will be £2 It — y} —= 2 — ; —2, Put therefore £ - = c, and = 2 —55 
— d, and reſolve the equation cy — ya = A4 by Prob. 2p and the exceſs of 


the greater of the two values of y thereby obtained above * * will be equal to 
the root of the equation x3 + px* r. YT E. J. 


Of the Equation #5 — p r. 


252. THE equation x — r is always poſſible, whatever be the mag. 
nitude of 7, and never has more than one root. Further, to exterminate the 


ſecond term of this equation, we muſt ſuppoſe x to be equal to - . * 5 and the 


transformed equation thence * 8 be 72 — £2 5 5 - =, hich, 


being properly reduced, becomes 93 — =x + = 5 E. Put therefore - =, - 
and r ＋ > 25 = d, and reſolve the 3 55 — 25 = d by Prob. II. and 


the value * y thereby obtained, being added to f, will be __ to lo root of 
the equation x3 - = r. ©, E. I. 


Of the Equation — x + px* x, or px — * r. 
253. THz equation — x + px? =7, or ? ogy — x3 r, is not always poſ- 
ſible, but only when 7 is not greater than = A When 7 is equal to = „this 


equation has only one root, to wit, 1 ; jt when r is les than 22 ED 1 has 


two roots, whereof the one is leſs than =, and the other is greater than 7-4 


but leſs than p. Further, to exterminate the fecond term of this equation, we 
mult ſuppoſe x, in ſome caſes, to be equal to : —+ 3 and in others to 225 


according to the different relations of the quantities p and er to each other. 


Theſe caſes may be deſcribed as follows. uh | To i 
Cas 


— — äG.J] “F — —— — — — — — = 


Casz iſt, i ris lefs than £ +, 9 chan ==, both the roots of the 
equation b r will be greater chan 5, and therefore muſt be ſup- 
poſed equal to 2 TY . Therefore 57 canformed equation, by which both 
theſe roots are a be determined, is © E463 rf ==, which, deing pro- 
peih x 0 diced, becomes £2 5 . Put therefore k. — = Gs and 
7 a = 15 95 and relies the equation cy d by Prob. 111. and the 
two view of y thereby obtained, being added to 5, will be equal to the two 
rag of the equation po — * , EK 


i j 


1 2d. 167 ia? £0 the two roots of the equation bun. wil 
be und + op or Ling. SE 8 5 | 


| Casx 3d bl r is leſs than 25 , „ the leſſer root of the quien ern 7 
will be leſs than ? £ and therefor 18 be ſuppoſed equal to 2? —y, and the 


greater will be 5 than , and therefore muſt be ſuppoſed n to 2 3 . 
It follows therefore, in the firſt Place, that the 1 tedudes, by 


which the leſſer of theſe roots is to be determined, is 2 = — 22 53 r, 


which, being IL: reduced, becomes — — 7 = 3 25 —_ Pur therefore 


2 =c, and = — 7 = and reſolve the 8 4 — who Ad by Prob. III. 
yay the leſſer of the two values, of * thereby obtained, being ſubtracted from 
2, will be equal to the leſſer of the two roots: of the equation waa — =, 


5 
'2dly, The Wendel equation, by which we greater of the = roots of 


the equation p — x3 r is to be determined, 1 2 =r, 
which, being ISR reduced, becomes 55 — £2 = 2 — 5 Pur therefore 
E = =, and = - _—_ r = 9, and reſolve the Glas J3 — d by Prob. II. 
and the e "af y thereby obtained, being added to 3, will be equal to the 


gremter of the two roots of the equation * — A r. Z. I. 
CHA P. 


——— 


Of the Reduction of ſuch Cubic Equations as habe more thin be Root fs 
Quadratic Equations, 'when one of their Roots is known, 1 | || 


254. WI have now gone-through all the caſts ef: allthe-formeigP weiidic 


© 


ny 


equations, determined the number of roots in each caſe, and the 


1 


limits of their ſeveral magnitudes, and fhewn how to find the roots them 
ſelves; and have, in the foregoing chapter, drawn up a table of rules, i 
which we have endeavoured to expreſs theſe things with as much conciſeneſs as 
the nature of the ſubje& would admit of. But, before we proceed to the re- 
ſolution of particular examples, it will be worth our while to obſerve, that, 
though this particular explication of each caſe is fiecefſary to the right under- 
ſtanding the nature and properties of cubic equations, yet it is not jntirely ſo 
to their reſolution: for, when one of the roats? of a cubic equation that Has 
more than one root is diſcovered, the equation may always be reduced to a 
quadratic equation involving the other roots by means of a diviſion; as may 
be ſhewn in the following manner. ES Dy | 


* 7 * 
3 1 * - 


DE Thos 14 1000 73451 $1 ..-- , hs 1247) 
255. Ir appears from the foregoing articles,: that the only cubic equations 
that have more than one root, are theſe that follow :- ' © | | 
Iſt, 33 — p ＋ * = r; 
2dly, * — Xx — g r; 9155 
n e oits 41 


? 
«ad 


1 4thly, 2 - P. — * r; 


gthly, p Ks rr; ens 


| Sthly, cy = = t.. . 
The firſt of theſe equations may have three roots, and each of the others two. 


256. Now, if either of the three roots of the firſt of theſe equations is 
known, the equation may be reduced to a quadratic equation, in the following 
manner. Let à be the greateſt root of this equation, + the middlemoſt, and 
c the leaſt; and we ſhall have a3 —pa? ＋ 4a r, b - pb + gb r, and 
G —paA+gqge=r; and conſequently a3 — pa? ga =8b3—ph + gb, 
a) —pa* +ga==G—pae+g., and b —pp +gb = 3 —pa+g. 

Since therefore a3 — pa* quis =b3 — p + gb, add p aa to both ſides 
of the equation, and we ſhall have a3 + qa = 83 +qb-p-pa* - ; and 
ſince 53 + 35 is leſs than the ſum of 33 + g# and p42 — pb, and conſe- 
quently than the other [ide of the equation, ſubtract it from hoth ſides, and we 
ſhall have a3 — 63 -- ga — gb = pa? - p#?; and, by dividing both ſides 
by a — 5, we ſhall have aa ab + bb == pp; which is a quad- 
ratic equation, by the reſolution of which, if @ is known, we may find &, and, 
N © oY A op obs + on 

Again, 


[4g } 


Ae ſince a D . g is -p + ge, add p to boch des 


of the equation, and we fhall have a + qa == ge + pa* — pf; and 


ſince'c3 ＋ c is leſs than the ſum of c qc and pa* — pc, and conſequently 
than the other ſide of the equation, ſubtract it from both ſides, and we ſhall 
have a3 — G3 + qa — qc: = pa* —p A; and," dividing both fides by 4 — C. 
we ſhall have aa ac + ec +q=pa 4-64) d is a quadratic equation, 
F 9% if a is known, we may ieee is erer nung find 4. 

Laſtly, ſince 53 — p 5 gb Wee — bed. oa 2h to both ſides, 
and-we-ſhall-have 93 + 95 == c8 DN and, becauſe £3 + gc 
is leſs than the ſum of c3 +q 4 — pc, and conſequently than the 
other ſide of the equation, ſubtract it — both ſides, and we ſhall have 
55 — 4 bigh — 1 and, dividing” both fides by „ — c, we 
ſhall have. bb bn _ pt, which is a quadratic equation; 
by the reſalution of which, 1 is err we may find c, and, if e is a1 
| we may find 3. 2 E. D 


257. Ir either of the two roots of the equizich Px — —7 . is 
known, the n wy be r to a N equation, in the follow- 
ing manner. 

Let the greater of theſe two roots W a, and the leſſer b: then will 
pa* — a3 — qa be r, and likewiſe p — þ3 — ga will be r, and con- 
ſequently p — 23 — q will be = p- b3 — 98, Add a* ＋ 22 to both 
ſides, — we ſhall have pa* = Db A= 43 + 42-4; and, ſubtract- 
ing pb from both ſides, 5 = 4 — bi + ga—9gb; and, dividing 
both ſides by 4 — 4, p = +ab +bb+q;, ich/is a quadratic 
equation, by the reſolution of which, if a is — we may find b, _ if 17 f 
is eee, we may find 4. 2 E. D. * 


ws Is cithee bb has two. roots of the denke 72 en — "IP 
known, _ be rep _ be reduced __ a quadratic enen in . — 2 ö 
manner. 10 HH nein 


. 0 thileite Hlandinethar” 


have ga +'p 4* — a3 r, and likewiſe Ig pb* — b® r, and conſe- 
quently ga +pa* — a3 == gb +pb*— Add a3 to both ſides, and we 
ſhall have Ararat es rt > and, ſubtracting 25 + D 


from both ſides, we ſhall have p - + qa 20 =þ3; and, di- 


viding both ſides by 2 — b, pa:+ T= l; Which u 4 
quadratic equation, by the b ei et is — we * * * 5 
and anten e ee a. 2 E. D. 


eker In Acer of the two roots of the equation. 92 „ — 1 ==": be 
— the Ig _ 15 EY to Narr W in num c following 
manner. 


68 1 


— ER" Na ac Bites a > 1 ꝛſĩ¶··· . ——4ĩ—[ 2 


L 2261 


Let. ache the, greater, tj} ner ry of . n 

2 — p = r, a iſed g-b-—= pf = r; 0 " 
Prem e gb pin bb, Thorben, -ddding 47 . Pt 10 bad, 
des, we ſhall have 44 =P Bras, pb? af $8); and ſubtracting 
from. hoth ſides, 4% g pat pb +4 ;, and; dividing· beck ſides. 
by a b, we ſhall: have g H +p& Af ab 3 ;, Whichwisa quads. 
rati equation, by the-reſolution,of: which, ifa is known, we may find, and: 
if & is known, we may find a. Q. E. D. | K 


260. Ir. either of the te roots of the equation pxt— & isiknowun; 
the equation may be reduced to a quadratic equation, in the following manner 

Let 4, be the greater of theſe: twar roots, and. j the leſſar 3 and we ſhrall have 
Prat — 453 cr, and likewile p 33 = * and* canſequently p g3-=. 
P — 3. Therefore, adding / 425 to bath ſides; we ſhall have bd 
a, =; ang, ſuhtracking a from hath-ſides, pa p,, ah 
and, dividing both ſides by a — b, pa ERH = aa aA; which is a. 
quadratic equation, by the reſolution of which, if @ is known, we may find 8, 
and, if- i eee 

261. As to the equation cy —y* =4, we have already ſhewn in Art. 2 191 
and 2 29, that if the greater of the tw Oo roots of) this: equation be called t, and 
the leſſer v, the equation may be reduced to the following · quadratie equation, 
to wit, u tv +{uo.=c, by the reſolution of which, if - is. known; we may 
find u, and, if v is known, we may find t. Q E. D. N Ai 


262. Taz general principle on which the reduction of. all- theſe equations 


from three ta ta dimenſions, and univerſally of any other equations Whatſoe ver, 


that have more than one root, from the number of dimenſions: whereof they 
conſiſt, to the ſame number of dimenſions diminiſhed by an unit, (for the rule 
holds in all ſorts of equations) : I ſay, the general principle on which the reduction 
of:all theſe equations depends, may be explained imthe following.manner. . 
Whenever an equation has more than one root, tis evident that if any two of 
the roots be called a and»4; there will always hetwo quantities, the ons of which 
will involve 4. and its powers, combined with: certain coefficients (te witz the: 
coefficients of the like powers of x. in the equation whereof-a and-hᷣ are roots), 


and connected together by the ſigus / and im a certain manner (to wit, in 


the ſame manner. as the correſpondent terms. in the equation hereef a and d are 
roots), and/the other will involve the like powers of combined wit the fame + 
coefficients, and connected together by the: ſigns .+ and in the ſame man- 
ner (ſuch, for inſtance, as are the. quantities a3 p 4 and bi. 3: 
+ 2), that will be equal to each other. Conſequently, ſince the ſigns of the 


terms that involve the ſame powers of à and ô are alike; when thoſe terms are 


on. oppoſite ſides of the equation, they will neceſſarily be different, when, thoſe. 
terms are tranſpoſed by addition and ſubtraction (as, tis evident, they always:. 
; | } may 


[np 1 


may he) to the ſame ſides: of che equation: thus, the ſigns of ud "OY beitg 
bath :altke in — nation 3 BY we S , in which they 
ſtand on oppoſit of the equation, 
to the ſame ide of fleaguecin as 23, their figns'will be different ; und in like 
manner, -becaule the ſigns of p a* and ꝙ h, and likewiſe thoſe uf u and 38, 
are alike in the.dquation a p r = — rk 
ſtand on oppoſite ſides vf — it follows that, e 0 0 
the ſame fide of the equation as p“, and % is brought — ſame Ede of 
the equation as q a, the ſign of pl will be Ie un from the ſign of p, and 
the ſign of 5 from the ſign of qa. Conſequently the equation will, by theſe 
pion ee be converted into an equation, wherein the differences, and 
multiples of the differences, uf forae of the powers of 4 and 6 are equated; to 
the ferences, or multiples of the differences, of other of the powers of a and 
b, as in the Dns a3 — 3-4 - = -p: and therefore both 
the lides of the equation Fly e ed by 4 39 becauſe * — 3a, 
a3 — 33, „ 45 — 45, and in general, a* — +", or the difference of the 
ſame powers of 4 and 3, whatever thoſe powers be revided they be not 
fractional or negative powers), is always diviſible by 4 — &, or the 
difference of the terms themſelves. 


0 
is always diviſible by 4 — 4, or the difference of the quantities themſelves, 
will eaſily appear upon trial in any particular inſtance, and was proved of 
GB — #3 in Art. 18, by muktiplying as + £6 + into 4 - which pro- 
duced 43 — 33: but it may be demonſtrated 3 by viding a" — 65 


by — b. ir he following eee 2 2 


2302 „ 5 Ro „// 
2* — 42 5 | | 
s ＋ 2 13 
a 1 — 4 59. 
IS : T | 
| +E2Þ = 


Pry te. Mt. Mt. IE” 0 


Py 4 20 
3 8 2 —3 3124 34 
S + 45-434 . 


From this operation *tis evident, that the quotient is 4 geometrical progreſnon 
of terms, whoſe common ratio is that of 4 to b, that are all marked with the 
fign +, or are all to be added together; and that therefore the latter of the 
two terms in every product ariſing by the 3 of the diviſor a — 5 

g 2 into 


- 


1 * a. | 
i 
- 


evident that hen 32 is tranſpoſed 


| 
| 
| 
' 
| 
| 
N 


LES. 
inte the ſeveral terms of the quotient will be negative: conſequently when the 
quotient is continued to the term gf =" e, or 4 ei, or rx , or 
nA, the Teer ariſing by the 1 4 s by this term will be 
a b"=* — , which being ſubtracted from the laſt remainder, or 4, with 
— “ joined to it, that is, from the quantity 2 — , will leave no re- 
mainder ; ſo that the accurate quotient of this diviſion will be a geometrical 
progreſſion, whoſe firſt term is *, and laſt term , and the common 
ratio of the terms that of à to h, and which therefore will conſiſt of terms. 
CCH AP. XVII. „ e kenn. 
Containing @ Variety of Examples of the Reſolution of Cubic Equations. 


264. WE now proceed to illuſtrate the foregoing articles by the actual reſo- 
| lution of a number of particular examples, moſt of which are taken 

from Sir Isaac NRWTOx's Arithmetica univerfalis, Mr. Raphsox's Analyſis equa- 

tionum univerſalis, Dr. SauxpERsox's Algebra, and Mr. Cra Aur's Algebra. 


EXAMPLE I. 


265. Lr the equation to be reſolved be y3 + 30 = 7. Hereic = zo, 
d = 11, 7 222, x = 23689, 3 = 27000, — = 1000, 5 = ＋ 


2 4 | 
= 1000 ＋ 23542 = A989. þ 11949 — LISEH2, 5 = 133, 5 + 


* 


＋ £34 = 352 = 125, 24 s += = 5, and - 


conſequently y (=, by Art. 241, to ” 5 3 — 715252 
| | oY | | + - Do, s 
R e ee 
Ex AM PL E II. . 
; | 4 | 
Let the equation be y3 5- 21y = 50. Here e=2r, d = 50, == 2655 


dd * " CT 3 2 2 
* 625, c3 = 9261, 7 = 343, 45 = 5 968, 5 = 4/968, 5 ＋ 2 


= 4/ 968 +25 = /ſi21x8 þ25=y/1n1x4/8+25 = 114/825 
4k | YT, | . 3 7 
=8/8+3x8+3y/8+1i=y8+20, and conſequently / |s +£ 
ts c os 21 MENS herefore y = 
=+8T1, and 7 = = Ix7847 JF 1 The 25 * 92 
| 4 aan | | , | TEMES; 


Le 
:e 
47122 . v8 +1 _ w_ 8 +1 ** f8+1 0 
which wil anſwer the condition of the equation: for if y is = 2, we ſhall 
e rs = 8, 4 ON e a Edo: 8 5 D. 5 


; 4 1111 * 
. 


D 5 "ExAnPL3 III. 


Let the eqution de-25 4 50 2 Here c is =, 1 722 
225 65 x, = = ops 94 Ln + 25 = + Hm == 


( M * N π i ,t 
S = MN ee . 


4 —— EI I th, and conſequently y +5 = _ +1 = 


V2 24 6 ˙ 8 „ = 2 ID 
3. „ and E _— 3 a4f12+3 


v 12 F3xviÞtz=3_ o+12+6v12=3 1 1 4 N 
8 D 3 N Vir F e 9 
=2; Which will anſwer the condition of the equation: for if 2075 is 2, * 

ſhall have y3 = : 8, rn 2, E. D. : 


"Examrte IV. 5 0 [3.44 
Let the equation be 55. 6y = 36/3: Here c = 6, Saas n= 
20, {= 326 X 3 = 90% 3 = 216, — 7 b& ö 


4972 = 980, = 9s. s+<=yg80+ 18 % = ige * 5,+.18 v3, 
= ig x Vs ＋ 18 % = 14 5 T1 ee 


T gh 3+3vV3= ee and conſequendy / ＋＋ 2 


+ d — en = Er. a 
18 55 Ir 3 VS +43 FEETE _ 8 P 
Aft e F — 


FTE . VS +43 5 + x3 IVS +43 


= $$ Vid: ½ 2 2A 23 n which will anſwer the 


e — — N 
condition of the equation: for if y is 2 4/3, we ſhall have * = N 


= 2443, and 8 * = 12'4/3, and 3 + 65 24 4/3 ＋ 2.4/3 = 
304/3- LED 
EXAMPLE 


P : = . " hy 
— —⏑Uñ— 11 OST RE ID - - 


. . 
— 
F ²˙m1 ' OOOOCCCIS — 
= — _ — F T ne nn nn CO OOO ICC — 


J 230 1 


ern ei V. 


Let the equation be 33 ＋ 35 = 4, which may be derived from the fallow. 
ing geometrical problem. Tn the Arber COP (Fig. XV.), whoſe vertex 
is P, and axis PQ, and focus S, draw the ordinate CQ to the axis, and the 


right line C'S from the point C to the facus $4; and let it be required, having 
given the mixtilinear area COPSC, to find the ordinate C Q. 
| EX We el AFL c y 12 | Tg . Gm * | 


n 1 
#4 4 


PT V 
Put the parameter of the parabola, or 48 P a, and the ordinate CQ: 

and (by Srzisov's Conic Sections, lib. v. prop. 52.) we ſhall have the para- 
bolic area COPQ=4x CQ i , and, ſubtract- 


ing therefrom the triangle C Q, which is = => x PM - K 


| 8 | 15 . 7 a) 
we ſhall haye the area COPC = Z— = , To this 
add the triangle CSP, whoſe baſe is SP, and perpendicular altitude C Q. 
and which is therefore equal to'SP x CS - * = 2, and we fhall have 
the area COPSC = £ +; which being equal to a given or known quan- 
tity, put this quantity = ff, and the problem will be reduced to the reſolu- 
tion of the equation £4 =ff, or + 222 =60ff, or 93 + — 


= 64 ff. Now, let a = 2, and ff = 5; that is, let the parameter of the 
parabola be ſuppoſed to be divided into tyd equal. parts, and let the area 
COPSC be equal to one third of the ſquare of one of thoſe parts, or of half 
the parameter, or to I of the ſquare of the whole parameter; and we ſhall 


have = = Þ x 4 = 3, and baff=6%x2 * x3 = 4, and conſequently the 
equation y3 ＋ == = 6aff will, in this caſe, become y3 ＋ 35 == 4. 


This 


1 458 Þ 


This equation is of the ſame form with, the equation * ＋ 5 and 
therefore muſt be reſolved by Art. 241, as follows. Here c is r 3; and d 


44 | 3 OP" 
= 46:2 =o = = e 
dx : £6 — eee 


— Dat 8 


* +, | and conſequently þ 2 = = * 3 5 5 
— — . TT CT I $4.88 Py 8 „ : 
e YET . OO Soom 5 
* 2. E 1 it: * , 
N ee WO pen 2 i a 
2 XR UVS ＋ WTI in: 2%/5Þ 2vVi+1 ” 


which will anſwer the condition of the equation: for if y is-== 1, we ſhall 
hare 5 = g 359 = 3, and y Þ 33 = 1 Þ 3=4- Therefore the ordinate 
Cin the. parabola G OP, is, in this caſe, equal» to half the parameter, and 
the point Q will coincide with the focus S. 
te. By the reſolutior of ſich equations as · theſe, De. Hir — 
his tables far, determining the places of comets. See his diſſertation on 
_ this — in the N. Mens curioſa, vol. ii. Page 332. | 


d : 28 
4 


3 N 


ExAur LE VI. 


266. Lar A to be reſolved be 55 — 36 72 - 9 1. Here c is = — 
2 20620671 406%6&6__4x6x2X53"_. 
367 di 9, Ve b, F=3fi== : r 7 = 27” he 
4X6X2X4/3.=48 v3, which i is 13 or d; becauſe 2304 * 3; 
or. 6912; the ſquare of- 48 35 is leſs than 8281, the ſquare of 915 there- 
fore this equation comes unde firſt caſe of Prob. II. and 5 1 


be reſolved:as follows. Sinee-c is 36, 200d = A» we ſhall have © 7 


id . beste 5; = hs JEM "= 


? HIV 1 * 


of 


[ 232 J 
of the equation ; for, if y is = 7, We ſhall have y3 = 343», 5 Y 252, and 
n Me E. D. id bete dd fican eite, 
| | ExXAMPLE VII. > >. — 5 —_ a 4 | 
iT ot the equation be y_ 12y = 16. Here, N 16, we 


S 12 =43/ 3» e N e 4 and e — 


4 12121054! SC. 3 2 d 
= 16; that i is, A is equal to a: therefore, by Art. 242, y is = Wa 


2x J 2 — 2 = 
2 2X24; which will anſwer the condition of the 


equation : FB if y is = 4, we ſhall eee 12 =4b, and 95 — 125 
* 8 | | 4. . Bs 


n VIII. 6 
Let the e equation be 93 — 39 = 18. Here c = = 3 4= 18, As. 


and 3 = ELSE = 25 which is leſs than 185 or d. Therefore this 

equation comes under the firſt caſe of Prob. II. and may be reſolved in the fol- 

lowing manner. Since 6 is = 3, and d=18, we ſhall have © — 0 L= 
8 dd "> | 

81, 63 27, 7 2 2 2 N „ e e e ie, 


2 +s=9+y/80=9+V/ſi6x5 MRA e. 
2 ＋ 22A — LN , mad; eoplequently of 2 ＋. ß 


—— — 


. — 9+6v5+5+4 —12+6Vs — 6 . 

2 XR 3＋ 95 2 * 3 ＋ 5 * 1 T; 2 f 
3; which will anſwer the condition of the equation: for if y is = 55 we ſhall | 
have y3 = 27, 35 =9, and 53 — 35 =27 —9g=18. * SO 


267. We will now reſolve all the foregoing examples, by means of the other 
expreſſions for their roots mentioned in Art. 241 and 242. 


In 


L 233 
do. Bi E n e = 2H 1 mee, ee 


In Ex. II. £ 20 N $5 = 968, = 68 =11y/8, 5 6-4 3 
L s % fen 86 
— EN . 78 +1, / - i=v8—1, | 
ad = / +2 Wn = * 


CES . E. I. ] 
Tn Ex. III. ve bare PO 5, 122 Ong OO vnts 


In Ex. IV. we have 2 =18 3, 5 14%. 3 ＋ 24 % 4 16 77 
55 +3*5XV3+8v5*3F3VS A 1% 
SA a % Yen +5 =v5+v/S 


El of =v5mvs, andy = / b+i=y/: s 
E rt am v6 vm ars i 5 

In Ex. V. we have + = 2, 6 57 8 + 2 =»/5s +2= 1 
a, — 2 2 8 2 = 2 : 


8 / + 16 


ke 1 * 4 [++ PN and 
Ie PE = Li 4 


H h 1 


EY [234] 


10 Er vr e 22 
15 3 711... 
e . A Wnt 


kk 


. 
N 


In El vil. we 1 - = 9, Car gh 2 PN eee 


2 ere 22— 2 Ys = 
8 2 * LSD 9 5 4 5 = Res 


e . 272 0 12 


Ea 8 21 
268. Ir ſeems evident, from theſe laſt reſolutions of the cen wake, 


that the expreſſions / Tei /[e—f ma / / {= 


have, in ſome Caſes, the two 97 Nr over the N 9 
91 |; Fi - 2 — = and TER; [+ "IE by which theſe. ex- 
8 + £ 


amples were 7 . in ee 265 and 266; to wit, in the. firſt IE that 
they are rather more elegant and ſimple than thoſe latter expreſſions; and ſe- 


condly (which is the more. important advantage), that, in ſeveral” caſes, both 
when the value of y is a rational, and when it is an —— or ſurd, number, 


+5: 27 1 77. „ be the cube of the 


Gy 


— — — 
2 


conſequently * cave root of this dy $ —=, 1 from the 


cube root of s + 25 will immediately deſtroy one of the ſurd quantities in 


both thoſe cube roots, and leave only the rational part, or the other ſurd 
quantity. to expreſs the value of 75 A in like manner, in the expreſſion. 


7; 15 s + 5 5 — , the quantity a + 9 ill be t the cube of the ſum, 
and 2 — the cube of the difference, of che fame two quantities, and conſe- 


quently the cube root of the quantity - being added to the cube root of 
| | GT the 


* 


| a3s ] 


the quantity — - +1 5 will immediately deſtroy one of the ſurd dummes in both 
choſe cube — "and leave only the rational part, or the other ſurd quantity, 


3 | bo 
32 
32 


to expreſs the value of) y: for ſince in the expreſton E 2 ＋ 155 27 
| the quantity 5, which is generally a ſurd quantity; is leſs than 2 2, ls jeſſer of 
the two quantities whoſe difference is 80 to the cube root of £ 2 — 5 and 
whoſe ſum i is n to the cube root of © — ＋ will | be, a ſurd 9 and 
aalen in the addition of the cite root of — — s to the cube root of 
2 <br thoſe ſurd quantities will have contrary We, and deſtroy each other; 


* — z the 


quantity 5 which is eber a fa quantity, is greater than < = the peer 
of the two quantities whoſe difference i is 2 to the cube root of 2 70 and 
whoſe ſum is equal to the cube root of 5 18 * will be > wes, quantity, and 
conſequently i in the ſubtradtion of the cube root of — 5 from the cube root 


3 
and in ke manner, fince in the expreſſion ＋ | 


of 5 * A thoſe ſu rd. quantities will have 3 die fad deſtroy each 


other. Thus, in Ex. V. we had W 1: — Ys Lint, and / 1. 


, which, being ſubtracted from I, + * — expuriges the 
furd quantity, Li vs and leaves the rational banber 2 2, or x3 and, in Ex. VIII. 


we ve had J 1 we 25 and % 2. = =, which, being 


added td 3 e, immediately. expunges- -the ſurd quantity . and 2768s = 


rational manibet , or 3: this; I ſay, is done immediately by theſe latter ex- 
preſſions; and therein conſiſts their excellence: for it pay alſo be done by the 


other bree 12 N r 
i N | St J 


bur not ſo reply: z, 48 Is « evident by the former Elumen 8 theſe 77 


4; 111 


Theſe are the adranage ah: the ane af: 'l; +5 — = |* y 


Hh 2 | ail 


* ———ñ̃ͤ——— — UU man A4 ow Dl LL LEY 7 3 


But, in ones to a 0 


ET. 


equation by. means of theſe & ce to wit, 4 Wes s +7 2 5 — mt 


and 1 E + $s + * 155 &, ſo as to obtain the e juſt now men- 


tioned of expunging the ſurd, or one of the ſurd quantities in the value of y,. tis 
evident that we muſt firſt know how to n the binomial cube root of any bino- 


mial ſurd quantity, as s + £ 25 or 5 — 2. that admits of ſuch a binomial cube 


root; the method of doing which Dr. SauxvpERsON has delivered i in his Al- 
gebra, art. 426. But this, the Doctor ve1 ery Juſtly obſerves, is engaging in in- 
quiries too remote from the buſineſs in qu „and which it is therefore hardly 
worth our while to make: he therefore obſerves, that the value of y may, even 
when rational, (which it hardly ever is in equations that are derived from geo- 

metrical problems taken at random, and that are not framed on purpoſe with 
rational numbers for their roots) be- obtained with more- expedition, though. 
not in ſo direct a manner, without this extraction of the cube root of a Wee 


oo than with it, in the manner following, Let the cube roots of 5 += - and 


— 2 + 5s be found, either by logarithms, or otherwiſe, in decimal e = 


whhaur wt ves whether or no they admit of exact binomial cube roots; 
and let the value of y be obtained in the equation y3 4+ cy, d to a tolerable, 
or even to a ſmall, degree of exactneſs, by means of either of the expreſſions 


7 — 3 5 wat — 2 and in the firſt 


caſe of the 8 53 — 9 d, he. means of either of the expreſſions 
1 [£+ and. Z 4 1 12 —nf5 (and, Kchalene 


of theſe double 2 l, of the value of yin 8 of 128 equativns bs made 
uſe of, we muſt extract the cube roots of — 4 and a E in the ſame manner 


as we before extracted the cube roots of 5 4 E's In s, without conſidering 


whether or no they admit of binomial cube wok 3)- - avis when the value of y is 
thus obtained to only a {mall degree of exactneſs, tis le: that, if its accurate 
value 


* 


Fig. 


r ir vill be equal A n the neareſt 
to the value of 2 already found: try, therefore whether that number will anſwer 
the condition of the equation: if it will, we have found what we wanted ir it will 
not, we may be ſure that the valug of y is not rational, and may proceed to ap- 


ne as We 7 ee derrradtion of the cube roar of 


+2, We, trons VEE 


Tb: fl — 5-are made uſe of, men balm] phces as 


will be ſufficient for that purpoſe. Since therefare this method of co 
the value of y is that which ought moſt commonly, if not always, to be made 
uſe of, and as, in the proſecution of this method, it is, as I —_— in ge- 


neral much eaſier, after having extracted the cube root of 4 + < =. on — 2 + + 
to divide c by three times that cube root, than to extract hs. cube — of 


5 — = or 2 A it ſeems reaſonable upon this account, e N the 


wo. NO expreſſions / N fe ? and: 


1 Des: +. A 2— 4 have been faid to have over the ds 


JET; IE 


advantages, to wit, that of ſuperior elegance, is but of ſmall importance, and 
the ſecond has relation to the extraction of the binomial cube root of a bino- 

mial ſurd quantity, which extraction is often not to be performed, and when 
it is, is a Uiffcult operation, remote from the buſineſs in queſtion) ; I ſay; it 


ſeems reaſonable, upon the. Og to prefer the expreſſions. * * +£ -4 
= and 7 12 ＋5 2 —— in. the actual reſolution of the 
3 4 ſ +1 


I 


equitons 93+ 63 = 4 and = the exprefons:/[ 5 + Z 


— 


— — _ — 
x 


3 
=. 15 and 2 . 4s * and- it was: for-chis-reafon 
the former of theſe A were ſaid to be ee che latter in Art. Us 
and Sans, airs 510 7001 70 267.910) 1137 12 S066 78 Jer 


; 26g. 1 az here TR Sbletve, * in Y c 'y + N _ 


| „ — 5 2 & when. c and-d are whole numbers, the value of y muſt, if ra- 


tional, be a whole number likewiſe. For if. were a mixed number, or fraction, 


would be a mixed number, or fraction, in which there would be three times 


as many decimal figures as in y; and cy would be either a whole number, or, 
if not a whole number, a mixed number, or fraction, in which there would be, 
at moſt, as many decimal figures as in , that is, the third part of as many 
decimal figures as in 55: conſequently, the addition of cy to, or the ſubtract- 
of it from, y3-can never deſtroy the decimal figures in y*;. but the ſum y* + c-3, 
or difference y* — c Y, or, its equal, the quantity 4, mall alſo be a mixed 
number, or fraction, in which there are the ſame nuniber of decimal figures as 
in y* ; which is contrary to the ſuppoſition. Therefore y is not either a mixed 
number or a fraction; r if rational, is a whole number. E. D.- 149 


270. W proceed now to give other examples to theſe pales,” 


ExamMPLE IX. 
Let the equation a JETER be y*? T9 J = 30. Here c 2g. 4 = 30; 
2 — I5, 7 225, = 229% 86 == ba ant $27 == 252; x= 


252 = 15. "lh 54 Ge. 5 + £ = 15.8744507,866, Sc. + 15 = 


30. ane Or. * 1 ＋ 7 = 30. $74,507,866, Sc. = = 3-1373135) 
== a N 25 5 and 9 7 


| 3 7 * 3: 3 — 34427. 15 
397 : Tz 
3 | 
= / P 2 E = 3-137,135 — Suns; = 2. 400/091 , 
3 . { +5 1 
which will anſwer the . of the equation: for if Js = 2; 180,849, we 


ſhall have y3 = 10.372,34, and 9) = 19.627,64, and conſequently y3 + 99 
= 29.999,98, which is very nearly equal to 30. 


EXAMPLE *. | as 
Let the equation be y3 + 245 = 587,914. Here c = 24, d = 387, 914, 
. 4 2 # 
= 293, 957. _ = 86,410,717,849, c = 13824, 27 SEL = 512, 
| Ee SS = 


0 &. 


YN 6255 3 . 1 * g 22 
= S+ 2 . + 260i = T6,410,718,361; * 


7 1 © 
263.957 Mode» * * 2 205.357. ort. dss. ib + 293.957 


30 2 ' 
587:914-017,880,16, St 5+ ir mene 


ne ee 11755 
3X [7 773,100,064, 185 83.  * yur = debt 040. ant y = = 25 s + — 
| = = Dn aan — eee ee = hs Ons 


+ & an 
” o 
= * 


Exaurrz XI. 


If, in Fig, xvl. ABD be a triangle, whereof the fide A B is lef than the 
ſide BD, but greater than the half of BD; and, with B as a centre, and BA 
as à radius, a circle be deſcribed cutting 'BD in E, A D in Z, and BD, 
produced on the other fide, in K; and this triangle be ſo cornftitured that 
AB E ſhalf be equal to 2 Dy, which, with the limitation here mentioned, 
we ſhall thew to be very poll and AB be put , AD =f, and Z D 
the relation between Z D, AB, and AD will be expreſſed 'by the following 


cubic 9 to wit, 95 + 2bby=bbf. 


| PSP) « | 9 


Now that; kn AD is greater than the half, but leſs than the e of BD, 

it is poſſible to conſtitute the triangle ABD in ſuch a manner that Z D ſhall 
be equal to AB x ED, may be thus demonſtrated. Let us ſuppoſe the line 
D A to turn round upon D as a centre, till, from coinciding at firſt with DK, 

it comes at laſt into the poſition Da, which touches the circle in 9. Then, 
fince, by El. 3. 8. the line D Z — increaſes during its motion from 
DE to Da, and, by El. 3. 36. the rectangle E D* D K is equal to the ſquare 
of Da, it follows thar the greateſt magnitude of Z D q will be ED x DK, or 
EDxDB+EDxBK, or EDx DB +ED-x AB, and its leaſt magni- 
. tude will be EDg: therefore, if any quantity be propoſed that is of an inter- 
mediate magnitude between EDP ꝗ and EDM DB+ED x AB, there will. 
be a certain point of time, during the motion of Z D from the poſition. E D 


to the poſition aD, at which the ſquare of Z D will be equal to that quantity. 
But, 


— . en ne mart ia 
x 


But, if AB is greater than the half of BD, or BD is leſs than double of AB, 
of BE, ED will be:fels thantBE; ' gr 0A and cohEquently ED witl be 
leſs than ED x AB: therefore ED x AB will be of an intermediate magni- 
rude berween E D and 'ED x-A B+ EDX DB, of aq, being greater 
than the former of theſe quantities, and leſs than the latter. Therefore if BD 
is greater than AB, but leſs than 2 A B, there muſt be a certain inftant of time, 
during the motion of Z D from the poſition E D to the poſition a D, at which 
Z Dꝗ is equal to AB x E D, and conſequently it is poſſible to conſtitute the 
2 ABD in fuch a manner, that ZDg ſhall be equal to AB x ED. 
O. Z. D. A FEY FE ERS THE. d. X. 
Let this triangle therefore be conſtituted in this manner. Then, ſinee 
E D* AB is = Z D, or ED & = yy, we ſhall have ED = =, But (by 
El. 3. 36. Coroll.) E Dx DK = Z Dx DA, chat is, ED x ED + 2 AB 
=ZDxDA, or Z x2 + 2b = fy, thatis, 3 + =; conſe- 


quently y+ + 24þyy =#4fy, and y + 2b64y =bbf. Q E. D. 

rf therefore from 4 B and AD given it be required to find, Z. P (and conle- 
quently. E D and, BD, ſo as to: be able. to conllitute a. N having the 
fore · mentioned property), it may be done by the reſolution. of the equation 
393 + 24by = bbf. For inſtance, if AB, or 3, is = 56, and AD, or 7, 
is = 92, the value of Z D, or y, is found as follows. Here 2 5 is = 
2 X 3136 = 6272, and 55f — 3136 x 92 = 288,512; therefore the equa- 
tion y3 + 23 = f becomes, in this caſe, yi + 6292 y = 288,512. 


Here c is = 6272, 4 = 288,512, - = 144,256, 5 = 20, 809, 793,336, 3 = 


246, 727, 8 33,648, = = ICS = 9,1 38,067,986.962,962,962,962,962,9, 
Ofc 44:58 = = = 29,947,861, 52 2.962, 962, 962, 962, 962, 9, Cc. s = 


| 3 
173,084. 446, 701,15, 5 +< = 317,310. 446, 701, 16, 4 E 1 <= 
6272 —— 30. 651,848, 580, 4, 


68.206, 870, 498, 3, f 7 <7 204.020,011,495,5 


rf 757 | - 
and 9” = 2 ls + 2 gre: — 68.206, 8 70, 498,5 — 30.05 1,848, 580, 4 


3 50 ＋ 
n . E. J. 
Note. This value of y agrees with that found by Mr. RApHSON, in his 
Anal gſis æquationum uni verſalis, prob. g. from whence this example is 
taken, as far as the fifth place of decimals; and therefore we may conclude 


that, 
8 


_ 
FFC 
E which being; a'to lea degrees f exifinet,” and | ſu Ap ue 2 


2 re further about the 8 
22 ſuppoſe ”, ey 2 0 W equal to 3 he following u bee 


pon that ſup- 


8 
---- Poſition, \ oe b determine the value of B fide of the tri · 
angle ABD chat is yet unknown. Now, let 5 be ple a and we 


ſhall have vv a v =vv +2.x.56xypi=vv+2zABxv =, 
DEg ＋2 ABN DE DE ſfBET ZAB = PRIDE ER 
| ZDExXDK- e n 
N vv + 112v 43136 2 3485 061, I 84, an 
2 5 AB, ＋ 51 E Nr DB. =" 


v +536, or DE +5; 
81.186. Therefore the pos fe AB, BD, DA, of the triangle 


e 1251 5 
"IF reſpeRively. VE . Wo | __ | mY non of 

1 5 Ex ATI XII. OL OO es 

271. Lar the equation o be reobred be J3 — 96 y = 576. Here c=96, 
d=576, Vr = ge = = V., =X- 
ene, . 5 
32X4XV2=256Xy/2 W256 x 1.4142 


= 36%. 65135 ilch ! is Teſs than 576, or d. Therefore this equation comes 
under the firſt caſe ect e u- e ceſolved as follows. Since c is =: 


96, and 4 76, © will be = 288, == $2,944 > om = 32,768, x 
34 2 72 — 5. 58644 e = 50,176, 4 = Oy = +5 = = 288 


3 


3 N 


f =8+4=123 which Vill aner 


30 
the condition of the equation: for if y is = 12, 8 mal have * = = 1928, | 
. = e eee == 1728 — 1152 = 575. 


. i ae ploy XIII. 


Let: the equation be 205 = 96. We 0 Ty Ay A ana 


and = = . "which is leſs than d, or 96, becauſe i 22299, the ſquare 
of LEY, is leſs than 9216, the ſquare of 96. Therefore this equation 


11 comes 


a}. 


comes under the firſt caſe of Prob, II. and may as tollows, Since c 
is = 20, and der 965 RE, than; a= 8000 S. = 
27 * 03 1 bros e to b F * v5 ia dat 


2252 ="ng6:296;25" sc. e UA Cara 250% i agg, Ec. = 


11 - 5, „ . a 8 8: ＋ 8 * * 16 at 27 6} 91 * 10 e oF; 5 ? 


2007. 7038; F = op 1 > be n="4s 10 4 92:80, 


$31 = 


equal, to 84 ſure that, if l is 3 e 1 there- | 
fore try 6, and find it ſucceed ; for 190 is = 6,\ we ſhall haye 5 —= S 
= 120, and 4 — 20% = 96, _ 
5 ENAu TIE XIV. | 
Ler the equation be . — 25 = 21. Here 2, 4 2p, J V. 


and == = 195, which 3 is leſs than 4, or 21, becauſe 235 the ſquare « of þ 


Tal is leſs than 447, the ſquare of 20. Therefore this equation comes under 
the firſt caſe of Prob. II. 1 3 ee Since c is = = 25 and 10 


== gg. Sc. $5 * tc 7 Apis are}. 
tog. 953, 70g, 70g, 3 10485, — 2717 224 10. 48 5 r 8 i 


3 + 
4 | | ; »* | 


* 
a —— 
141 LS wo 
> 


2417, and y = 8 {+ 2 85 = 2. Bst. . * 7 en 


which being ſo nearly equal i, 3. 5 conclude that, if the true wee 5 y is a 
rational number, it muſt be 3: and therefore ſuppoſe i it to be 3, and find, upon 
trial, that this number will anſwer the condition of the equation; for if is = 


3» we ſhall have 98 = 27, 290 = 6, o p 


EXAMPLE 


TB) 


* 2 : 


F EIpr i IR. ons” 
If in a triangle whoſe three ides, and che e Fall upon the bale 


reateſt fide, fy le oppoſite to it, are in ithmeti rtion, 
the bomkul Meri? of Fe Tales r S4, and ee 5 5, t © 
— that determines the relation between 5 and will be y3 — 2444 = 
48 63, or, if a be put n 1, 31 — 240 48. See Sir IAA Nxwrox's Arith- 
metica univerſalis, prob 14. 
Nqw, in tliis equation we have 24, and 118, which is 2 7 24, 


or 2 c, and therefore is greater chan vo FF x 2c. ot LE * 27, or g 2, 


or ry 2 and conſequently this equation comes 3 the RY caſe of 
Prob. II. and may be NA as e Since c is = 24, and d is 


= 48, we, r have 3 = 204 Wen 6. 0 ARR 5s 
=" — * 518 = 6 8 8, 3 77 0 24 + pen ng 


e 


28 1108. eee Bas 
1 ag 5 


3 Tags = Tis © 
5 7 bs OR J 97 Nan me + 


= 1118 b Bis s 3.5946; 


Ann . YE HARV GA. ONT I Huch 51 
thit 5 the! " en of 1 2 ” ae al altitude to the common difference 
of the Hdes is that öf 5:6946 to" 3 Hides arid tlie 
ctively Seeed to. e numbers 25946, 7 9945 


dieular altitude are ref} 
6.6946, and 5.696, or co 4.3473, Led FIG, 2. . or e 
36473, 33479. and 284 . * 


11870 Y197 TELLOWA 211 ; 7 ee weed. 2 Pars. of 1 
: erty 160 [ 13 6 
| Lin e 10 3111 4 25 TRY 


wy ya 
Ler'the equation: beim ay mg Here ex dg, TAN 


which b Leh than d. or 5; becauſe 23, NEST of £97, ; is lefs than 25, the 


ſquare of 3. Therefore the equation comes undet the firſt caſe of Prob. II. 
and: may be reſolved as 1 Since c is = 2, and d = 5: we ſhall have 


4 2 2 * i 14 77 2 
EM 39: 7 4 Y bare — r .296,296, Se. earns — 75 = 


74. ' 18 . MALL 1 


6-25 — 296,296, E&e, = = 6: 955.0, p05. g. G86. 2. 44, 7 


0 * 1 , 
. +, 2. 449,021 = 4.8 + 2:440,021 = 4. 946,021, wo of [Eos = 3 
Ii 1. 703, 1 10, 83, 


— — renee A 2 Wes. on nec 
1 


: ? *vh 
L [244 
... 

* , 7 ” g * K 


N 8 on 2 5 
— oo. " —__ — ö 
D - Fromm 99144056, 
; . $ : a C | 4 2 $ 5 1 f 
sis on ban hd! n een n 8 62%: 
1 . i 1 *, 7 


* 
> . . | * Gs WT ee : a = Fas Cos 888 1 . 3 
(23145 n een eee 11 8.8 „„ 
= 1/76$116,$3"$ 880i lo = 
wt df 71 re f7 pee } TIN a> © 1 2 . 25 F- 9 2 of 
. ; - . FRY 
. ; T £ P » , "+3 : 2 4 7 4 +4 


110 : 
: 
„ 


1 


n 


4 as 8 8 3 7 7 * * Terr 0 1 
2.094,55 1,39, or nearly 2. 


* 


1 : AAR ES LAGS £ 22 8333421 . if } 
ME | * Sy W Oy ge woo 8 5 5 5 
094, 581, 4, which is true to eight places of figures. 
9 I * \ 4 * 542 \ \ - J 8 WIPE 7 


22. Wi ſhall now give ſome examples t Prob. HII. and to the ſecond 
eaſe of Prob. II. in which & is leſs than 24,” und which 'is reſolved by the 
help of Prob. III. 125 l ONES | 2717 wie 01 55 05 Se 1 


P - 4 the 2 N - 3 7 24 2 
| $.50010E 2409 PII NUH 90 v6 bas it £0 


— * 


12881 : a 5 3 $7971} 0-7 2. ©. 
Let the equation to be-reſolved be 5 — 35 y= 4. Here e is = 135 dis 


=+ and 2 c Ve $53 4.4 $O Wis 104/15 — XXIX 1 = 20 75. whith-is 


r | 
greater than 4, or d, and conſequently this equation comes under the ſecond 
caſe of Prob. H. and Ks reſolution depends on that of the equation 115. y = y*\= 


4, and may be performed as follows. Since c is = 15, and d is = 4, 5 will 


bee ant / or Fo eve ea l Mn by 


Prob. III. the two values of y in the equation 15y — 5 = 4 are equal to the 
chords of the third parts of the two circular arcs, whoſe common chord is. 8 in 
a circle whoſe radius is ,/5.;, But it was ſhewn in Art. 226. that the chord of 
che third part of the greater of theſe two arcs is = g. 73 1, 401,8 f and the chord 


of the third part of the leſſer of thoſe two arcs is .267,82 3,0 2; therefore the two 
values of y in the equation 15y — 9? = 4 are 3.731,401,8. and ,267,823,0; 


and conſequently, by Art. 218. the value of y in the equation 33 — 155 = 4 
is = 3-731,401,8 + .267,823,0 = 3.999,224,8 ; which being very nearly 
equal to 4, I conclude that, if the root of this equation is rational, it muſt be 
equal to 4; and upon trial find this number to be the true root: for if y is'= 4, 
we ſhall have y3 = 64, and 15y = 6o, and 53 — 15 = 64 — 60 4. 
Note. If it had been required to find the roots of the equation 155 — y3: 
4 to a greater degree of exactneſs than can be done by a table of ſines, 

and the method of doing this by infinite ſerieſes, deſcribed in Art. 228. 

had been made uſe of for that purpoſe, it appears from the calculation in 
Art. 23 1. that we ſhould have found the chord of the third part of the leſſer 

of the two arcs whereof .8 is the common chord, in the circle whoſe radius 

is = 4/5, or diameter = 2 4/5, or the leſſer of the two values of y in the 
equation 155 - 5 = 4, to be equal to. 267, 949, 192, 40. Put now this 
leſſer value of y u, and call the greater value of in the ſame equation 6 
: and 


| elaine: 21807 e that is, becauſe 
eee 7014 11d my ann tm {ed 5 
CCC 
Aebi 88 and conſequently 7 
9 ee desen fe gene pia and. 

|  v46— gov =75.732,050;807,57, amd KN % ee rug a 
n Vac cee een babe ee = = 
ooo 74 7101, 16, e dert, n 
ve ſhall have fa 1 o 2 ; 


= =3: 73t,050807,58.” 


| Therefore the 195 of 5" in the equation yi — 1595 = = 4 825 — 
3:7 19 55 807, za 57 1192-40) = 3.999.999,999,98, Which is true 
to. 4 805 TS being in the ___ 8, which ought to be 9, 
"Hons 75 nal, 
"I" eaſy to perceive, 5 the numbers juſt n now found for the to 1 roots of 


the equation 15 y.— $3: = 4,. to wit, 2, Ogo, 80%, 58 and .267,94 „40, 
that t ee e of thoſe 3 2 2 ry 2. MY RIS 
will appear alſo by ſubſtituting theſe numbers in the equation inſtead of y: for, 
if Yi 2 ., we ſhall have 33= 8. + gx 4x gfe gin K N23 
=8 +124/3 +18 Þ3/F='26+ 15/3, and 13% =15X F773 
= 30;+,15y/3, and conſequently; 155 —33 30 +-154/ 3—26—T154/3: 
= 3&— 26 τ 43 and, if q is =:2+— , we ſhalb hare 33. = 8 —112. %. 
+18—2/5=26—15/3, and 135 = 13 * 2 — 2 — 7 2 30 Lk 
anch conſequehtly x; == 5 0 15 576 45% 0 i: 26 


es 
— | E. D. 301 13 211 
= 4. » = 4 ®5, A ; A > F 5 
r ef; BIT 0 Gi imm bf oWw na 


ernten 
BEL ae XVII. 


Let the equation be r 1179 324 Here = 127, + 11 Uh Ve 
2c ‚ 234 1 653.8 2 28 X 10. $16,0653,8 . 
* =.4YF# ” 16,6538, e . == C3.732,050,80 7 00T” 


E 1 which, tis evident, is greater than =: . — =, or 421. 849,498, 25, 


2 conſequently chan 324, or 4. Therefore this equation comes under the 


{condi eaſe: of Prob. II. and its reſolution depends upon that of the — 
1179 — 324, which is performed as follow. T 


Since r is 117 = 9.x 18, and 4 i = 344, ve ſhall have Ve 31/19, 


and: L£ vc s = 39/22 —.— 2=1v/3xy/13 = 1.732, ge, c 3.605, 55 127 . 998,6, 
and os rn ins = LD = — 2 2 == 8.307, 692, 30 = to the o 
N 44a 


_ ebord of twp eres in A circle whoſe. Edius is of 6.244,998,0,, which if we 


— — es 


1 


triſect, and find in numbers the valu 5 the chords of their third. parts, thoſe 


values will be equal to the toy 0,ToALS < Aa ane A 8 0 = ys = = pm: Now, 
to find the chord of the third part of che leſſer of tho by means of a 


table of fines, ie muſt jeeps ag ines the chord of u circular arc 
is always double of the ſine of half the arc, tis evident that; 


4.153,846;15; wilt be the ſine of Haff the leflet of the to fo endlone arcs, 
—— common chord is 8. 30), 692, 30, in the wire fe 86. 998,0. 
Say therefore as the radius 6.244,998,0. is. to the fine 4.163,846.1 Po is the 


tabylar radius x to the taby ular fine of the ſame: are, to wit, ro 85705958 "7 


665,15; and. 665, 13 will be the tabular ſine of half the leler of the two 3 
above-mentioned, whoſe common chord is 8. $307,692,30: therefore half” 
arc is = 41 9. 41's, and the fixth part of it is = = Dy De 23? ©, 53, the-tabu- 
lar fine of which. is 5 8 2 Say therefore as4he tabular radius E4$-20/t4- 
bular ſine .239,945,7 of the arc 130, 53', ſo is the radius 6. 244, 998, o to the 
ſine of the fame arc in a circle hoſe us 18 6:2445998,0 3' and we ſmall have 
6. 244.998, 0 * steg, S act rds == the ſine bf 137 63 in the icirdle 

radius is 6. 244,998, o; conſequently 2 & 1.498,46 = £:996,99 is the 
chord of 2 & 23%, 5, of 27% 46, or of the third part of the-leſſer of the two 
arcs, whoſe common chord is 8. 30, 692, 30 in the circle whoſe radius is 

6.244, 998, o, and therefore is equal. to the leſſer of the two Tang; of y * 5 
equation 117% — 33'= 324... Now, as 2.996, O is very nearly equal to 
is reaſon to conjecture that the true value of this leſſer root is 33 an — u — 
trial, we find that it is ſo: for if y is = 3, we ſhall have y3 = 27; 117 
117 * 3 = 351, and 11790 — 955 = 351 — 27 = 324. 

Faving thus found the leſſer root of the equation 117 2 93 = 324 t be 
= 2, it ollows, by Art. 243. that if we put this root, or 3, == v,'and com- 


wh: exp ben . AT ===, the number thereby obtained will be the 
gre ater root of the ame equation, which therefore will be = 2 CLIT . 3 wy. 
vVi3—27—=}3 440. —3__ 21 — 3 ro 600 V4 


ET ITT AFR or os _ *. = I Ry by 


Art. 218. the root of oy equation y3 — 179 = 324 is = 3 + 9 = = 123 
which will anſwer the condition of the equation: for, if y is = = : 125 we fhall 
have 55 = 1928, 1179 7 * 12 1404, and JI 17179 = 1728 - — 1404 
= $24- 


RE wAS% 1 


is to half the chord 5-384,61g,38," to wit, to 2.692,307,69, ſo is the ta 


i l 20 . 4 antes ech ei xk. del bat Sonne fies 
* 1 581 — 


T3, l MSP EPs - 

Let the ion be 295 . = 70. Here c is = 4 7 RY 

34 77 c equ TTX fy 1 ST Fn 7 "Fs W Tas = * 
Vi AN 135555 * K 95 132, Jr eee eee . N 
= 26. N 3.603, 351,27 = = 93 74,433, 02, wich- ig greater than 7 r f. 
Therefore, by Art. -243-/'the equation 399 =F =70 is Poflible, and may be 


noting) hut 


reſolved as follows, Since; c 4 r =, 39. and 4 = = 70 we ſhall have T . 


1 


2207 — it's * 2 1 
ma 25 — — 1 775. 3.809,55 7, and an? 77 5 77 =, 


5.384,615,38 = the common chord of two ares in à circle whoſe radius is 


* 13, or 3. 60g, c. which, if we triſect, the chords of lieir third parts will 


be the roots of the propoſed equation. Say therefore as / 13, or .3:605,, Sc. 
ular 


radius, or 1, to 222222321 746,512,0 7 and. 546 ra, o wi be the tabular 
ſine of half the leſſer of the two fore - mentioned ares; and conſequentiy half 
that leſſer arc will be = 48˙, 180, and its ſixth part will be = —.— 
= 162, 6, the tabular ſine of which is, 27), 3 145%. Say therefore as the tas 
bular radius x to the tabular ſine . 277,3 14, ſo is the radius / 13, or 3.605, 
&c, to the correſpondent ſine of -the- e arc, / which ſine is therefore. == x6 - 
277,314, & 3-605,551,27 = 999,872; therefore the chord of double that 
arc, or the chord of the third part of the leſſer of the two arcs whereof - 
5. 384,61 5»38 is the common chord, in the circle wherecf / 13, 72 55 $I | 
Sc. is the radius, 2 3 * 999,872 . = 1999-7443 that 1 fig þ © - 
of the equation 39 y — yi = 70.is.= 1.999,744,, W is ſo very near 
equal: to 2, that 420 natural 70 fuppoſe ae * "Accurate value of . Yaſſer 
root is 2; and ſo, upon trial, we ſhall find it is: for if y is = 2, we. ſhall 5 
have y* =8, 399 =39X2=78, and 3959—55 =78 8 50. SI ans: 
Put now, v a, and we ſhall have the — root of the equation 393 . 


2 170 er 


* 29 - 22 E 156 2 — 
* = 122 — = . — 71 Which RE the conditian of ths qua- 


on for if y is 2 ve lh! have 88 2 125, 39 S Nur and. 399 1 
— 75. 125 = 70. N : | 2 


Sni „den An * RN 
lis, 8 1.32 2 445% 3 £4: y . XX. (312 c 0] 0/1 111 $45 


If in an a5 cone, or one that is generated by, the revohnion of a — 
angled triangle, it is required, from the fide of the cone (or hypotenuſe of the 


. and its ſolid coment, given, to determine the perpendi- 
cular: 


[948 ] 


cular altitude and baſe, and 5 be put for the {ide of the cone, & for its ſolid 
content, and y for its altitude, the _ berween F: and g will be Expreſſed 


by the cubic equation £59 — 2 1 9 being = = $141,592, Se. or to the 
nömber that e expreſſes the in ofa circle, whoſe diameter is I, or the þ 


ſemicireumference of a circle:whole radius ĩs . 
For, by El. 1. 47. 53 is yy + , V being the ſemi lame or of hate 1 
and conſequently vv is =55 — 5j. But, becauſe 1 is to p as the ſemidia- 
meter of a circle to its ſemicircumference, we ſhall have 1 to p as v to the ſe- 
micircumference-of the baſe, which therefore is p v: therefore the arta of 
the baſe (being equal to the rectangle under the ſemicircumference and ſemidia- 
meter) is = Pv'v z and conſequently the ſolid content, whick (by El. 12. 10.) 
is equal to the third part of a cylinder of the ſame baſe and altitude, is = 


prox 2 =4222, Therefore 2 is l, and vv 7 and conſequently 

55 — 33, Which has before been ge be equal © to 9%, is 55 and 

„ ib 2, Z. D. 5 3 ne. 3 31 
Now, let 5, ef fide of the ann 28. and &, the ſolid content, 


2293 incihe n 5 —5 5 = — will be 259 ng Hand Here | 


e 4 = ee nd EX: = Bot = FFT = HS which ® 


greater than > or than 41 +, and therefore, 2 fortiori, greater than 5 : 
or d. Therefore, by Art. 243- the RENTS, 25) * 2 36 is | poſiible, and | 
aan be'tirub reſblved.” | 8 


EL — * LEES. 11 0 


2. WE Bu and 25 22 = 3 = 181 of = 32 = the common on chord of 


two arches in a dure whoſe radius is 7 or 2. 886,751, 3, which, if we triſect, 
the chords of their third parts will eee to the two values of y in the equation 


250 9 36. Say therefore as g, or 2.886, 751, 3 is to half che chord 


. : 6 
4-32, or to 2.16, ſo is the tabular radius, or 1, to Fs SITY or 2:14 3 —— v3 


2 2.16 X 1 222250 2.748, 245,9; and. 748,245, will be the tabular i 


the leſſer of the two fore - mentioned arcs; and conſequently half that leſſer arc will 
be = 487, 267, and its ſixth part vill be a — = 16, 8“, the tabular ſine of $ 
which is .277,87 EY Say therefore, as the rabular radius 1 is to the tabular 
* 


[249] 
| fine 277557316. o is the radius J of 2.886, 757,3, to the adent fine 


of the ſame arc; which fine i is robs - e 2. 886,751,3 x 277 g- \ .80 
therefore the chord of double that are, or the chord of the 6 hot? wig 


of the two arcs whereof 4.32 is the common chord, in de circle whereof £5; | 


or 2.8 86, 76 1, 3, is the radius, is = 2 * 802,15 = 1. 604, 303 that is, the 
leſſer root of the equation 235 — y* = 36 is = 1. 604, 30. EI. 
Secondly, Since half the leſſer W the two arcs whereof 4. 32 is the common 
chord has been found to be = 48*, 267, it follows that the whole leſſer arc 


will be = 2.x [48*, 26' = 969, 52', and conſequently the greater of thoſe two 
arcs will be = 2500 2 52 = = 263", 8“, and the fixth part of that greater 
arc will be = = I =43" 5% the tabular ſine of which i is = 6692, 5a, d. 
Say therefore, as the tabular radius, or 1, is to the tabular ſine | 692, 772,8, 


ſo is the radius 7p or 2. 886,71, 3, to the correſpondent ſine of the Ce 


arc; which ſine is therefore 2.886, 551, 3 K . 692,756 999,8 i _ 
fore the chord of double that arc, or the chord of the third part 33 
of the two arcs whereof 4.32 is the common chord, in the Arche whore . | 


is _ or 2. 886, 51,3, | is = 2 * 1.999, 8 = 3.999, 6; that is, the greater | 
root of the equation 25y—y3 = 36 is = 3.999, 6; which being ſo nearly 
equal to 4, *tis natural to; ſuppoſe that the accurate value of this root is 43 and 
ſo, upon trial, we find it is: for, if y is = 4, we ſhall have y? = = 64, 257 
25 * 4 == 100, and 255 —y* = 100 — 64 = 
Having thus obtained the accurate value of the greater of the two roots of the 
equation 25 y — 72 36, we may compute the value of the leſſer of thoſe 


roots more exactly than before, by means of the expreſſion 2 Egon bet 2 — — , to 
which, if # be put for the greater root, it was ſhewn in Art. 229. that the leſſer 
root of the. equation would be equal. Now, if we put 4, we ſhall have 
#8 = 16, 3tt=3x 16 = 48, 4c — 3 = 4X 25 — 48'= 100 — 48 = 


52. =4X 13. V 4-311 2 13, and LEED — = Wt = 

—2 = 3.605,551,27 Se. 2 = 1 Sc. And r. uan- 
Ho ont alſo, with great caſe, be proved eee to be the. t true value, of 
the greater root of the equation 255 — 5 = 36: for, if y is = 13 — . 
we ſhall have 53 =134/13 — 3 * 13 273913 4 — 82 13:4 13 
+ 12413 —78 —8 26% — 86, and 23 = 29 * 73 2 
25 * 4 2 — 50, . eee, 250 er — 25 * een ane 
A: . | 


+6. Þ 


K k | There 


* — n 
— —v—„—V—. — — — . — — — 
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There are therefore two cones. whoſe fide is = 5, and ſolid content = 
12p; one of which has for its altitude a line = 4, and conſequently for the 
ſemidiamerer of its baſe a line equal to (v = 55 —yy = /25 — 16 =y/g 
=) 3; and the other has for its altitude a line = 1.605,551,27, or /13 — 2, 
and conſequently for the ſemidiameter of its baſe a line equal to (» 


Vii=D = vhs -Vig=t = Vim + vin. = 
[25 — 17 + 44/13 = VIA IVI = VHR + 4x 3.605, 551,27 = 
v (8 + 14:422,205,08 = 2.422, 205, 8 =) 4.7352. 

| | | EXAMPLE XXI. i | TS | 
Let the equation be y3 — 8&y—3. Here c=8, 4 3, He =+8 
= 24/2, 2 — 2342 Ert — es gn, 
oe OS: -; (54/8 34/3 3X 1.73% 5.1960 03 
which being greater than 3, or d, this equation will come under the ſecond 
caſe of Prob. It. and therefore its reſolution depends upon that of the equation 
8) —33 = 3, and may be performed as follows. Since c is =8, and 4 S 3, 
we ſhall ave 9 — . * 24/2 — 2X 1:4142135 2.828,427,0 8 


V3 v3 v3 15 © 1.732,0508, 1.63 2,993, "2 
and 3 —— —.— = 2 = 1.12 5 = the common chord of two ares, in a circle 
whoſe radius is x2, or 1.632, 993, 1, which, if we triſect, the chords af their 


third parts will be the two values of y in the equation 85 7 . Say 


fore, as the radius =, or 1.632,993,1, is to half the chord 1. 129, or 


to 562, 5, ſo is the tabular radius, or 1, to —̃— 2.34459, por. 
344.459, 9 will be the tabular ſine of half the leſſer of the fore-mentioned. 
5 h conſequently half that leffer arc is = 209, of, and its ſixth part is = 
_ = 6®, 49, the tabular fine of which is = .216,959,6. Say therefore, 
a5 the tabular radius 1 is to the tabular fine .126,959,6, ſo is the radius 5, | 
| | 73 

or 1.632, 993, 1, to the correſpondent fine of the ſame are; which ſine is there- 
fore = 1.632, 993, 1 * . 116, 939,6 = .191,045 : therefore the chord of double 
that arc, or the chord of the third part of the leſſer of the two ares whereof 
1.125 is the common chord, in the circle whereof . 632, 993, 1 is the radius, 
is = 2 *. 191,045 . 382, 09; that is, the leſſer root of the equation 85 — 53 
23 18 =. 382, 09. | | 

— Since half the leſſer of the two arcs whereof 2, or 1.125, is the 
common chord, has been found to be = 20, g',. it follows that that whole 
leſſer arc will be = 402, 18', and conſequently the greater of thoſe arcs will 


IE. 1 
be = 360* 40% 18' 319, 427, and its ſixth part will be 2 630, 1, the 
tabular fine of which is = .801,601,8. Say therefore, as the tabular radius, 
or 1, is to the tabular ſine .801,601,8, ſo is the radius . or 1.632, 993,1, 
to the correſpondent ſine of the ſame arc; which ſine is therefore 
1.632, 993, 1 x . 801, 601, 8 = 1. 309, 1; therefore the chord of double that 
arc, or the chord of the third part of the greater of the two arcs whereof 112 f 
is the common chord, in circle whoſe radius is 1.632, 993, 1, is = 
2 X 1. 309, 1 = 2.618,02 ; that is, the greater root of the equation 8 y — 5 
=3 is 2.618,02. Therefore, by Art. 218. the root of the equation y3 — 8 y 
= 3 is = 2.618,02 + .382,09 = 3.000,11, or, accurately, = 3, as will 
appear upon trial: for if y is = 3, we ſhall have y3 = 27, 85 = 8 x 24, and 
* —83 = 27 —24=3- | . 


Note. The exact values of the two roots of the equation 8y—y3 = 3 are 
LE VS and , as will be found upon trial. 


Vie ExAMPLE XXII. Ls 
Let the equation be y3 — 3y = .929,203. Here c g, 4 929, 203. 
ez, and = 2 = 2, which is greater than . 929, 203, or 
d; therefore this equation comes under the ſecond caſe of Prob. II. and may be 
reſolved as follows. Since c is 3, and d is = .929,203, we ſhall have 5 
—Y3 = x, and 3 — 2222S — ,929,203 = the common chord of two 


arcs in a circle whoſe radius is 1, which, if we triſect, the chords of their third 
parts will be equal to the two values of y in the equation 35-35 2 929, 203. 


Now, ſince the radius — is in this caſe = 1, or is the ſame with the tabular 


radius, it follows that — or .464,601,5,. will be the tabular fine of half 

the leſſer of the two arcs whereof .929,203 is the common chord: therefore half 
| 27, 477 3 : 

—— = 95, 13“, the ſine of 


} 


that arc is = 272, 41', and its ſixth part is = 
which is .160,168,3 ; therefore the chord of double that arc, or the chord of 
the third part of the leſſer of the two fore-mentioned arcs, is = 2 XK. 160, 168, 3 
=.320,336,6 ; that is, the leſſer of the two values of y in the equation 35 — y3. 
= .929,203 is —= $20,330, ; us. ES 

Secondly, Since half the leſſer of the two arcs whereof. 929, 203 is the com- 
mon chord has been ſhewn to be = 272, 41', it follows that that whole leſſer 
arc will be = 53, 22, and conſequently the greater of thoſe arcs will be = 


360% — 55%, 22'= 304, 38', and its ſixth part will be = . — = 505,46, 
| | Kk 2 the 


(959 | 

the ſine of which is ==. 774457657 ; therefore the chord of double that arc, or 
the chord of the third part of the greater of the two = Att. arcs, is = 
2 x. 774.576, = 1.649,13, 4; that is, OI of y in the equation 
35 2 9209, 208 is = 1.549, 153, 4. Therefore the roct of the equation 
93 — 3Y= 929, 203 is 1.849,13, 4 + 320, 336,6 1.869, 290, o; which 
is ſomething leſs than the truth, the accurate value of y being 1.87: for if y is 


= 1.87, we ſhall have 5 = 6.539, 203, 3 = 561, and y3 — 39. 
6,538, 00 6:8 58 49295303 %ũ .. 
F 
If in a circle whoſe diameter is AD (Fig. XVII.) be inſcribed a trapezium 
ABCD, having AD, the diameter of the circle, for one of its ſides; and 
AB be put , BC=#, CD =:, and AD =; the relation between 
AD and the other fides of this trapezium will be expreſſed by the following 
cubic equation; to wit, y3 kk X39 =2bkt, See Sir IsAAc NEwToON's 
— 11 TH | 
Arithmetica univerſalis, edit. 2d, 1722, page 101, where, it muſt be obſerved, 
that, inſtead of the letters &, 75, and y, he makes uſe of the letters c, d, and x. 


: « ol 
- * 


FI d. XVII. 


If therefore, from the three ſides AB, BC, CD, given, it be required to 
determine the diameter A D, it may be done by the 4 "9 of the foregoing 
equation. For inſtance, let A B. or b, be = 3, BC, or k, = 4, and CD, 
or t, 5; and we ſhall have 55 =9, KK = 16, tt =25, bb + kk tt 
=9g-+ 16+ 25 = 50, and Ro 2X3X4X5=2, x 60 =120; and 


conſequently the equation y3 4 — K U xy D 26 Et becomes, in this caſe, 
55 — 50% = 120. Here cis = 30, d = 120, c =/50 = V2; *2 
Fe 972 =  BEWE IX $OXF/2 — $00/2 N 
, 
Tg 17 = 236.08, which is greater than 120, or d; therefore the 
equation comes under the ſecond caſe of Prob. II. and may be reſolved as 


follows. Since c is = go, and d = 120, we ſhall have 5 — = 5 9 


=5y3= 65 x . 666, 666, Cc. = 5 X. 816,496, 58 = 4.082, 482, 90, and 
| e Ke .34 
"y 


c 


C 258 } 
3 — Ago. = 5 S the c common chord of two arches, in a cirele whoſe 


4 


radius is 4.082, 4 8. 2,90, which.if we triſect, the chords of their third arts will 
be the roots of the equation 30% 9 = 120. Say therefore, as the radius 
4.082,482,90 is to half t chord. 7. 2, or to 3. 6, ſo is the tabular radius, or 1, 
to e dc = .881,816; and .881,816-will be the tabular fine of half the 
leſſer of the two horst mentioned arcs: therefore half that leſſer arc is 61% 52', 


and the fixth part of it is = WE S 20˙ 3705 the tabular ſine of which is 


35251 13,9. 3 therefore, as . tabular radius, or 1, is to the tabular ſine 
352, 113,9, ſo is the radius 4.08 2,48 2, 90 to thè correſpondent ſine of the ſame 
arc z which ſine is therefore 4.082,48 2,90 K 352, 113,9 1.43%, 5: there- 
ior the chord of double chat a arc, or the chord of the third'part of the leſſer of 
two arcs whereof 7.2 is the common chord, in the tircle whoſe. radius is 
4.082, 482, 90, is = 2 X 1.437, == 2.8735, ; that is, the leſſer” of the two 
values of y in the equation 50 y — y3 = 120 is = 2.975,,õy... - © © 
ond has Since half the leſſer of the two arcs whereof 7.2 is * common 
rd 1 ſhewn to be = 61, 52, it follows that that whole leſſer arc 
den be 2 12 355 44” and confetjininely the greater of thoſe two arcs will be 
360® — 1239 44 = 2362, 16', and the ſixth part of that greater arc will be 
= 35% 225 The tabular Tine of which is = .6 34,280,8. Say therefore, as 
the tabular radius, or 1, is to the tabular fine .6 34,280, 8, ſo is the radius 
4.08 2, 48 2, 90 to the correſpondent ſine of the ſame arc; which fine is there- 
fore = 4.082,482,90 x .634,280,8 = 2:589,4: therefore the chord of double 
that arc, or the chord of the third part of the greater of the two arcs whereof 
7-2 is the common chord, in the circle whoſe radius ig . 4.082.482, 90, is 
= 2 * 2.389, 4 = g. 178, 8; iy that is, the greater of the two values of y in the 
equation 50y — y3'= 120 is = 5. 178,8. Therefore the root of the equation 


„gon 16 f 5 178,8 + 2. 875,0 = 8.053,8. oe J. 
Ex AM ILE XXIV. 


1 "fra the ſum of the h potenuſe AC and altitude BC of the RE 
triangle ABC (Fig 1550 ), and the contents of 1 its area, given, it be required. 
to find the baſe AB and A C + BC be put =, the area of the triangle = 
PP, and AB y; the value of y may be found by the reſolution of the follow 


ing cubic en, to wit, 5 9 = 1 91 18015 
| For pp we area of the triangle A BC === x BC) = 27 3C; mY 


ſore B C is = = LL „ and BCq= 4, Wee N s ( 4g 
; I 2X62. and a 
o- ble 


Ei c. 


2 99 — = 5 and 3 AC i 13. 


L 234] 
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EE. fb | 
486 + BC =Lt WE + 222 — Li +460 +299 Therefore 59 


is VN +222, and sy—2pp= [ft ER, and fy — 455 
+ 474 = 3* + 4724, and, ſubtracting 4 9+ from both ſides, 5*y* — 4p*5y = 
y+, and, dividing both ſides by y, 5*y — 4 *s = i, and conſequently 25 
=y3 + 49%, and fy —y3 =498%. QED P. 
Now, let 5s = 278, and pp = 7269, and we ſhall have 55s = 77, 284, pps 
= 7269 x 278 = 2,020,782, and 4 pps = 8,083,128, and conſequently the 
equation $5y — 93 = 4PPs will, in this caſe, become 77,284 y — y3 = 
_ 8,083,128. Here c is = 77,284, d = 8,083,128, c = 278, and 7 
— 2 X_ 77.284 X 278 __ 154-568 x 278 . 42,969,904 . 42,969,904 __ 
By 34/3 | 3/3 3/3 3X1.732 
-4:32 3:30! — 2 * 8, 269, 804. 464, which is greater than 8,083,128, or 
d; and conſequently the equation 77, 2845 — y* = 8,083,128 is poſſible, and 
may be reſolved as follows. | | i alt 
Since c is = 77,284, and d = 8,083,128, we ſhall have _ — _ ks 
_ / 278 5 1238 3 * 8,083,128 — 24,249,384 4 
5 160. 303, 37, and A ART 2 
313.769,78 = the common chord of two arcs in a circle whoſe radius is 
160.503,37, Which if we triſect, the chords of their third parts will be the 
two roots of the propoſed equation 77,284 y — y* = 8,083,128. Say there- 
fore, as the radius 160.503,37 is to half the chord 313.769,78, or to 


ES . : 6.384,8 
156.884,89, ſo is the tabular radius, or 1, to 188.50 . 997,458; and 


977, 455 will be the tabular fine of half the leſſer of the fore- mentioned arcs: 
4 br half that leſſer arc is = 77, 49“, and the ſixth part of it is = 


— = 265 56, the tabular ſine of which is. 437, 325, 1. Say therefore, 


as the tabular radius, or 1, 1s to the tabular ſine . 437, 323, 1, ſo is the radius 
160. 503, 37 to the correſpondent ſine of the ſame arc; which ſine is therefore 
= 160.503,37 &. 437,326, 1 = 70.193,7 : therefore the chord of double that 
arc, or the chord of the third part of the leſſer of the two arcs whereof 


313.769,78 


[ 235 ] . 
313.769, 78 is the common chord, in the circle whoſe radius is 160. gg, 35, 
is = 2 x 70. 193, 140.38), 43 that is, the leſſer of the two roots of the 
equation 77,284 y — y* = 8,083,128 is = 140.387, 4. 2, E. J. 
| Secondly, Since half the leſſer of the two arches whereof 313.769, 78 is th 
common chord has been found to be = 77, 49, it follows that that whole 
lefler arch will be = 155®, 38', and conſequently the greater of thoſe two arches 
will be = 360 — 155®, 38'= 204, 22', and the ſixth part of that greater arch 


will be = 1 = 34% 355 the tabular ſine of which is . 369, 916,2. Say 


therefore, as the tabular radius, or 1, is to the tabular fine . 359,916, 2, ſo is 
the radius 160.503,37 to the correſpondent fine of the ſame arc; which fine is 
therefore = 160.503,37 X -559,916,2 = 89.868,4 : therefore the chord of 
double that arc, or the chord of the third part of the greater of the two arcs 
whereof 313.769, 78 is the common chord, in the circle whoſe radius is —= 
160.503,37, is = 2 x 89.868,4 = 179.736, 8; that is, the greater of the two 
roots of the equation 77284. y — y3 = 8,083,128 is = 179.736,8. Q. E. L 
It appears therefore, that there are two right- „ triangles that come under 
the fore - mentioned conditions, or that have each of them its area equal to 
7269, and the ſum of its hypotenuſe and altitude equal to 278 ; the one of 
which has for its baſe a line equal to 140.387,4, and conſequently for its alti- 
2 Xx ya6g-, 00 t 1 
tude a line equal to ( = 72 =) 10 3. 556, 3, and for its hypote- 
nuſe a line equal to 174.449, 2; and the other has for its baſe a line equal to 


179-736,8, and conſequently for its altitude a line equal to (8g — 


2 852 — =) 80. 884, 938, and for its hypotenuſe a line equal to 197.098, 1. For 
both theſe ſets of numbers will anſwer the conditions of the problem: for, in 
the firſt place, any two of the firſt ſet, to wit, 140.387, 4, 103.536, 3, and 
174.449, 2, taken together, are greater than the third, and therefore are capable 
If forming a triangle; 2dly, 30432, the ſquare of 174.449,2, is equal to. 
1908.63 + 10723.91, the ſum of the ſquares of the two other numbers; and 
therefore they will form a right-angled triangle; 3dly, the ſum of the hypote- 
nuſe 174. 449, 2, and the altitude 103.556, 3 is = (278. 00g, 35, or nearly) 278, 
agreeably to the firſt condition of the problem; and laſtly, the area of this tri- 


angle is == 103:556,3 X — = 103. 556, 3 * 70. 193,7) = 7269, agree- 
ably to the ſecond condition of the problem. And, in like manner, *tis evi- 


dent that the ſecond ſet of numbers, to wit, 179.736,8, $02 54-928, and 
197. 098, 1, will anſwer the conditions of the problem: for, in the firſt place, 


any two of theſe numbers taken together are greater than the third, and conſe- 
quently theſe numbers are capable of forming a triangle; 2dly, the ſquare of 
197.098,1, to wit, 38847.69, is equal to the ſum of 6542.368 and 32305. 330, 
the ſquares of 80.884,938 and 179.736, 8; and therefore theſe numbers — 
| | | rm: 


$0.884,938 x 7 = 80.884,938 x 89.868,4) = 7269, agreeably to the 
ſecond condition of this problem. | 2, E. Dorn, 8 a7 ; iin 5 


= 
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17833-339-518,0 __ 5944-446,506.0 „nich is 
or 2972.223,253,0, and conſequently than 321, or 4. Therefore the equa- 
tion y3 — 4305 = 321 comes under the ſecond caſe of Prob. II. and therefore 
may be reſolved as follows. Since c is = 430, and 4 = 321, we ſhall have 

| | 2 | OE 1 
975 — = y/ 452 = v/ 143-333»333» Sc. = 11.972, 189,99, and — 
— = — 263 = 2.239,534,8 = the common chord of two arches, in a 
circle of which 11.972,189,99 is the radius, which if we triſect, the chords of 
their third parts will be equal to the two values of y in the equation 430,y — y3 
= 321. Say therefore, as the radius 11.992,189,99 is to half the chord 
| | | 14192224. 
„ 11.972, 189,99 
== . 093, 530, 7; and .093,530,7 will be the tabular fine of half the leſſer of the 
two forementioned arcs. Therefore half that leſſer arc is = 5?, 22, and con- 


ſequently the ſixth part of it is = —.— = 1, 4%, the tabular fine of which 


is = :031,120,0. Say therefore, as the tabular radius, or 1, is to the tabular 
fine .031,120,0, ſo is the radius 11.972,189,99 to the correſpondent. ſine of 
the ſame arc; which ſine is therefore = 11.972,189,99 x .031,120,0 = 
372, 874, 55: therefore the chord of double that arc, or the chord of the third 
part of the leſſer of the two arcs whereof 2.239, 334, 8 is the common chord, 
in the circle whoſe radius is 11.972,189,99, is = 2 *. 372, 574,55 . 743,149, 1; 
that is, the leſſer of the two values of y in the equation 4300 —.y3. =-321 1 
745,149, I. | Wo | . 
Pcs Since half the leſſer of the two arcs whereof 2,239,534,8 is. the 
common chord has been ſhewn to be = 5, 22', it follows that that whole 
leſſer arc will be 10%, 44', and conſequently the greater of thoſe two arcs will 
be = 360 — 109, 44 = 3492, 16'; therefore the ſixth, part of that greater 
arc is = 58%, 12, the tabular fine of which is = .849,892,7. Say therefare, 
as the tabular radius, or 1, is to the tabular ſine .849,892,7, ſo is the radius 
E 11.972, 189,99 


2.239, 534,8, or to 1. 119, 767, 4, ſo is the tabular radius, or 1, to 


1 252 we 


sends $20; 1 8 7 the ame ; e is there- 

Fee ee 75 ther FOre 1 59 ee 
the; br fe Ger of, the, 855 Arcs Wh 

— 13 fe whereof 14. FI te 


raqius. is * 104h7.5307 v 20. 35914 FL bat is, th 
of y in the eguation 4309 321 iS 297360, 14.0 onſequently t the 95 
827 Bent 480g 334.15 = 8 35964 bsh 20.0589. 


Note. This value of A is e Elina dhe 8 value being 
greater than 21.1 : for if i ana, wEſhal! have 55 = 9393. N | 
= WR 9073, nd go — 4307 = 9393-931 — 9075 $20 931 


: \ | | EGA IA XXVI. N 
Let e 10000 1 174. Here e = 1000, d =: 1.745 yes 


X $1.622,776,6 6 
. 76s .00d Z-Le = 2 MBRLIGG —_ Sarde reg 


: . , 6 C5 | | — 2 , ,6 4 ; 
= 2 e. iich 18 greater than os , or 10, 540.923,53 3,335 


and conſequently, 4 _ than 1 74, Or d. Therefore the equation 1000 y 
— =474 is poflible, and amm follows. Since 


c is ioo, and d = 174 ww i —_— vg = 


v 333-333+339, Cc. = 18.257,448,5, and * = itt nnd = ag = +522 


the common chord of two arcs, in a circle "wht radius is 18.257,418, 

which if we triſect, the chords of atone + will ohh two roots of — 
4 opoſed equation 1000 174. ay t ore, as the radius 18.287, 418, 
* half the chord 522, Or to 261, ſo is the tabular radius, or 1, to 


mn = = 014,296, 63 and .014,295,56 will be the tabular fine of half 
3 of the two fore- mentioned arcs. Therefore half that leſſer arc is = 


„and the ſixth part of it is = 16, the tabular fine 'of which is. o04, 654, 2. 
. y therefore, as the tabular zadius, or 1, is to the tabular fine 004, 654, 2, ſo 
18 1 radius 18. 267,418, 5 to the correſpondent ſine of the 71 arc; which 
ſige is therefore = 1842 57441845 . 00684, = 054,9 4:97 3-05 : therefore the 
chord of {pub that arc, or the chord of the third par the ſeſſer of the two 
arcs whereof ;oþ28 | is the common ona, in the Fd whoſe radius is = 
18. 257,4 18,5, 6 2, * 84.95 8:0 65 = _ 469.9475355 that is, the lefler root 
ud the equation 3000 174.18 = SORT 2, EL 

_ . Secqogly; Singe half che loſſer of the t) ap . 2 is the common 
chord bas been ſhewn do be =. 49', it follows that that whale leſſer arc will be 
= 3%, 38's. end and conſequently the greater of thoſe two arcs will be = 360® 


* * f. "Therefore the ben part: af that greater arc Wt 


= — aiatrnc. ego hi gs 


— 53 = 174 is = 31.532,08. & E. I. 


{ 238} 


59%, 43',, the tabular fine of which is 863,547. Sn therefore, r de tabs. 


lar radius, or 1, is pac noir tha Hh 5542, . (is the radius 18. 5770 
to the correſpondent ſine of rh facie F arc; which ſine is therefore u 
| the chord of double hn 


18.257,418,5 K. 863, 54% = 15.766,04 : therefore de deen 
arc, or the chord Pf the third part of the greater of the two arcs*whereof 64 
is the common chord, in the circle whole radius is 18.257,18, 5, is = 
2 X 15.766,04 —'31.532,08 ; that is, the greater root of the: equation 10007 
bi CCC to icy nt. IA 
rA XVII ——_— 
Let the equation be y3 — goy = 98. Here c is = go, 4 = 98, Ve 
go = Vſgxio = /qx@yſio = 34/10 4 * eee = 
1 20 / 2. K 90 X 9.485, &c, _ bo x 9.486, Ce. ___ 569.160 
6 and x- > — — —- , 
94865832598. and 5 * | | W 
which is evidently greater than =D „ or 284.580; and therefore, 2 fortiors, 


than 98, or d. Therefore this equation comes under the ſecond caſe of Prob. II. 
and conſequently may be reſolved as follows. Since c is = go, and d = g8, 
we ſhall have — Err = K 4 30 = 56.477,25, 37, and LL = 
3 == 22 38 3.266,666, c. = the common chord of two arches, 
in a circle whoſe radius 1s 5.477,22 5457, Which if we triſect, the chords of 
their third parts will be equal to the two roots of the equation goy — y3 = 98. 
Say therefore, as the radius 5. 477, 225, 57 is to half the chord 3. 266, 666, St. 
or to 1.633,333, Cc. ſo is the tabular radius, or: 1, to EL . = 
298, 204,53 and . 298, 204, 5, will be the tabular ſine of half the leſſer of tlie 
two fore - mentioned arcs. Therefore half that leſſer arc is 17%, 210, and the 


fxth part of it is = — — = 5% 47', the tabular ſine of which is . 100766, 9. 


Say therefore, as the tabular radius, or 1, is to the tabular fine . 100, 766, 9, fo 
is the radius g. 477, 22 3, 57 to the correſpondent fine of the ſame arc; hieß ſine 
is therefore equal to 5. 477,2 25,57 *. 100, 766,9 = .551,923;0; tlierefore the 
chord of double that arc, or the chord of the third part of the leſſer of the two 
arcs whereof 3.266,666, Sc. is the common chord, in the circle whoſe radius 


is 5.477,225,57, is = 2 X .551,923,0 = 1. 103, 846, o; that is, the leſſer of 


the two roots of the equation 900 — 93 = 98 is = 1.103,846,0: Fa 
Secondly, Since half the lefler of the two arcs whereof 3.266,666, Sc. is the 
common chord, has been ſhewn to be = 159, 21', it follows that the whole leſſer 


arc will be = 34, 42, and conſequently the greater of thoſe two arcs will be 


360, — 34%, 42 = 325, 18”, and the ſixth part of that greater arc will be = 
34% 13', the tabular fine of which is =. 911, 233, 9. Say therefore, as the ta- 
EA ; e bular 


651 


ot 14.is to the tabular ſine $811,233,9, ſo in che radius 5-47 7422.5,.5 
. fine of the ſame arc; which ſine is therefore g. ce 
x. . 811, 233,9 = 4443, 311, o; 3 the chord of double that arc, or the. ; 
chord of the third; part of the greater of the two arcs whoſe common chord is 
3.266,56, &c. in the cirele whoſe radius is $147 71225557015 r A N 4. 448,311, 0 
= 8.886,622,0 ; that is, the greater of the-two roots of the; equation. 900% — 7 
= 98 is = 8.886, 62, o. ſequently the root of, the 9uenon, | —90y 
D gs is 8. 886 „622,0 | 1 ese 990.4680. E E. I. 


| | ExaneLs xXVIII 

1 che equation de 55 — 2 1. . Here e=1 4=Þ e 1, I 
zeyſe 2 | 2. 
YE == Fo ts == 4 4 which is e than 1 * 4, toad chan z 355 Nu 
therefore this equation comes under the ſecond caſe of Prob. IL and bagel be 


| reſolved as follows, Since c is = i and d = =, we hall have , — == 


| v3 
T:732,0508 — 35775350, 2, and 2. = the common chord Tr two "arches, P 
in a Circle whoſe radius is 7 , or. 577, 350, 2, which if we wiſect. che chords 


of their third parts will be the roots of the equation y - = 4. Say therefore, 
as the radius . 57 7, 350, 2 is to half the chord I, or to . g, vi is the tabular ra- 
dius, or 1, to 575 — 866, 02h. 4 and 866, og, 4 will be the tabular 
ſine of half the leſſer of the two fore · mentioned arcs: therefore half that leſſer 
arc is = 60®, and the ſixth part of it is = 209, the tabular ſine of which is = 
_m—_ Say therefore, as the tabular radius,” or 1, is to the tabular ſine 
342, oo, 1, ſo is the radius .577,350,2 to the correſpondent fine of the ſame 
arc; which ſine is therefore, = .577,,350,2 X..342,020, 1 = .199,465, 
therefore the chord of double. that arc, or the chord. of the third part 25 1 
leſſer of the two arcs whereof 1 is the common chord, in the circle whoſe radius 
is . 5777350, 2, is = 2 * -1974465,3 = = 394.930,63 that is, the os of the 
two roots of the equation y — y3 =+4 is = 394.9306. ! 
Secondly, Since half the leſſer of the two arcs whereof g is the common 
chord has been ſhewn to be 600, it follows that the whole leſſer arc will be 
= 12069, and conſequently the greater of thoſe two arcs will be= 360 — 120 
D 240, and the ſixth part of that greater arc will be = 40% the tabular fine 
of, which is = wp Torn tp" Say therefore, as the tabular radius, or 1, is to 
the tabular ſine . 642, 787, 6, ſo is the radius . 377, 350, a to the correſpondent 
fine of the ſame arc; which ſine is therefore = 577, 350, 2 K. 642, 787,6 = 
371,11, 64 therefore the chord of double chat are, or the chord of the third 
part of the greater of the two arcs whereof . g is the common chord, in the circle 
whoſe radius is . 577, 350, 2, is = 2 X 371, 1 «6 2 . 742, 227, 0, chat is, the 
greater 


reater of thetwo-revts of the equation y —/y# == is = .742;227,00Chins' 


ord ror ry pong con andre uns Melee 


—2.137;15746. L B. U 
in his Algebra, from Rene this enample is taken, as far as the ft place 
ſdund by Mr. CEA AU is 1.73%, 58, 6. 1 


ExAMPLE XXIX. 


— * 8 . ' 7 | Oe | | 1 2 e 1 | 
| Let the equatiqn be 139 1 = 5. Herec is = 13, 4= 5; and = 
i "LF l | * N * 1 2 p "Tn. 994 > & 92775 0 4 % 


2X13X4/13 __ 26 X 3.605,551,27 __ 93-744,333-02 __ oj oops | 
e eee 5 moon eee which is gen 
than 5, or d. Therefore this equation is poſſible, and may be reſolved by 
Prob. III. in the following manner. Since c is = xg, and is = 3, we ſhalt. 
have f = _ V =/4-333:333» G.. = 2.08 1,593.9, and . = 
435 = 45 = 1.153, 846, 1 = the common chord of two arches, in a circle 
whoſe radius is 2.08 1,593.9, which if we triſect, the ehords of their third parts 
will be equal to the two roots of the propoſed equation. Say therefore, as the 
radius 2.08 1,393, 9 is to half the chord 1. 153, 846, 1, or to 576, 92 3,09, fo is. 


. MP * 76, > OC, We” x 3 
the tabular radius, 1 Tt 0.255 25 D = -277>15414 5 and 27751544 will 


be the tabular ſine of half the leſſer of the two fore- mentioned arcs: therefore 
half that leſſer arc is = 16, 6', and the ſixth part of it is = 3, 22% the ta- 
bular ſine of which is . 093, 529, 1. Say therefore, as the tabular radius, or 
1, is to the tabular fine . 093, 529, 1, fo is the radius 2.05 1, 393.9 to the cor- 
reſpondent ſine of the ſame arc; which. ſine is therefore =" 2.08 1, 593, 9 
X . 093,329, t . 194,689, 6: therefore the chord of double that art, or the 
chord of the third part of the leſſer of the two arcs whereof 1: 153, 846, 1 is the 
common chord, in the circle whoſe radius is 2.081, 393,9, is 2K. 194,689, 
= 389, 379,2; that is, the leſſer of the two values of y in the equation 
JJ „ I be ad 
Secondly, Since half the leſſer of the two arches whereof 1.153,846; is the 
common chord has been ſhewi to be == 169, 6, it follous that thar hole leſſer 
arch will be == 32, 12“; and conſequently the greater of thoſe two arcs will be 
= 3279, 48, and(the ſixth part of that greater arch will be = 549, 380, the 
tabular fine of which is =. 815,464, 7. Say therefore, as the tabular radiub, 
or 1, is to the tabular fine . 8 13, 464, 7, ſo is the radius 2.082, 393, 9 to the cor- 
reſpondent fine. of the ſame arch; which ſine is therefore = 1.081,93 
x . 8 15,464, = 1.697, 466, 3: therefore the chord of double that arch} or the 
chord of the third part · of the greater of the two arcs whereof 1. 133, 846, 1 is the 
common chord, in the cirele whols radius is 2. 08 5,993,958 = 2 x 169, 466,3 
4 — 


. 7 a $7 
; Y * 1 L 
, | 4 the g N ; . 4 a 
= 394.9326 that is, the greater EF o e tf the propoſed equation 

$25 -= i 23.492,65. , r ah wal 
5 i $ 5 TY 1 . 4 * i” . : . a 0 0 7 go #Y $5 
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Bxfore we talte our leave of the exumples given im che vounkk of thisartide to- 
the refotution of thie equation - = A and the ſecbnd eat bf the equatiom 
„id. it may not be aud to he how, When the ade 6f 1 it the Tabthe 
equatiort is known, tlie values of y in the former of rhoſe eqtariohs; te Wit; 

ef as we pleaſe, by the mere extraction of the ſejuare root: for it will tt” 
fothe cafes Be foùnd to be convenient to make uſe of this method far obtaining, 
td à gręat degtee of exactneſs, the roots of the equatien y -ν = TE 
true, indeed, that the root of che equation y® c= d, in the ſecond caſe of 


Prob- II. where 4 is leſs than 22, cannot itſelf: be otherwiſe. found (exocgt: 


in ſome eaſy caſes by conjecture, and in others by approximation, which is a: 
method tffat we do not here propoſe*to treat of), than by firſt finding the roots: 
af the cquation-&5 —y3 = d, to the ſum of which it is equal: bur it happen? 
not unfrequently that the roots of this latter equation cy — y3 = & are irra- 
tional, and yet their ſum, or the root of the equation * — cy= &#is a rational 
number; and in theſe caſes the roots of the equation cy — y* = d are always 
compounded” of two parts, a rational part, and an irrational part; which irra- 
tional part is the ſquare root of ſome rational number. In thefe caſes therefore 
when we have obtained, by a table of ſines, the roots of the equation cy 7 
24 te three or four places of figures (for tlie table of ſines ſtildom give 
exact to any conſiderable number of figures, as has been obſerved above, in 
Art. 22 5.) and are deſirous of finding them to a much greater degree of exact - 
neſs, we may add them together, and, if the root of the equation 35 — cy d 
is a rationab number, as we here ſuppoſe it to be, their ſum will be ſufficiently” 
near the-true-value of that root to ſuggeſt to us the rational number to hic it 
is exactly exactly equal; and if we find, upon trial, that that rational number 
is the true root of the equation y3 e d, we may then find to as great a. 
degree of exactneſs as we pleaſe, by the method we are now going to deliver, 
the roots of the equation cy — y3'= d by the mere extraction of the ſquare 
root, without having recourſe to infinite ſerieſes, the management. of which is 
always extremely laborious. 5 _ : 


oy 4 0 1 - * 


3 271 * bn A 44. 16 239, 0307 ov $1 
Thus, if it had been required to find the roots of the equation 135 — y3* 


« 


. 4 
» 4 


4, that occurs in Example XVII. to à great degree of exatnefs, we ſhould: 
firſt have found them, by a table of ſines, to be 3.73540 1,8 and. 267, 823, 0, 
and then, adding theſe roots together, ſhould have. obtained . J et for 
the root of the equation 9 — 15 = hich number being ſo very nearly 
equał to 4, ſuggeſts to us that 4 is the true root of that equation, as upon trial 
it is. ound. to b: and, having thus foupd the exact value gf y in the — 
„ i | E63 


[. 26% ] 1 
„155 = 4; we might determine the robts of the equation — 
by the method here propoſed, as exadtly and with much greater caſe than . 
the calculation by infinite ſerieſes made in Art. 231. 
And, in like manner, if it had been cs ired to find the roots of the equa- 
tion 83 — . == 3 that occurs in XXI. to a great degree of exact - 
neſs, we ſhould firſt have found them, r a table of ſines, to be 2.6 18, oa and. 
38a, og, and, adding theſe together, Qould have. obtained 3. o, 11 for che 
root of the equation yi — 8y = 3; which being ſo nearly equal to 3, ſuggeſts, 
to us that the true root of this equation is 8 to 3, as upon trial it. is 
found to he: and, having thus found the exact value of y in the equation 
5 35 = g, ve might determine the roots of the equation 83-954 z, by 
the method here 8 as exactly as we pleaſe, — with much lefs difficulty 
than by infinite ſerieſes. For the methad is no more than this, that if t be put 
for the greater of the two values of y in the 1 cy —y3 =d, and v for 
the leſſer of thoſe values, and 2 for the value due of y in the equation y3 — cy = d. 


as in Art. 218, we ſhall have v = — 2 and -E, | 


2 


and conſequently, if c is = 15, and 2 4, ee eee 
inſtances, we ſhall have v 22 — — — eee = 


— — +=223) =2—3, and (= 1 
. and if c is = 8, and 2 is = 3, as in the ſecond — 
inſtances, we ſhall have v (= L N 2 —.—. 


RR , 5 
determinations in Examples XVII. and XXI. 
Now, that f and » are reſpectively equal to 2 — and 


— Le: may be thus demonſtrated. 

Since ct —213 is =4, and cv -v is likewiſe =4, it follows 905 ON 
will be=cv— vs; and, adding 73 to both ſides, c? will be=cv +833 — v3; 
and, ſubtracting cv from both fides, cf —cv will be = 73 — s. Divide 
therefore both ſides by : — v, and we ſhall have cg 4-tv + vv. But, by 


Art. 218. zis =t + v, and conſequently 22 is FF de =it + 2tv+vv, 
and z2z—#v=&# te vv. Therefore c is = 3 and c + tv 


E X — 
8 and ; = vV 2 


Therefore 3 (= 2 —v) = 2E = 2 4 and 11 = 21 —22 


＋ 8 and it I= z Te, * 1 + xz - E,, and àã2 — ft 2 


—= 22, and vr 22 - c, and conſequently v = = 


Me aig tare mem lm ems, . 


e et 


le wen 0 ne 5 * - 
1 22 Le, and e wave and 3 IS 1 
2v=— v0 =22— <0 and EZ =zv+vo= e 
e Weg Hal . TY 2 i — 
— ® E. D. | | | 
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EXAMPLE XXX. 


” Let BO H (Fig, XIX. ) be a logarithmic curve, whoſe axis, or af ptote; 
is ED, and ſubtangent = AG; and let it be required, from the ſubtangent 
AG given, to determine the point O in the curve, at which its curvature is 


_ greateſt, by the reſolution of the equation. 25 + — —, which expreſſes 


the relation between the ſubtangent A G and the ordinate OK that paſſes through: 
the point O, ee a COPY and z= OK. 


Fi. XIX. 


Tony 


— tis evide t. volvo it the Arth | 
yet is of che. ſame nature with a cubic equation, . be Eda En far as 


to attain che Jquare of the unknown. by chi ral Lange ee de bern | 
that 1 is obtained, the unknown — may de fo y the mere ex- 
che e n i allo jo the fore oF a-gubic, equation, 


4x —— 2 . ſhall have ch Cy » This £quatiog 


pr fil 
that 1 be + 3 OM rela Ohh! rd GE — 


. (ore — 2 ) or 8 — —2 b3 


7 which is an 
equation of the fame kind with er, e Here thorofre we have £22 
c bb 36 
=< and © =&, and an = N 1075 x4 x& =— = =, ang conſe- 
C 
quently {by Art. 24007 2 e or b. Therefore 3. or 
i A is =b— 2 2. that is, x is = 2, or ZS is = =; ; 4 will 


anſwer the condition of the _ for if 2 2 is ==, we ſhall have 25 — 


as 1 3 342 a+ 1 6 ee e a 1 


8? 4? "3 2 2 8 8 * 8 
3 Oh | 
218 | 

Since therefore zz has been "TE to be = — , we ſhall have z = —, or 
2 : 4 :: 1: / 23 that is, the ordinate OK that paſſes through the point of 


l . is leſs than the ſubtangent A G in the proportion of 1 to 
2, or of the ſide of a ſquare to its diagonal. If therefore we draw any ordi- 
nate at prayers, as GH, and in it (produced, if need be) take the line GL. 


equal o 7 , or leſs than the ſubtangent A G in the proportion of the ſide of 


a ſquare to its diagonal, and through the point L draw the line L O parallel 
to the axis E D, and meeting the curve in O, the point O thereby determined 
will be the point of greateſt curvature: for the ordinate O K, being the oppoſite 
ſide of the parallelogram O G, will be equal to * L. and therefore will be of 

the Make b e 9g; Ez \ 
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Let the equation to be reſolved be g #* — 100. | Now; in this equa- 
tion, which is to the ſame form with the equation 'p x*— x3 r, and muſt 
therefore be compared with it, we have p g, and r= 100, and conſequently 
and 5 = 54» which is leſs than 100, or 7. Therefore, by Art. 253. the 
equation 9.#* — x3 100 is poſſible, and has two roots, which are both of 
them greater than Ts and therefore muſt be ſuppoſed equal to 7 ＋ 5. There 
fore the transformed equation by which theſe roots are to be determined, when 


properly reduced, is f, — 9? = en or apy , 5100 — 56.546. 


2 

Here therefore c is = 27, and d = 46, and conſequently 5 is = 9, and 15 
— S 9 3.1 and i = 3=£ == 5+ 35 or 5. 111, 11,111. 
Sc. = the common chord of two arcs in a circle whoſe radius is 3, or whoſe 
diameter is 6, which if we triſect, the chords of their third parts will be equi 
to the two values of y in the __— 27% — 95 = 46. Now, if we would 
find theſe values of y by a table of ſines, we muſt proceed as follows. 

In the firſt place, Say, as the radius 3 is to half the chord 5.111,111, Sc. 


or to 2.555,555,5, Cc. ſo is the tabular radius, or 1, to 23551555150 Be — 


| | | 3 | 
.$51,851,8; and .851,851,8 will be the tabular ſine of half the leſſer of the 
two arcs whereof 5.111,111, Sc. is the common chord, in the circle whoſe 
radius is 3 ; therefore half that leſſer arc is = 58, 25, and the ſixth part of it 
is = 199, 28/, the tabular ſine of which is = .333,258,4- Say therefore, as. 
the tabular radius, or 1, is to the tabular ſine .333,258,4, 10 is the radius 3 to 
the correſpondent ſine of the ſame arc; which fine is therefore = 3 x..333,258,4. 
999,775. 2: therefore the chord of double that arc, or the chord of the third 
part of the leſſer of the two arcs whereof 5.111,111, Cc. is the common chord, 
in the circle whoſe radius is = 3, is = 2 X .999,775,2 = 1.999,550,4 ; that 

is, the leſſer of the two values of y in the equation 27 y —y* = 46 is = 

1.999,550,4- . E. J. N 
Secondly, Since half the leſſer of the two arcs whereof 5g. 111, 111, Sc. is 
the common chord has been ſhewn to be = 38, 25', it follows that that whole 
lefler arc will be = 116®, 50“, and conſequently the greater arc will be = 
360 — 116®, 30 = 2439, 10, and the ſixth part of it will be = 409, 32“, 
the tabular fine of which is . 649, 890, 3. Say therefore, as the tabular radius, 
or 1, is to the tabular ſine .649,890,3, ſo is the radius 3 to the correſpondent 


fine of the ſame arc; which ſine is therefore = 3 x .649,890,3 = 1.949,670,9 9: 
Es M m therefore 


1 [ 266 ] - 3 

herefore the chord of double that arc, or the chord of the third part of the 
— of the two arcs — 1175111, Sc. is the common chord, in the 
circle whoſe radius is 3, is == 2 & 1.949,70, 3.899.341, that is, 
the greater of the two values of 5 in the equation 27 46 ig 


85 41,8. 2 E. A.. n 1 B #7 ee e, eien 
s Bar * we compute theſe values of y by means of the infinite ſerieſes for ex- 


* * — 


preffing the relations between circular arcs and their chords, delivered in 
Art. 228. it appears, by the calculation in Art. 238 chat the leſſer of the two 
values of y in the equation 27y — y* = 46, or the chord of the third part of 
the leſſer of the two, arcs whoſe common chord is 3. 151,11 I, Sc. in the circle: 
whoſe radius is 3, will be = 329.099,92 9,86 which being ſo very nearly 
equal to 2; tis natural to ſuppoſe that the accurate magnitude of that leſſer 
value of y is 2 3 and ſo, upon trial, we find it is; for, if ;y is == 2, we ſhalk 
have 55 =8, 27 =27X2= 54, and 270 —yi = 564 — 8 46. 


Put now this leſſer value of y = u, and we ſhalt have the greater value of y 
VI = 3 5 27 3 1— 2 08 — 12— 2 % 28 
85 _ WT Tap ws EE ren” 85 
1 „, which will anfwer the condition of the 
equation: for, if y is = ,/24 — 1, we ſhall have y3 = 244/24 — 3 x 24 
+324 —1=27v/24— 73, and 27 =27Xy/24 —I = 27 24 27, 
and conſequently 27% — 5 = 274/24 —27 —274/24 f 73 =73—27 
The two values of y therefore in the transformed equation 27 y — y3 = 46. 
are 2 and 4/24 — 1; and conſequently che two values of 7 + or 3 ＋ 5. 


or the two values of x in the equation 9g — #3 100 are 3 ＋ 2 and 
3+4y/24—1, or 5 and 2 r 24; which will anſwer the condition of the 
equation: for if x is = 5, we ſhall have #* = 25, and #3 = 125, and 9 x* 
= 9 X'25 = 225, and conſequently g * — x3 = 225 — 125 == 100: and 
if x is = 2+4/24, we ſhall have K* 4＋ 4024 ＋— 24 2 28 ＋ 424, 
* 2 8 ＋ 12024 ＋3 * 2* 247 24 ½½ 24 = 8 ＋ 12/24 ＋T 144 7 24 ½24 
= 152 + 36 / 24, and 9 =9 x 28 + 44/24 = 252 ＋ 36/24, and 
conſequently 9.x* — x3 = 252 + 36/24 —152— 36 / 24 = 252 — 152: 
= ICO. ones „ | f 


ExaMPLE XXXII. 

In a primary rainbow (formed either in the heavens by drops of rain, or arti- 
ficially by drops of any other tranſparent fluid, ſo ſituated as to tranſmit the rays 
of the ſun after one reflexion and two refractions in parallel and contiguous lines 
fo the eyes of a ſpectator), if the angle contained under the incident and emer- 
gent rays, or, its equal, the angle of aſpect, be found by obſervation ;' the 


Sy Bes 1 CO ISIS 1758 9 of eerie | 


d to vit, 1 N * ry in. which v repreſents the radius 

of'n a circle, , the tahgonk of b. half che given angle of aſpect, and F che rangem 

of the angle of incidence : as is demonſtrated in Dr. MoxoAx's diſſertation on 

the rainbow, in the notes to Ronavrr's Phyſics, prob.. 3. and i in rs” $ 

3 art, 512. * 

. Note. By the angle of aſpe is meant the a gle under which rhe ſemidia- 

meter of the rainbow is feen, or the angle which 3 are —_ the 

_ emergent rays and a line drawn from the centre of the ſun through the eye 

of the ſpectator, and | conſequently paſſing through the centre of the rain- 

bow; Which angle, tis evident, is equal to chat contained under the ig- - 
cident and emergent rays; becauſe, on account of the ſun's. enſe di- 

ſtance, the incident rays may be eſteemed 1 to the Fc reſaid Line. 

Further, this foreſaid line, as it is the axis 

of whoſe baſe is the rainbow, and its A E, No e of the ſpèctator, or is 


3 the axis, round which, if the an uppoſed to revolve, the 
rainbow will thereby be generat 95 axis of Aſpelb. 
As an exam le 3 the foregoing 947 2 let a drop of oil of turpth- 


tine be ed at che bottom of a fmall giaſs tube; and, the ſuncheing mear 
the horizon; and ſhining drang Je let the ang le of aſpect be 7225 by obſerva- 
ri0g 1 his angle will He Bound to 06:26:04 Mien ore Ht this angle is = 
12% 50', the tangent whereof, i if ther ius be an unit, is = pops of that 
is, if r be put 1, will be = .227,806,3, and the equation T's — 31T» 
= Arr., or T3 — 37 T* = 4, will become T5 = 683,478 L. = 
911,223, 2. 1 is of the ſame form with the equation * * 
25 omen y Art. 252. has but one root, and this. root is greater 


than 5 or 227, 806, 3, and muſt be ſuppoſed equal to ＋ or 225,806, 3 
+2, ec che transformed equation thence reſulting will, when properly reduced, 

be y3 — — 2 2 r ＋ =, 1 135,68, 1 (2. 911,22, + 023, 644,34 
= 934, 869, 34, which 1 is an equation of the ſame form with the equation 
5 — cy = ad, and therefore may be reſolved as mp Here c is * 


4 55,687, 1, and d = 934,869, 54, and confequently - — = 051, 895, 7, oy 
= 103791, 93 = { = = />O51,895,7 == * and = = 

(.103,791,4 X .227,8 =) .022,643,0, which is leſs than .934,869,54, of 7: 
therefore the equation y3 — . 153,687, 19 = 934, 869, 84 comes under the firſt 


caſe of Prob. II. and conſequently may be relolved as follows. Since c BE = 
155468 7,1, and d = 934,869, 54, we ſhall have © _ = 467, 43477. <= = 


276,405. 264, 2044952596 6 = e 27 = 
| M m 2 | 


[ 268 ] 
7000, 139,763,614, 30g, 5 13,493, 55 = 218,365,500, 390, 645, r, 


s = 467, 286, 24. +5 = +934, 720,01, 3 8 = -9775748,25 


1 


c T . e e 
FO = IX 977-7495 2933-2446 Dato pe 2 5 
32 5 
5 [£+5 + — = 977, 748,2 + .053,076,7 = 1. 030, 824,9. 
Therefore T ( 5 + Y = .227,806,3 ＋9) is . 227, 806, 3 + 1. 030, 824.9 
= 1.28, 63 1,3. Q, E. I. e 1.5500 
Thus we have found the tangent of the angle of incidence to be = 
1.258,631,2. Therefore the angle of incidence is = 5, 32', and its ſine is 
= .782,970,2. But it is demonſtrated, by the authors above-mentioned, that, 


in the primary rainbow, the tangent of the angle of incidence is double of the 
tangent of the angle of refraction: therefore the tangent of the angle of refrac- 


3 OP 128,631.22 2 | ; 
tion is, in the preſent caſe, = Walks TR 5, 629,318, conſequently the 
angle of refraction is = 32*, 11“, and its fine is = . 532, 630, 1. Therefore the 
proportion of the ſines of incidence and refraction in oil of turpentine is the ſame 
with that of the numbers . 782, 970, 2 and . 532, 630, 1, or 7, 829, 702 and 


| 9 5 
5,326,301, or 1, and (252 =) .680,268,6. . 
Dr. HALLE Y, from whoſe diſſertation on the rainbow, publiſhed: in the Phi- 


loſophical-Tranſaftions, this example is taken, derives the ratio of the ſines of 
the angles of incidence and refraction from the tangents of thoſe angles in a 
ſomewhat different manner, as follows. It is demonſtrated in books of trigo- 
' nometry, that the ſines of any two angles are to each other in a ratio com- 
pounded of the direct ratio of their. tangents, and the inverſe ratio of their ſe- 
cants. Now, ſince the tangents of the angles of incidence and refraction are 


T and -, it follows that, if the radius be put = 1, the ſecants of thoſe angles 


will be - T.+ x and (. r =} 
L. 3 | 
2 


: 


z and conſequently their fines will be to each other in the propor- 


tion of 1 to 8 XVTT +1, or as = x VT T+'4 to > 
* T Ti, and therefore as TTT to T TI. In the preſent 
inſtance T being = 1.238, 63 1, 2, TT will be = 1.584, 151, TT +4 = 
5584,51, VTT+4= 2.30 , o80, TT 2.584, 151, LIT +1 


— 


P 
1.607, 329 1 and therefore the ere of the ſines of incidence and re- 


fraction is equal to that of the numbers 2.363,080 and 1. 60, 54g, or 2,363,080 
and 1,607,529, Or 1 and (2855 = 50 00, . 0» 7 5 K 1 


Dr. Morcan reſolves the foregoing equation 1 — 3 T* Art in 2 
general manner, or without aſſuming any particular value for the known tan- 
gent t. His method is as follows. The equation T3 — 3#T*=4rrz, . 
being of the ſame form with the equation #3 — p.x* = r, has but one root, 


and this one root is greater than 75 or 2. Suppoſe it therefore = V + 2; and 


the transformed equation thence ariſing will be V3 — 3 V = 21f + Ar, 
as will appear either by ſubſtituting V tor , 3 for , and 4777 for r, in the 


4 N — 3 3 | . „ | 
transformed equation y? — 52 = 4. +7, which was derived from the gene- 


ral equation 1 — 5. =, by ſuppoſing u to be = £ +, or by aQually 
fubſtituting V + # for T in the equation F. 3. T. = 477: for, if the 
former method be taken, we ſhall have n , 22 = N= xv 


3 = N = 21, arri ad- .- 
= 25 ＋r) = 243 Ax; and, if the latter method be made uſe of, we 
tall have m- VT = V3-+ 3 Ver. bg V . 4% T. S v. auf 
＋E, 3 T = gi V> +642V +323, and T3 —giT* = V3 g 
— 273 ; and conſequently V - 2 74 V.—-2#3;, will be = Au, and V3 
—3 t V= 215 +4r7t., This transformed equation, to wit, V3 — 37 U 
= 245 T4 V, is of the ſame form with the equation y3 — c= d, the coef- 
ficient 3 71 anſwering to the coefficient c, and the abſolute term 2 73 + 47 nt 
to the abſolute term d: therefore - is = tt, _ == 2.75, 5 = 5 =", and 
—_ =2ttxt=20, which is lefs than 2 75 + 4r77, or d. Therefore 
the equation. V3 — 3 t1VQ 213 + 4rrt comes under the firſt caſe of 
Prob, II. and may be reſolved: as follows. In the equation 35 — cy d rH 


WAI Y 
value of y is equal to either of theſe two quantities, to wit, * 2 + 5: 


| : 5 : Wee: AF 
+: 2 — 5 and / | "+5 Ir the quantity 3 being put 
| * +s . = 
3 2 


3 988 4 be” | * — * 
9 now < is, in the preſent caſe, = 4 arri and. 3 is = 27.45,, 


£-— ue - | 
" / 3 3 . 
and conſequently I — + 4 r*-14 + 47, 27 = t, and 5s = 7 27 


= arts * ue 75e 5 fig 
ahh 14 hr nine — = WE 
| +5 


7 
1 4 


| rr 1 = Ak (12 =) entre and 
#3 2rrt 2rtz "2 

* 3 

1 fr Farfan, and conſequently . af V. is = 


to either of theſe | * quantities, to wit, fre —+ 2rrt + I"Fp* 
fe 


I rn „and 3 2777 2772 — 
F 74 2rrt+2rts VH 7 + V= 2712; 


or, if we put 1 f = 55 inſtead of 22 (which we have hitherto avoided 
doing. 3 in the ſolution of Prob. II. we had made uſe of the letters 


s 5 to denote = — 55) we ſhall have V= to vr Parr arts 


or to / (7? 27777 2 7 74 
+ ů 


If; or, if the radius u ore = we ſhall have 
V — 27 t 2172 — 3773 =, 
r 


WE WE ſc 27 275, agreeably to Dr. Moxoan's expreſſions. There- 
fore T (= V ++) is equal to either of the following quantities, to wit, 


+ Vi e and r 
ti qp2t-+2t 
+ IN IF. A. E. I. 
In the foregoing inſtance for finding the ratio of refraction} in oil of turpens 


tine, # is the tangent of 12 GO, = = 22, 806, 3, 5 == vſr + t, is the 
7 778 of 12, 50 = 1.023, 619,7, 2 is = 435,612, 6, 7* is 011, 822, 17, 


= 233,642, 4, 215 = 467, 284,8, 3 T- 27 ＋ 2752 934,719, 6, 13 ＋27 
225 . ooo, 149,97, V ſti + 2t + 245 =. 977, 748, o, V [1 727 27, 
. 063,129, 38, or nearly .053,129,4, V = TUES) 77277 = ＋ 27 274 
4. e + . 033,129, K 1.030, 7, 4, and T = V +# 1.030, 877,4 

+ . 227, 806,3 = 1.28, 683,7. In this manner Dr. HALLE reſolves this 
equation: but it may be done with at leaſt as much, if not more, eaſe and 
expedition, by computing the other expreſſion of che value of V, to wit, 


i f να n Since 44s . 227, 806, 3, 
TZ TT 277 


and 
* 8 


3 
and VF les been found us be ag (977,748,0, we thall have: 
£8 = .051,895,7, — — 3 S 053,076, 7, V — 
Br 27 TOE. | 
_ _ tt „ 
Dr RrGs = oShpr6x am 


1.030,824,7, and T = V + # = 1.030,824,7 TÞ .227,806,3 = 1.258,631,0, 
which is ſomeyhar more exact than the number 1. 256, 68 3, 7 obtained by the 
former expreſſion of the value of V, and agrees very nearly with the number 
found above, to wit, 1.2 38, 63 1, 2. 3 | Eh 


274. We come now, in the laſt place, to give a few examples of the reſo- 
lution of cubic equations that haye all their terms complete, | 


; Examert XXXIII. 
Let the equation to be reſolved be x3 + 74 4* + 8729.x = 560,783, which 


is of the ſame form with the general equation x3 + px*—+ r, and there- 
fore muſt be reſolved by the precepts in Art. 244. as follows. In the firſt 


74, and 7 = 8729, it follows that pp will be = 5476, and EE —= £476. — 


1,825.333, Fc. which is leſs than 8729, or ; and conſequently this equa- 
tion falls under the ſeventh caſe of Art. 244. and the Re cn R 


reſalting from the ſuppoſition that * Is = 7 3 will be 93 7 2 = = 
r 77 — =, that is, (becauſe r is = 560,783, and = HE FIN 


| 3 | 
3 * | | 

= 215,3t5-333, Ge. and == = = 7 = 30516. 592, 592, 392, 
Ec.) 33 + 87299 — 1,825-333, Ce. x y = sog ＋ 215, 316.333, Ge. 
— 30,016. 592,592, 392, Sc. or y3 + 6, 903.666, 666 y = 746,081. 240,740,740, 
Sc. which being an equation of the ſame form with the general equation 
33 + cy D ad, may be reſolved by Prob. I. in the following manner. "Here 6 
is = 6, 903.666, 666, Fc. and d is = 746, 08 1.740, 740, 740, &c. and conſe- 


645,946 
3 


4 81 ; 56,6 5 6 „866. 3,88 1,9 2 e 1. 15. 3s 
— $29,032,988, 349.296, 2964296, Ce. . 2 186. 406 ge be 8 
EE "WE i = 12,186, 406,975-899,862,8, 55 = 
dd FF 5 | | NE C 
= 181845, 9. 94a. 563, 363,3. 5 = 389,032-001, 1, 5 = 


5 "ol 
373,040. 570, 370,370, Ge. 5 A = 762,072:$7114 1: þ* 
DEG 91.340, 96, 


[272] 


e ©.  ,._6,903.666,666, Se. — 6,903.666,666, Se. ——— 


| j 4 — 91. yy 25  274.022,88 
3 hay 5 * — a 


F and y = 5 2. * . — -g1-34096—2 25s 193,75 = 66.14, 21. 
5 3 


Conſequently x(=y—E . = — 24 666, 666, * ubs: 171 
— 24. * = 4 = 2, E. J. 
ExAMPLE XXXIV. 


Let the equation be 13x + 2 * — x3 = 6. This equation, being of the 
ſame form with the general equation q x + px* — #3 r, muſt be reſolved by 
the directions in Art. 245. And firſt, We muſt examine whether or no it be 
a poſſible one: now, ſince p is here = 2, q = 13, and r = 6, we ſhall have 


. . 3 oh 
M = 23 = 2+ = 8.666,666, Ge. Be. $57 = 42$ =.592.592, Cc. 


-& 3 
2p 3g =4+39 = 43 ale Pe ny = 6.557, 25 + 6q = 86, 
2þþ+69Xvpp+39 — 86X6.557 __ 563902 _ a and 

2 3 20.885, and 71 + = 25 
5 Ty DEAT LATEST 37 — 8.666 + .592 + 20. 1135 30. 143, . is 
greater than 6, or 7: and conſequently the equation 1 3x + 2.34% — x3 = 6 
Is poſſible. 


zdly, Since 7, or 6, is not equal to, but leſs than, 7 ＋ 5 


— 227 E 
27 
tion will have two roots. And 3dly, Since 7, or 6, is not only lefs than 


2 ＋ 7 + 2 þ* TESTES or 30. 143, but likewiſe than; 9.259,59 


or 30. 143, it follows, by Art. 245. that 1 equa- 


or 8.666, 666, 6 ＋ . 592, 592, 5, or 24 2 *＋ 27 it follows that this equation comes 
under the third caſe of 195 2455 at — that the greater of its two 
roots will be greater than E. 7? or 4, and muſt be ſuppoſed equal to E 1 , or 


2 +, and the leſſer of thoſe roots will be leſs than * Fry EN and 3 be ſup- 


poſed equal to 5 — 9, or 3-9: and the nal equation reſulting from 


the firſt of theſe ſuppoſitions will be 93 — £2 — 0 WOES — 7, or 
75 
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* 7 135 5.259.259 — 6, or 31 — 14.333,3333 3.259,29 


and the transformed equation reſulting from the latter of theſe ſuppoſitions will 


3 7 
8 Ez T =? i. or 14.333.333. Cc. x y 9 = 


Nee % f %%% % / 
The former of theſe transformed equations, tis evident, depends upon the 
latter, which we muſt cherefore now proceed to refolve : how, the equation 
14.3335 — J* = 3.259,259, is of the ſame form with the general equation 
cy —y3 = d, and therefore may be reſolved by Prob. III. in the followins 
manner. Here c is = 14.333, Cc. and d = 3.259, 259, and conſequently 


3 Ah,. Ge. and 5 11 = 74.777, 777 Se. — 2.185,812, 


and E = 25 3335375 == — H = 654, 175,5 = the commoi chord of 
two arthes, in a circle whoſe radius is 2.185,812, which if we triſe&, the 
chords of their third parts will be equal to the two roots of the equation 
14.3335333) — 5 = 3.259,259. Say therefore, as the radius 2.184,812 is 
to half the chord . 68 2 7 705, or t6 .341,085,2; fo is the tabular radius, or r, 
to 35 = .156,045,0 3 and .156,045;0 will be the tabular fine of half 
the leſſer of the two fore- mentioned arcs: therefore half that leſſer arc is = 
8, 59', and conſequently the ſixth part of it is = 2, 59% the tabular fine of 
which is = .052,04 5,5. Say therefore, as the tabular radius, or 1, is to the 
tabular ſine '.052,045,5, ſo is the radius 2.185,812 to the correſpondent fine 
of the ſame arc; which ſine is therefore = 2 185, 812 X :052,045,5 = 
173,767, 6: therefore the chord of double that arc, or the chord of the third 
part of the leſſer of the two arcs whereof .682,170,5 is the common chord, in 
the circle whoſe radius is 2. 18,8 12, is = 2 x 13, 761,6 = 22, 323,23 
that is, the leſſer of the two roots of the equation 14.3330 —J* = 3.259, 259 
is 2 . 227, 624, a. 

Secondly; Since half the leſſer of the two arcs whereof . 682, 170, f is the 
common chord has been found to be = 8, 59/, it follows that that whole leſſer 
arc will be = 17, 38“, and conſequently the greater of thoſe two arcs will be 
= 360 — 17% 8 = 342% 2, and the ſixth part of that greater arc will be 
= 7, the tabular fine of which is . 838, 670, 6. Say therefore, as the 
tabular radius, or 1, is to the tabular ſine . 838, 670, 6, ſo. is the radius 
2.18; 8 12 to the correſpondent ſine of the ſame arc; which ſine is therefore 
= 2.18, 812 K. 838,670, 6 1.833,76, 2: therefore the chord of double 
that arc, or the chord of the third part of the greater of the two arcs whereof 
682, 10, fr is the common chord, in the circle whoſe radius is 2. 183, 8 12, is 
= 2 K 1.833, 176, 2 = 3, 666, 332, 4; that is, the greater of the two roots of 
the equation 14. 333,3 33% — „ = 3.259, 239 is = 3.666, 352, 4. Conſe · 

_ N n quently 
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quently, oy Art. 218. the root of the equation $1 M4 3333339 = = 3. 2691259 
is = 3.666 24 +-227,523,2 = 3-893,875 
* | Therefore £ „ off — 5, or the leſſer value or 4 in the equation 73 * 


+ 2 * Wy "ge = 6, is (by Art. 245.) = 4 — 227, 523,2 = (666, 666, 6 


— 227, 623.2 = 439,143, 4; and Z Ts or 4 79, or the n. value of 


x in the ecultion 13x +2x* —x3 = = 6. = 2+ 3. 893, 875,6 2 = 666, 666, 6 
+ 3.89 3+87.540 = == 4-560, 542,2 3 that is, the two roots of the propoſed equa- 
tion 13 * + 2 * — 4 =6 are. 439, 143,4 and 4. 560, 342, 2. E E. I. 


EXAMPLE XXXV. 


Let the equation be x5 — 10K — 91K = 16. This equation is of the 
ſame form with the general equation x3 — px* — & =r, and N muſt. 


be reſolved by the directions in Art. 246. as follows. Put x'= = £ * 75 or 


22 + y, and the transformed equation thence reſulting will be e 22 — 27 
A or, e is = = 33. 3335 Sc. 0. 4 


232 = 303-333, &r. r = 2992 = 74.074,074, &c. and r = 16) * 


7 | 
— 33-333) — 915 = 16 ＋ 303.333, Ce. ＋ 74. .074,074, &c. or y3 

— 124333333) = 393-407,407, which is an equation of the fame form 
with the equation y3 — cy = d, and therefore may be reſolved; by Prob. IT. 
in the following manner. Here c is = 124.333, Sc. andd= 393. 40%, 407, 
Sc. and conſequently - —is = 41.444,444, . Lex == <= =5 C. 43757359» 
and - : EE = =3 532 18 which is greater than 393.407,407, c. or d, and con- 


ſequently the equation 53 — 124.3 33) = 393-407,407 comes under the ſecond 
caſe of Prob. II. and therefore may be reſolved by a table of fines, in the fol: 


lowing manner. Since c is = 124.3 33. Sc. and d = 393: 4075407» Wwe ſhall 


2 ws 2— 1,180. 222,222 
have Y. = 6.437, 735,9, and = 2 = 9. 492,403,9 = the com- 


v3 
mon chord of two arches, in a trek whoſe radius is 6.437,735,9, which if 
we triſect, the chords of their third parts will be equal to the two values of y 
in the equation 124.3335 — 33 = = 393: .407,407, and conſequently the fum of 
thoſe chords will be equal to the value of y in the equation y3— 124.333 y = 
393-407,407. Say therefore, as the radius 6.437,735,9- is to half the chord 


9-492,403,9, Or to 4. 746,201,9, ſo is the tabular radius, or 1, to 4746,201-9 175 


= 737,247, 0; and . 737, 247, o will be the tabular ſine of half the leſſer 
the 


1, 


[-275 ] | 


the two'fore-mentioned arcs; therefore half that leſſer arc is 47, 30“, and 
the ſixth part of it is = 15 50, the tabular ſine of which is = . 272, 840, o 
Say therefore, as the tabular radius, or 1, is to the tabular fine . 272, 840, o, ſo 
is the radius 6.437, 7359 to the correſpondent ſine of the ſame arc; which 


fine is therefore = 6.437,735,9 X .272,840,0 = 1.756,471,8 8: therefore the 


chord of double that arc, or the chord of the third part of the leſſer: of the two 
arcs whereof 9.492,403,9 is the common chord, in the circle: whoſe radius is 
649773529 i — 2 X 1.756,471,8 =3.512,9436 ;, that is, the lefſer of the 
two roots of the equation 124,333 y — 3 = 393-409,407 is = 3.5 12,943, 5. 
Secondly, Since half the leſſer of the two arcs whereof 9.492,403,9 is the 
common chord has been found to be = 47 30, it follows that that whole 
leſſer arc will be = 95®, and conſequently that the greater of thoſe two ares 


will be = 360 — 95 2 65's and the ſixth part of that greater arc will be 


44*, 10', the tabular ſine of which is = 696, 747,9. Say therefore, as the 
tabular radius, or 1, is to the tabular, ſine 696, 747,9, ſo is the radius 
6.437+735,9 to the correſpondent ſine of the ſame are; which fine is therefore 
= 6.437»7 3539 x -696,747,9 = 4.485,478 : therefore the chord of double 
that arc, or the chord of the third part of the greater of the two arcs whereof 
9.492, 403, 9 is the common chord, in the circle whoſe radius is 6.437, 738,9. 
is = 2 X 4.485, 478 = 8.970, 956; that is, the greater of the two roots of the 
* 124.333) % = 393.40, 40% is 8.970, 956. Conſequently the root 
of the equation 5 — 124.3339 393.40), 405, is = 3.512,943,6 + 8.970, 956, o 


= 12.483, 899, 6, and - +y, or g, or the root of the propoſed equation 
x3 — 10#* — 91x = 16, is = . ＋ 12.483, 899, 6 = 3:333»333»9 
+ 12.483,899,6 = 15.8 17,232, 9. ? RX 4 £5 18995 Fes | 

| : Ex AMP L E XXXVI. 


Let the equation be * — 15 * — 229 * = 525. This equation is of the 
ſame form with the general equation x3 —px* - qx =r, and therefore muſt 
be reſolved, by the directions in Art. 246. as follows. Here-p is = 15, q = 

Ir 


229, and r = 525; and conſequently * 55 25 = 234 = 75, 5 : 


— 3435. = 1145, and 7 = = = 152 = 250. Now, let x be put = 
£ +, or 5 + v, and the transformed equation thence reſulting will be 

22 gy =r ++, or f— 755 — 2299 = 525 + 1145 
＋ 250, or y3 — 304 y = 1920; which is an equation of the ſame form with 
the general equation y3 — cy = d, and therefore may be reſolved, by Prob. II. 
in the following manner. Here c is = 304, and d = 1920, and conſequently 


7 = 101.333»333» Se. 77 J 10.066, 44, and 3275 = 2 * 101,333 


0 Nn 2 * 10.066, 44 


[276] 

x 10.066, 43 = 202-666 * 10, 066,44 20 . which is greater thair 
1920, or 7, 2nd conſequently the equation 5 — 2047 = 1920 comes under 

bY; . nee eee ihe ont -454 ci 
fows. Here _ is = 10.066,44, and ＋ 2 = $769 = 18,947,36 
== the common chord of two arches, in a circle whoſe radius is 10,066, 44, 
which if we triſect, the chonds of their third parts will be equal to the two roots 
of the equation 304 y» y* == 1920, and conſequently the ſum of thoſe chords 
will be equal to the root of the transformed w 
Say ore, as the radius 10.066, 44 is to half the chord 18.947, 36, or to 


9.473,68, ſo is the tabular radius, or 1, to 1 = 941, 113 and 94,11 


will be the tabular ſine of half the leſſer of the two fore- mentioned arcs; there- 
fore half that leſſer arc is = 70*, 15, and the ſixth part of it is = 23˙, 25, 
the tabular fine of which is .397,414,8. Say therefore, as the tabular radius, 


or 1, is to the tabular fine .397,414,8, ſo is the radius 10.066,44 to the 


correſpondent fine of the ſame arc; which fine is therefore = 10.066,44 
* .397,414,8 == 4.000,552 3 therefore the chord of double that arc, or the 
chord of the third part of the leſſer of the two arcs whereof 18.947,36 is the 


common chord, in the circle whoſe radius is 10.066,44, is = 2 * 4.000,552 


= 8.001,104 ; that is, the leſſer of the two values of y in the equation 304 y—y3 
== 1920 is = 8.001,104. Now, as this number is ſo nearly equal to 8, tis 
natural to ſuppoſe that the accurate magnitude of this leſſer value of y is 8 ; and 
fo, upon trial, we ſhall find it is: for it y is 8, we ſhall have 3045 = 2432, 
5 == $12, and 3045 - = 2432 — 512 = 1920. Therefore if v be put 
= 8, we ſhall have (by Art. 218.) the greater root of this equation — 


Vic—3vv—wv * 304 — 3 & 64 — 8 1210 —i92—8 A024 —8 


2 2 2 2 


: — 2 — 2+ 12. Conſequently the root of the equation — 304 y 


== 1920 is = 12 +8 = 20, and 5 +3, or 5 + y, or the root of the ori- 
ginal equation x3 — 13 ** — 229x= 525 is g + 20=25. 9. Z. J. 
ExaMPLE XXXVII. 


Let the equation be 3 * — ga*—x3 29. This equation is of the ſame 
form with the general equation gx — px* — x3 =7, and therefore muſt be 
_ reſolved by the directions in Art. 247. And firſt, we muſt inquire whether 

or no this equation be poſſible. Now, ſince p is in this equation = 3, and g 
likewiſe = 3, and r = 25, we ſhall have PP = q, 34 29, Pp + 24 == 18, 


2p + 64 = 36, VPP T3422 ef 18-= 24/4 = 2% 0 = 4.242,6, 


TY. + 69x Vpp + 39 — 22 4.242, 4 & 4.242, 16.970, 4 
" 4" os; WR ME an 


— 3 


OT I" 


7 27 . 3 . = 5.656, 8, * 


— — 
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3 * 5 2 0 — = _ 
ELD TE e and - £2 ex 2 — 2 — 


="$.656,8 — 2— 3 =:656,8 3. which bei 


27 
ee T ers i follows by 
= 24; is an impoſſible one 


E. X'A i PLE XXVII. 


1 the equition 12 45 + 42 — 17 * = 12. This equation, is of the fame: 
form with the 3 * +px*- qx=r, and therefore, by Art. 248. 
is a poſſible equation, and has only. one root and this rot may be found as 


follows. Since 27 is . 1 55 17 * r= 125 we ſhall have — 


and Ty +2 == 27; 407,407, Sc. . is _ hw 12, or 7; ; dhe 


the 1 72 uf + A — bs: = 12 comes under the firſt caſe of Art. >>. 8 


e will, a redlced, em 
* = HT er 2 ＋ 173 —y* == 25. 405, 405 — 12,, on 


22.33.3339 == = 15:497,497 and the exceſs of the greater of the two | 


roots of this equation above £. 9 or 4, will be the root of the propoſed equation. 


* ＋ 4x% — 19 = 12. Now, the equation 22.3339 ebe = 15.40% 40 
is of che ſame form with the general equation 49 —-y* z=4, and therefore may 
be reſolved by a table of ſines, as follows. Here c is = 22.33 3, ny 33, &c.. 


and. a = = x 405, 40), and conſequently - — = 7.444, 444, &c. and 25 — 3 AM 
2 = 3X 15:497497  40:232-222- 
= 7 4443444» Ec. = 2. 728,450,9, ang 24 29439233 5353 
= 2:069,651,7 = the common chord'of two 5 02 in a circle whoſe radius is: 
2.728, 450, 9, which if we triſect, the chords of their third parts _—_ be equal 


to the two roots of the equation 22. 33 33 Xy —9 = 15.4072407; — arg 
of which roots is that which we are here concerned to find. Say there 


the radius 2.728, 450,9 is to half the chord 2.069,65, 5. 08. to 1.034, 828, 8. 
ſo is che tabular radius, or 1, to e 379,272, 13 and. 379, 272, “ 
will be the tabular ſine of half the lefler of the two fore-mentioned arcs z there-- 
fore half that leſſer arc is = 22, 17', and conſequently the whole leſſer arc is 
—= 44, 34',. and the greater arc is = 360? . „ 34 = 313, 26, and the 


fixth Part of the greater arc is = 52, 34 the tabular fine of which. is 


794,061, 1 
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£794,061,1. Say therefore, as the tabular radius, or 1, is to the tabular fine 
-794,061, 1, ſo is the radius 2.728,4 50,9 to the correſpondent ſine of the ſame 
arch; which ſine is, therefore = 2. 28, 450, 9 x 794.062, 1 2 2.166, 391 3 
therefore the chord of double that arch, or the chord of the third part of the 


leſſer of the two arches whereof 2.069, 65 1, 7 is the common chord, in the circle 
whoſe radius is 2.728, 450, 9, is = 2 x 2. 166,591 = 4.333, 182; that is, the 
greater of the two roots of the equation 22. 333,333 — 5 16. 405, 40% is = 
4.3 33,182. Therefore y r — 4, or the value of x in the original 
equation x + 4 x* — 17 * = 12, is = 4.333,182—5 = 4-333,182=1.333,333- 
== 2.999, 3 which being ſo very nearly equal to 3, tis natural to ſuppoſe that 
the accurate value of x is 3; and ſo, upon trial, we ſhall ſind it is: for if * 
be put = 3, we ſhall have x = 27, 4* =4 x9 = 36, 17x =51, and 
«„ +p 4x — 17 * =27 + 36 — 51 = 63 — 51 212. ä 


Ex AMI XXXIX. 


Let the equation be x3 + 22 * — 103 =4. This equation, as well as 
the laſt, muſt be reſolved by the directions in Art. 248. Now, fince p is here 
2 10648 212 8 
4 27 V — —. 


788. 740,740, Cc. if ee 756.333,383, Cc. and 2f-＋.2. 


= 755-333»333 + 788.740, 740, Cc. 1, 644.074, 4; which is greater 
than 4, or 7, and conſequently the equation x3 + 22 * — 103 x = 4 comes 


under the firſt caſe of Art. 248. therefore, if x be put = y — 5 or 


; 3 
== 22, q == 103, and 7 = 4, we ſhall have 27 


the transformed equation thence reſulting will be _ + qy — 5 = 5 ＋ 45 


; » ? 
—7, or 2 + 1039 5 = 1, 544.054. 4 — 4, or 264.3339 — 3 = 


1, 540.074, 74 which is an equation of the ſame form with the general equa- 

tion cy — y3 =, and therefore may be reſolved by a table of ſines, in the 

following manner. Here c is = 264.333,333, Sc. and d = 1,540.074,074, 
. 


and conſequently 5 is = 88.111, 111, Se. 7 * A. = 9.386, 71,9, and 


34 „ 3 X 1,40. 074, 74 4.620. 222,222 FE 3 
* 17.478, 7 = the common chord of 
two arches, in a circle whoſe radius is = 9. 386, 751, 9, which if we triſect, the 
chords of their third parts will be equal to the two values of y in the equation 
264.33 3,3339095 = 1,540.074,074 3 the greater of which two values of y is that 
which we are here concerned to find. Say therefore, as the radius 9.386,751,9 is 
to half the chord 17.478, 77, or to 8.739, 385, ſo is the tabular radius, or 1, to 
— = 931, 034, o; and 937,034, will be the tabular line of half the 
| #4 a leſſer 


8 
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leſſer of the two fofe-rmentioned ares; therefore half that Teſſer are is == 
68, 360%: conſequently the whole leſſer arc is =137*, 12/, and the greater arc 
is = 360. — 137% 12 = 2229, 48", and the ſixth part of the greater arc is 

== 37, 8, the tabular fine of which is = .603,671,9. Say therefore, as the 
cabulae radius, or 1, is to the tabular ſine 603, 671,9, ſo is the radius 
9. 386,751, 9 to the correſpondent ſine of the ſame are; which ſine is therefore 
D 9.386,31, 9 „ 603, 671,9 = 6.666, 3 17: therefore the chord of double that 
arc, or the chord of the third part of the greater of the two arcs whereof 
17.478, 57 is the common chord, in the circle whoſe radius is g. 386, 75 1,9, is 
= 2 & 5.666, 817 = 11. 333-034 3 that is, the greater of the two roots of the- 
equation 264.333,333) — 95 = 1,540.074074 is = 11.333-034. Conſe- 
quently, by Art. 248. the root of the equation x3 + 22 * — 103 * = 4 is: 


= 11 333 034 — 3 = 11.333,034 — 7.333,333 = 3:999;50r's which 
being fe 0 nearly a a tis natural to ſuppoſe that the accurate value of 


this root is 4; and fo, 9 trial, we ſhall find it is: for if x is put = 4, we 
ſhall have x3 = 64, 22x.= 22 x 16-= 382, and:103x.= 103 x 4. = 412; 
and * x3: * 22 * — 103 * 4 ＋ 352 n * 412. * 


EXAMPLE . 


Let the equation ho 45 + 6x* — 183 * 2704: This equation, as well. 
as the two laſt, is of ſame form with the general equation #3 + px? —qu=r, 
and therefore mult be reſolved by the directions in Art. 248. Now, ſince p is 


here = 6, q=183, and r == 2704, we ſhall have . = —.— = * = 


a6 £8 = 8 — = = 366, and 2 += 27 = 3825 ahich 118 3 2704, and 
conſequently the equation #3 1 6 * — a 29. 2704 comes under the third 


caſe of Art. 248. therefore, if x be put = y — Z, or y- 2, the nnen 


equation thence refulting will, when properly reduced, be 45 88222 q "= = 


r— EE, \ (or 9 — — 183% 2704 — 382) 88 — 95 = 
23223; which is an equation of the ſame form with the general equation 5 — c 


== 4, and — may be reſolved, by Prob. II. in the 1 manner. 
Here c is = 193, and 4 = 2322, and conſequently — == 65, L 9 = Te 


=4/ 65 = 8. +, and 27% OS X64 XCLS a ge 1040 +. 
which being leſs than 2322, or d, it follows that the equation y3 — 195 y-== 
2322 will come under the firſt caſe of Prob. II. and therefore _—_ be reſolved: 
as follows. Since c is = 195. and d = 2322, we ſhall have © 5 — 1161, < 


— 
— 


[2%] 
= 1,347,921, S= = 294,625, 55 = 2g 1,673,296, 7= 1036, f +, 


= 1166 + 2096 = 97 Hf f. 4 2 
N 


cy 
: 
. oed A ee. 2 B. 


Enerck XLI. | 
Let the equation to be reſolved be x3 — 64.x* ＋ 1032. 266. Here p 
= 64; 'q = 1032, and 7 = 246, Therefore pp = 4096, © 2 1, 365.333, 
2 = 1624, . = 4222 = 64 X 344 = 22,016, 2 — 2 


27 


e = 2000, j = 31.622,76, 6, N 


27 

— Dee. 2 222 — . -L — re 

= — = 2,342. 427, 9, 25 7 
— 57 

„ 19:418.674,074, Ge. 2, 342.427 


FI 


= 4940-3538, 2 — 2 — — . = 26.490, 1. It appears 


therefore, that 3, or 1032, is leſs than but greater than oy and that , 


or 256, 1s (very nearly) equal to ——_ 2 . 2 = ITE 4, which 


has been found to be = 2 55.498,1. Therefore this equation comes under the 
tenth caſe of Art. 249, and conſequently has two rovts,. the one of whictr is 


— 2+Yvattar or 64 — —_ _ 67" 31. — 99:629.,976.6 
3 + OY } Þ = 
31.874,258,8, ind the her is = (SELLS, ax BSE a 


— — 22 — m_ =. 261,462, 2. 2 2 FA 
Note. Theſe are the roots of the foregoing equation, upon a ſuppoſition 
that 255.498, 1 is equal to 256; or they are the accurate roots of the 
equation x3 — 64.x* ＋ 1032 x = 255.498,1. But if the difference be- 
tween 256 and 235.498, 1 ſhould be thought conſiderable enough 4 be 
taken 


[ ob 1 


00320152266 8 
and therefore will have three roots: and i it appe ae 
roots, "theteaſt will be little bigger ah 


e or tie, and the middlemoſt will be a little less, 


. 8 
and de greateſt a ele greater Ann 2 * = 


E ExAMPlz Al 
Lax the egagn be 18 — 66 * 14 = 98746. Here p=6:, 7 914, 
andy = 98746 GEN r is = 4225, = 1,408-333,333, Et. = 


= 1,036.25, L an ME 2 N 


— 3 19,803. 333,383. Oe. 24 > (= — 2 ) = == 
20.34. 592,592, Cc. pp—3q (= 42364542 = = 1485, 2p —bg = 


_ 9 v/1483) DTT * 38-5. AEST EV — (= . 


1122 225 — | 
— 114492 ) == 4,229.2, mT. 2 woes 227 (= 


1953803-3884333 — e + 452 29-2 = 24503245 = 20434245) = 
3690. It appears therefore, that ꝗ is leſs than > = E, and that 7 is 2 than 


Ew | *.. ITY A. and 3 the equation x — 6 * 
+ 9145 = = 98746 comes under the 27th caſe of Art. 249, and therefore it has 
only one root, and this ane root is greater than Z, or =, and muſt be ſup- 
poſed A r to 2 12 v or * ＋ e: and the rraraformed equation thence re- 
ſulting will 4 22 +99 = = 7+ 2 — IL or (or 55 — 1,408. 233.9 


149 = 98746 200342.592+592, We, — 803. 333,333. Sc.) or 
+9 ö 2 15 Seb Ser o 


* — 494.333, Cc. x= 99, 285. 299.259, Se. 
lame form with the general equation y3 — c d, and therefore muſt be re- 
folved, hy Prob. H. in the Allowing manner. Here c = 494-3 3H = and 


4 = gg 8542 5913595-Sc.. apd conſequently = < is 46447775777» Ec. £ 77 (= 


3) . Ja. gg, and 5,— N (u N 164.77 * 12.83 * 2,113 _ = 
— which is, lefs than 99, 28 f. 259, 259. Sc. or d. Therefore the 


eguatiom y 494: 333-3339 =*99,285. 12592259 comes under the firſt = 


or 31. $747258,8 


* 2 2 
— ” 
* 


— ͤ — — = 


— — 


— non ns 


| +49-857,051 =7t. 523,717. Q E. I. 


[ 282 } 


of Prob. H. And therefore may oe wigs Since ei 69) G 
and d = 99-285; 259-259» &c. we ſhall have © -—.= 49-642,629,629,. '. 


49,642 ＋ 23. 7 = 2:4641359,420-470,5071544,58 1,628, = 494.339 


| >, 27 — — 
4473. 999 · 433.470, 307, 544.51. 55 (== = — 50, — 
2,459,885, 42 1.037, 037, o37, og), og), Ee. = 49,597. 291,989,668, -+- 
= 99,239. * "FE + s. = 46.297,981, x / (f - + = 


4:333-333, Sc. 
138.893, 943, bi * = RE = erde p = 
3 


188. ou!” 4: 148g — 34635 .. 3-261,545 587 tf __ eee = 


A+ [+ E == 46: 297,981 T+ 3-569, 070 = = 49- 857,051. 
IJ 


Conſequently x (=+ +y = 6 +) is =£& + 49 $57,051 =21 .666, 666 | 


— 


Note. This value of x- agrees with that found by Mr. Raynson,. from 
whom this example is taken, as far as the fourth place of decimals,, the | 
— found by him being 71.523, 763, 3. 


| Exanye XLII. 
Let the equation be x3 — 17 K 12 _ 350. Here pis = — 17, q= | = 54 
and 7 = 3503 conſequently PP is = 289, £ 12 = 96.333, Ce. 24. = 72. 25, 
2 (=== = = £3) = 64.222, Ge. MH = op. 18 = z0b, 


2 (= n — = $436) = 363. "Ras + &c. pf — 39 (= 28g 


— 162) = 127, 2p} — 6q = 254, V PP—39 = VI = 11.2, 


| — 5 * — 3 L. 2564 N 11.2 2,844.8 "i 
=o 2 — » * (= EE nt Oo 55 005-900 * . 
+ LE — (= 306 — 363.9-+ 105.9 = 411. 43 — 3639) = 


47.4. It appears therefore, that 3 is leſs than 11 2, and chat 1 is greater chan 


24 — . ,; no the equation 175 
| | _— 


[ 28g 
1 comes under the 2 7th a AR ads: and therefore has only 
one root, and this, one root will be greater than £ 3 or and mult be ſup- 
poſed equal to +3, or , and the tranaformed equation thence reſulting 
u ebe ＋ - (or 5 — 96.3335 + 54 = 350 


* 263.3825945 Sc. — 300) or 4 — 2 33% 407.928, 925; which is an 
equation of the ſame form with the general equation JI — cy d, and there - 
fore muſt be reſolved, by Prob. II. as follows. Here c is = 42:39) Ee. 


and d = {= 407-925-9252 98 and conſequently - — 2 14.111, Sc. v —— 3 of : 
= / 14-111, Sc.) = 3. 75, and STE ad 2 * 14119 Ec. x 3: 85 = 28.222 


L 3.75) 105.82, which is lels ay 9 — 925, or 4: therefore the equation 
35> 42-333 X.y == 407 7-995, 25, Sc. comes under the firſt caſe of Prob. II. 


and con equently may be re olved in the following * Since c is = 
4355 Sc. and d = 407. 925,925, Sc. we ſhall have 2 — = 203. 962,962, 


&c. 7 41, 600.890, 260, 631, oo, 5 = 2,809.853,223593+964- 55 (= 


7 Loy = 38,791 -03740374037»037» 3 = 196. 9541403, * +7 (= 


208. 962,963 h 196. 954.403) = — 400. 917,366, i 2 ＋5 = = 373,691 


— 2323. 5 | 
r . t 913,710, and y (= bo Tf 
3 


rr = 373,691 +7. I. g1 3,740) = 9. 287,401. Conſequently x 


(= + +95) s = * + 9: 287,401 = 5.666, 666 + 9.287,401 = 
14.954,67. & E. 1. 
Note. This value of x agrees with that found by Dr. HaLLzy, by a dif- 

ferent method (to wit, his method of approximation), in his diſſertation 
bon the reduction of cubic and other equations by approximation, from 
Which this example is taken, as far as the fifth place of decimals, the 
number found by him being 14.954, 68. We may therefore con- 
. clude, that at leaſt the firſt ſeven figures of the number here aſſigned, to 
wit, the * 14.9 54, 06, are true. See the Miſcellanea curioſa, vol. ii. 


00 2 EXTAMPBPLE 


L 28˙˙1 

9 ETI KEMP © 105 ONE 2020/6 pt 

iir nene n Be &1 6 e a= 
#79; and + == 18861: conflquenty yx id . 1921, EW i gay, i a 360. 
* =B5ri2= 14 x 479) = bie, LE UA g 4d) e pap, 
77 — 37 (= F521 — 1487) = By 227-6 168, „r., 
* (= EEE. e) == See, f . 
411 28 45 6227 — 4394 T 56.6) 1,889.6; * 2 


27 
— 22 —37 (= 6227 . 4394 ae 4,776. My and. 


- — 2 (= * 4394) = 1843. It appears therefore, chat in this equs· 


tion q is leſs than E, but greater than 2 and : r is jeſs than 2 — -.} #3 


27 
FE ESE TEST 27] | but greater than 422 . and 1 this 
equation comes under the 13th caſe of Art. 34 — N will have thres- 


roots, whereof the leaſt and middlemoſt will be leſs than E 7? or 3L, or 127. 
and muſt be ſuppoſed equal to 7 29, or 13 and the preieſt will be 8 


than 2 5 or 13, and muſt be wppolcc equal to £ 4 3», or x3 + y; and farther, the 
. equation by which the two former — theſe roots are to be determined 
is _ 1 27 — (or 507 — 479 - = 188r + 4394 
— 40% or 285 — 53 = a, ot the transformed equation - * which che 
third, or greateſt; of theſe roots is to be determined is 34 — 252 11 


1 , or 3 — 28 y = 48, the reſolutien of which latter — 


equation, *tis evident, depends upon that of the former transformed equation, 
or 28 y — 5 = 48. Now, in this equation, which is of the ſame form-with 
the general equation q —Y = * we have c 28, and d = 48; and conſe- 


quently < = 9.333333, Of. Lf /, = /9:334,333, Gr.) = glg og. 
and 17 = 44. = 6. #4 Than __ wi common chord of two arches in # circle 


whoſe hive is 3-055,05; which if we triſect, the chords of their third parts 
will be equal to the two values of y in the equation 28 y — y* = 48. Say 
therefore, 
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| = 03 conſequently pp i = 144 2 40. M#=36, im —E 


[ 285 œ0 
therefore, as the radius 3. f, 0h ir io half the N 5:142;8 59 or th 2. AR. 
w is the tabular radius, or 1, to 2 = = 844,69 and 841,69 will be 


the gabuler ſine: of half the leſſer of thie — eee bee conſequently 
leffer arc is 57, 19, and the fixth part of it is = 199, 6', the tabular 
fine ef which is a3.:g 27,2179: Sry chereſote, as the tabulas radies, or 1 i 
to the tabular ſine . 327, 2 17, 9, ſo is the radius 3.055,05 to the correſpondent: 
ſine of the fame arc; which fire is therefbro — Ls ou Bog 325217, 9 
999,667; therefore the chord of double that arc, or. the chord of the the third 
part ofthe — WIRES arcs whereof 5.142,85 is the — chord, in 
the e $ 13*==, 3. ogg, o b = x: ==7 | 
0 FRI AF 
I. 9 3 Ar to 2 q tis natur 
e been ths 1 root is 2 oe ſo, upon trial, We Br e to de: 
r pong fo is put = 2, we ſhall have n = 8, 28 = 66, and 286 y3 == 


© Fr this leſſer value of y'=-v, and for the yon ny wo Malk 
1 


=== =4 ＋ 43 which will alſe anſwer the condition! of — 


for, if y is = 4, we ſhall have y3 = 64, 28 5 (2 28 * 4) 12, and 287 — 55 
(= 112 — 64) = 48. Conſequently the value of y in the —— * — 285 


= 48 is ane values of & in the prapoſed equation 
* — 39 * + 479 . 1881 are ( — 4. 3 and + 6, or 13 — 4, 

— 2, and 23 ＋ 6, or) & 11, and which vin be fond, a, 
85 anſwer the conn of — equation. 2 . 7 E. 4 . 


ExAMrIE Xl. v. 5 ho = 3; ds 1 

Let the equation be #9 — 12 4* 4 40 x = 64. 8 12, 7=40, and r 

prong = 4X 49). 

= 160, 2. (= — = 2456) = 128, 22> 22 e 
— — — 6g x — 

* 48, pP 328 J = 459, . | - 2 — (= 


2 22 ZE) 1 EL —E 


EF 


f=160-128- 


— . 23.315; 27 — = 32; and 2 — 24 228 — 69 N 


= 40-69 — that 4 is ELIT . bur greater than Cg, 
5 


[ 26} 
06d is grediter than 21 — . 4.2 . and coi esd) l 


this equation comes hide the 7 ver ate af Art. 249. ty therefore Fee only 
one root, and this root is greater than 7, or , or 4, and muſt be Erpel 
3 1 Jinn 


D THE 7477 —— 777} 


equal to +3, or 4+5% and the transformed equation thence reſulting will 


Pet Fl Of ©, £1853 v4: m7 

Rs eds PK +2 L£—Y (or y ＋ n 64 T 126 
2 160) or y3 — 99 2 32. Hen is = '8, and d= 32, and conſ iſequently 
- < (= 4) = = 2.666, Sc. 2 = = A = +/2:666, c.) = 1.6, and . (= 
T2 bo 8 if Ws 15 28 Mich hp i thaw than 30 or 15 
and — A as follows. Since c is =8, a mags ” we ſhall bave ? 


AN yy) = 1, 962, 962, Oe. 44 (hs gy = 11 


= 16, = = 256, — 27 


— Ec.) = 237-037,037;037, Sc. s = 25-396,007, f 955 FD 
31:396,007s 7 i wy 750% 3 af 165 1 = 9. , a —_— 7 
= 3 1547 + 1460 


=45 hk 4. es -4++4= 83 which will anſwer the condi 
tions of the en : : for, if x is = 8, we ſhall have #3 = 512, 12 = 


12 „ 64 = 768, and 4ox = 40 x 8 = 320, and conſequently $3 — 12 x* 
r . 
5 | Exaners XLVI. | 
Let the equation be x3 — 36 * + 44x . Here pis 36, q=44, and 
Fige I} conſequently pp is = 1296, 75 = 41. 7 = $24, = 2X 1296 
wx, Al * 
2 = 288, of 1 — EX = 3 = 523, 2 25 (= e _ x2 
) = 3456, 22—39 (= 1296 — 132) = 1164, PIR Ped = 2328, 
nc 24 2þþ—09XVePP—3y ,_ 2328 X 341 _ 79,384.8 
VIP —39 = 34, — l (= == = 


2pþ—6qxVpp—39 
2,940.1, and fa 27 ＋ [mA | Ms 72 (= g28 — 3456 + 2,940. r 


— = 3,408.1 


411 


W "9g " 3 1 7 * Fe Fa k LE IT * * 4 ; -— — en f 
4 #4 | N 15 4 4% $5.4 C3 STE. . | FAT 4 ISA? * 
* # 
— 
=.32.468.1 —'3456) = E. 1. It appears there! 


27 
= 2929, and the transformed equation that reſults from the latter of theſe 
ſuppoſitions will be n — ZZ + gy = r + . or 9 — 3889 = 2929, 
the reſolution of which, tis evident, depends upon that of the former of theſe 
transformed equations, to wit, 388 y — 95 . 2929. This therefore we muſt 
now reſolve. Now, fince in this equation c is = 388, and 4 = 2929, we: 


ſhall have © = 129-333333, Ce. 2 (, = 9.833.383, Ge) = 
11.372,48, and 22 = 7 = If = 22.646,90 = the common chord of 


two arches, in a circle whoſe radius is 1 1. 392,48, which if we triſect, the chords 
of their third parts will be equal to the two roots of the equation 3885-2929, 
and conſequently the ſum of thoſe chords will be equal to the root of the equa- 
tion y3— 388 5 2929. Say therefore, as the radius 17.372,48 is to Half the 
chord 22.646, 90, or to 17. 32 3j, 45, fo is the tabular radius, or 1, to —— 
= 995,688, 6; and. 993, 688, 6 will be the tabular fine of half the leſſer of the 
two fore- mentioned arcs: therefore half that leſſer are is 84, 40, and the 
ſeth part of it is 28 13, the tabular ſine of which is . 472, 80%, 1. Say 
therefore, as the tabular radius, or 1, is to the tabular ſine. „472, 80), 1, ſo is 
the radius 11.372, 48 to the correſpondent fine of the ſame arc; which fine is 
therefore = 11.372,48 X_.472,807,1 = 6.376, 989: therefore the chord of 
double that arc, or the chord of the third part of the leſſer of the two arcs 
whereof 22.646,90 is the common chord, in the circle» whoſe radius is 
11.37 2,48, is = 2 * 5.3 76,989 = 10.753.978; that is, the leſſer of the 
two roots of the equation 388 — 53 = 2929 is = 10:753,998. 
Secondly, Since half the leſſer of the two arcs, whereof 22.646,90 is the 
common chord, has been ſhewn to be = 84, 40', it follows that that whole 
leſſer arc will be = 1692, 20', and conſequently the greater of thoſe two arcs 
will be = 3609 — 169, 20 = 190, 40, and the fixth part of that greate 
* " i arc 


rc will be = „47, the tabular gun et ich ig = 626, 08, g. Say there- 
Wer, 0 che t ig radius,” br f, is to the tabular me (15036 if Dk che 
pr tl, 11. 1 to the correſpondent ſinẽ f ſite of the ſame arc; which ſine is 
therefore == 11 d 252 526, 788,5 = 5. 989,982: therefore the chord of 


double that arc, or the chord enen part af the gmater af the two arcs 
whereof 22. 646, 9o is the eommon chord ron. the eg 5 whoſe radius is 11. 73th, 


1s =2 4 5989982 = 11.979964 onde moet ty 
the equation 3883 . 2 2929 is = II, 9 Therefore the, root of the 
equation 95 — 388 = 2929 is cot 7% 97 St Þ 1d. 733.9780 = = 22:933,944 
re che three roots of che original equation & —g64*+ 44.3 


wor are 972 ck 979, 964. 2 2083076, and 27 2733.4, — 


42 — 11. 979,964, 12 — 10.763.978, and 12 5 — 22, 733942, 0 roche. 
nn and. | 42733906 SE z— + 0 2 


| ENA IE XLVII. 
e 57 Here p is = 5. q = 7, and 
n and conſequently 2p = 25, k, r 5.333, &e. 22. . 6026, 2 (= 


N Gr. KEN 2 8 = 11.666, 0 . (=* 785 
— mk ig E — 
SSR = 5 | 28 e 0 . = 24) = = 92.9994 Ge 


- e = 086, ygpagy een 


='11:666, Ef. —g. a5 8s Sc.) =, e #1 — ( 6660 We. 


— 9.269,29 Sc. ) _— 2. 4071407» and ff =_y =IY = 55 39 


(= 14.666, Ge. — 92592591 > "Iſs ag spent Ge. g 4407. $97 
+ 892,592, Sc.) 4.999, 999. Ac. g. ore, chat. 


leſs than ke, but greater than Z, and that 7 e 


. - 


4.5 D ET IT 37, .confequent]y the equation 43 — 5 * g 
comes under * eighth cafe of Art. 249. nd therefore _ two vt 
and theſe roots are equal 002 — an at: A 5 or — and 


* or $ and . or) 1 and 3. A* 


L 
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| a Mr. MACHIN's Quadrature of the Circle. 


ar the following method of ſquaring the circle, or of finding in 
| numbers the proportion of the circumference of a circle to its 
diameter, invented by the late ingenious Mr. Macnin, profeſſor of Aſtro 

in Greſham college, is moſt ſurprizingly convenient and expeditious, Fu uo 
ing by far in thoſe reſpects not only all the methods hitherto diſcovered for that 
ne not excepting even Dr. HaLLzy's method from the tangent of 3o', 
bur 


alſo all that could be hoped for in this kind, and is moreover extremely 


elegant and ingenious, I cannot help making uſe of the preſent opportunity of 
communicating it to my readers, notwithſtanding it has little or no connection. 
with the ſubject of the foregoing Diſſertation. It is founded on the three follow- 

ing principles, or lemmas, the demonſtrations of which, as they are all of 


them well-known propoſitions, and demonſtrated in a great number of mathe- 


matical books already extant, I here omit. 


2. Taz firſt of theſe lemmas is this, to wit, that, if a be any arc of a circle 
leſs than 45*, # the tangent of that arc, and the radius of the circle, the tan- 


2rrt 


gent of an arc that is double of the arc @ will be = . if the radius 


is Put "Te I, —_— | > 

The ſecond of theſe lemmas is, that, if T be the tangent of any arc of a. 
circle leſs than a quadrant, # the tangent of another arc in the ſame circle 
that is leſs than the former arc, ander the radius of the circle, the tangent 
of the difference of theſe arcs, whereof T and 7 are the tangents, will be = 


17 XI — 7 * 0 5 | = 2 
. if the radius 1 be put = 1, - TIF 


And hence it follows, that if the leſſer of theſe arcs is = 45®, and conſe- 
quently its tangent ? is equal to the radius 1, which is the caſe we ſhall here 
have occaſion to conſider, the tangent of the difference of theſe arcs will be = 
IF or, if the radius 1 be put = I, —.— 5 


And the third lemma is, that, if @ be any arc of a circle not greater than 


452, f its tangent, and y the radius of the cirele, the arc à will be equal to the 
* | | Pp infinite 


WEE 1 Y gil NE ; 

infinite ſeries 8 = 775 you? 777 — — 97 OE eas ff 7137777 Ec. or, 
#3 #7 C . | 

if the radius 7 be put = 1, 5 — ++ — 5 % h Sc. in 


which the law of continuation is very manifeſt. 
Theſe things being premiſed, the method itſelf may be explained as follows. 


LT AE be an arc whoſe tangent A B is + of the radius MA; and let 
AF be double, and A G quadruple, of AE, and AK be an arc of 456 and 
let AC, AD, AL, be the tangents of the arcs AF, AG, and AK, re- 
ſpectively. Put AM , Arc, and AD =d Then, by 


the firſt of the foregoing lemmas, we ſhall have c = —=57 7 = ———- . 


19 12 ; Weld It 
— 3 Rn 75 and d =- 8 = of. 11 "> EL 0 —_— 179 
= 4229, Therefore d, or AD, is greater than 1, or AM, and conſe- 


uently than AL; and conſequently A G is greater than A * or 43. 
Draw KO the ungen of G K, the difference of the arcs A 0, AK, 


; 


D 
L 
2 
B 
OI A. 
(or rather, becauſe it is ſo extremely ſmall, conceive it to be drawn) and 
call it e; then (by lemma 2.) we ſhall have e = —_ = 1 = 775 


= 35+ Find now the lengths of the arcs AE, and GK, from their tan- 
gents 


PP MN e 2 
. - \ E 
„ * SES. "7% 
* 


— 1 * 
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* 291 ] Oe. _— 
gens 3 and f or 4 . „ by the lad e e hank "Oz = 
rom quadruple the — arc ſubtract the latter arc, and the remainder will | EO 


be the eng of an arc of 45®, which un by 4 Ser the * of the 
ſemicircumference. _ ; j) 


: * 


4. Tux proceſs is as of. Since F is 55 or 2 bb will be =.04; ſo 
that the odd powers of 5 in the ſeries þ — = 7 —5 — T, &c. exhibiting the 


length of the arch A E, are raiſed with the greateſt eaſe by multiplying 
continually by .04. | 


333 
$3 =, 8, 
K 228 
F | 
$9 — 989 2 5512, ö : | 
Pre | 
rr „ .. 
o 32,768, 
A „ „ a 
A „% ͤĩ§7;1ͤᷣ _—_— 
a =. 5 2 $A." 2,097, 132, : 
* „„ „„ P 
. „ „„ „ _a_ 
5²² — 9 SIS - 7 » 351342. 
* 3 . « 92 28 5,36 a 
o ˙. 5 0 2 2 221 : 
Hence the affirmative terms of the! ſeries for the arc AE are theſe: 
3 
: | 
2 — „66,888, 888,888,888, 8 
= — „ 3 2 63301 538426153 : 


l 


15 1 
— „„ „„ ũ „ ons 


— = . > 5 5: 2 2 99,864, 3 
=. > x „ ; © ne 


— | ; 7 2 45 and F 


conſequently their I ,200,064,056,951,981,474679,1 is = the affirmative = 22 
x K alue of AE. = 
part. of. the valu 1 _- 


if 


L 292 ] 
And the negative terms are theſe: | B 
=. 2,666,666,666, 666,666, 666.6. | 


. =. „ 1,828,571, 428,571, 428,5 
— =, „ „ 1,861,818, 181, 816,1 
= „ „ » A, 
21 | 


„ 9 9 75 2,759,410, f ; 
( 2 3.6475, 
3 , 5 _ > 5 „ 


— — 5 4 s . Wh and 


conſequently their ſum . 002 668, 497, 10a, 100 716 309, is = the negative 
part of the value of AE. e bs 


From 200,064,056,951,981,47 4,679. 
take -002,668,497,102,100,716 309, 1 


and the remainder . 197, 395,559,849, 880, 758, 370, o will be = AE. 
50 8 
Therefore 789, 58 2,239, 399, 523,03 3, 480, = == At. 


The odd powers of e, or ad. are raiſed by multiplying continually by ee, 
Or 75757572 or ME by 571213 and are as follows: 
# == = .004,184,100,418,410,041,841,0 
e =. „ » 73,249,775, 361, 25 1,4 


„ 1,232,362, 
a =, . » 225449,9 
89 — 9 C) | 9 3 7 23 


Hence the affirmative terms of the 1 „ 7 —5 N -, & . exhibiting 
the length of the arch G K, are theſe : : 
e = ,004,184,100,418,410,041,841,0 


_ = „ „ „ 256,472, 314, 4 

5 — 3 3 9 « 3 3 50 
and therefore their ſum .004, 184, 100, 418, 666, 5 14, 153, 4 is =the affirmative 
part of the value of G K. 


And 
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n 2 > N . 1 e * 1 4 
3 «i : 4 . 7 Bok 4 ,-4 4 
WR . * 25 „ 27 25 3 
2 f r * $ 
4 mA vr AR SL 7 . 


= 000,000,024-416,691,787,08.0 
. . 3,20% x, and 


A 


conſequently FRE! ſum . ooo 000,984,416 591 790,290,9 is = the negative 
part of the value of GK. ö N | 


From _ 666, 14, 185,4 
— 24,416,591, 790, 290,9 


1 


and the remainder .004,184,076,002,074,72 3,864,5 will be 
Laſtly, From 789,532,239, 399,52 3-03 3+460,0 = AG | SA 
take 004,18 40 6, oo, 054, 723, 864,5 = GK, | _” 


and we ſhall have 785,398, 163,397-448,309,6155 = =AK, or an arch 
of 455. 
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Therefore 3. 74755927653,989579352 l is the length of the 
ſemicircumference of a circle whoſe radius is 1 which number 1s true to the = 
21ſt place of decimal figures, the error being! in che 22d or laſt figure, which = 
ought to be a 6 inſtead of a cypher. | + 
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N page 19, lines gth and 1 7th, inſtead of 2 x x read 2%᷑ 11! 7 
In page 27, line 12th from the bottom, inſtead of is read iti. | 
« In page 32, line gth from the bottom, inſtead: of quęſtion read equation. © +. 
In page 43, line 13th from the bottom, dele the words or equations wherein only. © 
plane ſurfaces were concerned. | 'e 8 8 
In page 56, line 4th; inſtead of giving read given. | ck | 
65 In page 107, line 4th from the bottom, inſtead of £1 read” 5 3 | 1 
= In page 248, line roth from the bottom, inſtead of 3s re read L a... a... 
: In page 262, line 19th, put the mark. ) of a parentheſis after the fraction 
a, 4+VY4X15—3Xx16 | 
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